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ANNIHILATOR CONCEPT AND ITS APPLICATION TO BEST
APPROXIMATION THEORY

FERHAD HUSEYINOGLU NASIBOV AND AHMET KACAR

ABSTRACT. In Constructive Theory of Functions , two sections that look dif-
ferent but in fact have strong relations are very important:

1) Theory of best approximation of functions and,

2) Extremal problems for linear functionals that defined in different function
classes.

Both of them studied independently started from the work [2] of P. L. Cheby-
shev and developed as systematic theories until the middle of 20th century.
After that the relationship between these two theories has been realized and
studied as connected theories. As a result, important findings for both prob-
lems obtained (S.M. Nikolskiy, M.G Kreyin, S. Ya Havinson, G.Ts.Tumarkin,
W. Rogosinsky) ([1], [4], [5], [11-13]). “Duality” term coined for the relations
between two problems such as these. In such duality relations, annihilator
concept took place and played an important role. But no one studied or in-
terested with the annihilator and its structure. F. H. Nasibov first one who
studied and determined the annihilators’ structure, and showed how to use it
to solve the linear extremal problems ([6],[7],[8],[9],[10]). In this paper, we will
present our current findings about this topic.

1. DEFINITION OF CLASS AND DETERMINING THE STRUCTURE OF ANNIHILATOR

Let E be a subset of Ry = (—o0,+00) and p(z) > 0 is a function (weighting
function) defined on E. We use the notation for the function space of f(x) as Ly ,(E)
which satisfies the condition:

1., =4 [ |f(w)2p(m)dw}l/2 < +oo. (1)

We could also use Lo ,(E) class which satisfies

112 ={ /. |f<x>|2du<x>}1/2 < +oo, (1.2)
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where p(z) satisfies [}, dp < +o0. It is explicit that Ly ,(E) C La ,(E).

Now consider the system functions ® = {¢, ()}~ that are orthonormal to p(x)
weighting function. In this case, each function f(x) € Ly ,(F) can be expand to
the Fourier series:

x) ~ ZCkgok(x). (1.3)
k=0

This Fourier series converges to f(x) in the sense of Ly ,(E) norm-metric, and
satisfies the Parvesal formula

I£15,, =D ICk*. (1.4)
k=0

After this point, we will use notation ®,, for polynomial set p,,(t) = >";_, axps(t)
(an #0) , where a, (k=0,1,2, ... ,n) are arbitrary constants:

n
d,, = {Pn(t) = Zakgok(t) (an #0), ax (k=0,1,...,n) are arbitrary constants}

Problem 1. For ®,, C Ly ,(E), define the structures of annihilator ®;-.

According to the definition ®;- := {l € (L2,)* : VP, € ®,, I(P,) =0}. Now
the problem becomes the defining the structure of functionals I, which satisfies the
conditions mentioned above. On the other hand, we can represent each [ € (Ls ,)*
linearly bounded (or continuous) functional as

/ FOgB)p(t)dt = (f.g) (1.5)

and
el =""sup )Il(f)l = |lgll2,, (1.6)

feL,
formula is correct. In fact, we need to define the structure of functions g(t) €
Ly ,(E), which satisfies the condition

(P,) = /E Pu(hgt)p(H)dt =0 (YP, € B,). (17)

Let ar, = ax(P,) is the arbitrary coefficients of P,(t) € ®, polynomial, and
Cr = Ck(g) is the Fourier coefficients of g(t) € Lo ,(E) according to ® = {¢,(¢)}o°
system. According to Parseval formula, we get

- /E Pu()g(t)p(t)dt = 3" arCi- (18)

From that we see Cr,=0 (k=0,1,2,....,n) so each {ax}{ (VP, € ®,,) satisfies the
equation (1.7). This is the result we needed. (For example, if we have ¢; # 0, then
from ai;c; = 0 we have a; = 0 . Since a; is arbitrary and if we choose a; = 1 then
C1 = 0)
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Hence we proved the theorem below which define the ®;- annihilator.

Theorem 1. For subspace ®,, of Ly ,(E) annihilator ®; consists of functions
g(t) € Ly ,(F) if and only if first n 4+ 1 Fourier coefficients of g(¢) (according to
Psystem) satisfies the conditions

Ch = Cilg) = /Eg(tm(t)p(t)dt ~0, k=012, ..n. (1.9)

2. APPLICATION TO BEST APPROXIMATION PROBLEM

Definition 1. Best approximation to element of f € Ly ,(E) by P,(t) € &,
polynomials is the

En(f;L2,p) = P,%Ielg,, If = Pn”z,p : (2.1)
There is an element on the ®,, subspace which satisfies the equality
En(f; La2,p) = ||f - PIOlHZ,p (2.2)

(®,, is finite dimensional). On the other hand, since Ly ,(F) is strictly normed
space, there is only one P?(t).

