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ABSTRACT. We derive a formula for the first variation of horizontal perimeter
measure for C2 hypersurfaces of completely general sub-Riemannian mani-
folds, allowing for the existence of characteristic points. When the manifold
admits dilations, we establish a sub-Riemannian Minkowski formula. For C?
hypersurfaces in vertically rigid sub-Riemannian manifolds we also produce a
second variation formula for variations supported away from the characteristic
locus.

1. INTRODUCTION

Optimization problems lie at the heart of many pure and applied problems, two of
which, the minimal and isoperimetric surface problems, have played a central role in
mathematical development over the last century. In the last decade, there has been
increasing interest in these problems in the setting of sub-Riemannian spaces. This
interest is driven in part by applications of sub-Riemannian geometry to optimal
control as well as to more novel applications such as the recent sub-Riemannian
model of the primary visual cortex [8, 22, 31, 32]. We are also motivated by a deep
conjecture of Pansu [29] concerning the isoperimetric profile in the sub-Riemannian
Heisenberg group, which has seen a great deal of recent activity with many partial
results [11, 24, 28, 34] (see also [5] for an overview of this problem).

One of the basic approaches to such optimization problems uses the tools of the
calculus of variations to determine the geometric and analytical properties of their
solutions. Recent investigations of minimal and isoperimetric surfaces have focused
on this approach with many authors deriving first and second variation formulae.
In [1, 3, 10, 11, 30, 33, 34], the various authors compute first variation formulae
for C? smooth noncharacteristic surfaces in the Heisenberg group. We note that
some of these