In the approximation theory, it is one of the difficult problems to find an element
that gives the best approximation to a given element. That why it is important to
learn the characteristics of given element (P. L. Chebyshev, S. N. Bernstein, A. N.
Kolmogorov Theorems and others, [1], [3], [10-13]). For that purpose we want to
remind the theorem below.

Theorem 2. (Zinger, [13]) P2(t) € ®,, is the best approximation polynomial to
f(t) € Ly, if and only if for every P,(t) € ®, holds the conditions:

| Putt) T =700 pl0yie = o (2.3)

It is apparent that Theorem 1 is equivalent to Theorem 2: T1 < T2.
When we compare (1.7) and (2.3), we see g(t) = [f(t) — P)(t)] € @5
Then, by Theorem 1, Cy(f — P%) =0 (k=0,1,2,...,n) or

Cr(P)) =Ci(f) (k=0,1,2,...,n). (2.4)
According to this, coefficients of polynomial which gives best approximation to
f(t) € Ly, on Ly , metric are the first n+ 1 coefficient of Fourier Series of function
f on the ® = {p,} system. So we proved the A. Teopler Theorem which is below
in the other method.
Theorem 3. (A. TEOPLER). Polinom of the best approximation to
f € Ly ,\®,, on the Ly , metric (between P, € ®,, polynomials) is

PY(t) = Su(f,t) = > Crl(f)e(t),
k=0
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which is the Fourier series partial sum order n of f(¢) function according to
® = {;.} system. Other than that one, best approximation value to f(t) function
with P, € ®, polynomials is defined by equality

. 1/2
En(f) = min |[f =Pull,, = { > |Ck(f)|2} : (2.5)

Pne®,
k=n-+1

To validate what we said before, sufficiently to add investigation the following
equalities:

/u OF p(t)dt = 3 1Ck(f) — an(Po)
k=0
=3I — aPIP S Ck(S) — an(Pa)P
k=0 k=n+1
=S 1C) —an @)+ Y G
k=0 k=n-+1

3. APPLICATION TO SOLUTION TO AN EXTREMAL PROBLEM

Let go(t) € Lo, be given. It defines a functional

lﬁﬁjéfwﬁﬁwwdt (3.1)
since ®, C Lo,

zum:émwwmmw (3.2)
If we let du(t) = p(t)dt, we get

zumzémwmwww (3.3)

1/2
Problem 2. Let’s write ®,,; = {Pn €Qp:||Pally, = (fE | P (t | du(t )) < 1}.

Is to be found the norm

[oll = sup [lo(Pn)] = sup
P,e®, 1 Pe®, 1

[ Pt auto) |. (3.0

E

The solution of this problem is based on the following duality principle:
Theorem 4 ([5]). For every linear functional Iy that defined on an subspace of

F of any normed linear space X,

lo(z)| = inf |lo—1 3.5
5g£|o(w)l Inf i —1| (3.5)

where [y € F*, F} is a unit sphere on F.
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Since X = Ly ,, ' = ®,,, F1 = ®,,1 and ly < go(t) € La ,, instead of (3.5) we get

[ P0m) autv)| = i oo = L. (36)
E ged

sup
Pneq’n,l

By Parseval formula, we can rearrange (3.6) as

- 1/2
su a ) Ci( = inf C — C}, 2
ak(g Z k( k(g0) At <§| %(90) — Cr(9)] )
- 1/2
= Cln(f) {Z|Ck g)l*+ D |Cklgo) Ck(g)|2}
k=n-+1

~ 1/2
{Z|Ck (90)” + m(f) > |Ck(90)_0k(g)|2}

k=0 gk77,+1

" 1/2
{Z |Ck(90)|2} : (3.7)
k=0

For k > n + 1, requirement Cx(g*) = Ci(g)must hold. At this point, ¢g* is the
extremal element for the right side of (3.6). On the other hand, ®,, is finite di-
mensional. According to this, there is a P2(t) € ®,,1 polynomial that gives sup
(extremal) to the left side of the (3.6). Hence the theorem below is true.

Theorem 5. There is a unique P)(t) € ®, 1 polynomial that supplies condition
o]l = |lo(P2)| of problem (3.6) and of left hand side of (3.4). As well as

Z ak(Pn)Cr(g0)

max
P,e®, 1

[ Pomdn)| = o

. 1/2
— gierclbfl— <Z |Ck(go) - Ok(g)2>

k=0

n 1/2
(Z |C (90)|2> (3.8)
k=0

duality relations are true. We get max for such a P?(t) € ®,, 1 polynomial that its
coefficients can be computed if and only if

eia C 2 iai
aj, = % % =e"*Cr(g0) (k=0,1,2,...,n)

r= (S o)

where Cj(go) s are the Fourier coefficients of go(t) function according to ® = {¢;}
system.

(3.9)
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Validity of (3.8) can be seen from the operations below. Let P2(t) = >"/'_, ale(t)
be an extremal polynomial. Then [, P,(t)go(t) du(t) = Y7 a[Ck(g0) — Ci(g*)]
, where ¢g*(t) € ®,,1 function gives inf to the right side of (3.6). Because of, we
have

n

> af[Cilg0) — Ci(g”)]

k=0

/E P (t)go(t) du(t)’ _

1

. L, 1/2
§<2}02|2> <Z|Ck(90)_ck(g*)|2> .

k=0 k=0

Consequently,

" 1/2
‘ | Putoymie) du(t)' < (Z |ck<go>—ck<g*>2) -
0

k=

Since PY(t) and g*(t) are extremal elements, inequalities here must be converted
to equalities. This is true if and only if formulas of (3.9) true. Because Cx(g*) =0
(k=0,1,2,...,n).

4. APPLICATION TO SOLUTION TO ANOTHER EXTREMAL PROBLEM

Duality relations, which we will consider in this section is: If an element
w(t) € X\ Fis given, then

l(w)| = inf ||lw — 4.1
max [[(w)] = fnf lw = ¢llp (4.1)

is true and Fi- = {l € F+: ||I]| < 1}.

In our case
| [ o00) du(0)| = ind o= Pl (12
Now, suppose that
w(t) ~ Y Cr(w)ey (D),
k=0

Pat) = 3 arnlt
k=0
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and if we take g(t) ~ Y ro o Cru(9)pi(t) » Cr(go) =0 (k =0,1,2,...,n), (means
g € ®; ;) we get

max
Ck(9)

S Culw).Cilo)

k=n+1

o 1/2
. 2
H;}CH{Z |Cr(w) — ax| }

k=0

. - 1/2
rgin{Z|Ck(w)—ak|2+ Z |Ck(W)2}

k=0 k=n+1

o 1/2
{ > ICk(w)|2} :

k=n-+1

Thus we proved the theorem below.

Theorem 6. Duality relations below is true

. 1/2
I = max | [ wit) duto) = {k§1|ck<w>|2}
" 1/2
- {||w||§,ﬂz|ck<w>|2} (43)
k=0

There is a unique g € CI%J that gives maximum of the left hand side.

OZET: Konstriiktif fonksiyonlar teorisinde birbirinden farkl gibi
goriinen aslinda ise aralarinda sikibir baglantiolan iki bolim ¢ok
6nemlidir:

1) Fonksiyonlarin en iyi yaklagim teorisi,

2) Herhangi bir fonksiyon smifinda tanimh lineer fonksiyoneller
igin ekstremal problemler.

Her ikisi de P. L. Chebyshev’in temel olugturan [2] galigmasindan
baglayarak XX. yiizyilin ortalarina kadar serbest olarak geligtirildi
ve kapsaml, sistemli teoriler haline yiikselebildi. Bu tarihten sonra
da bu konular arasinda mevcut olan iligki fark edildi. Bu konular
birbirleri ile irtibat halinde, paralel olarak, aragtirilmaya bagland.
Sonugta her iki problemde énemli sonuglar elde edildi (S.M. Nikol-
skiy, M.G Kreyin, S. Ya Havinson, G.Ts.Tumarkin, W. Rogosin-
sky) ([1], [4], [5], [11-13]). Béyle iki tiirden problemler arasinda
olugturulan baglantilara ikili (duality) iligki adi verildi. Bu tiir
ikili iligkilerde de sifirlayan kavrami yer aldi ve énemli rol oynada.
Fakat bu tip baglantilarda sifirlayanlarilar incelenmedi, yapisiyla
fazla ilgilenilmedi.

Bu konuyda ilk olarak F. H. Nasibov i baz1 fonksiyon siniflar
i¢in sifirlayanlarin yapisini belirledi ve lineer problemlerin ¢oziimiinde
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uygulanabilecegini gosterdi ([6],[7],[8],[9],[10]). Bu makalede bu
konuda elde ettigimiz neticelerden bazilar1 sunulacaktir.
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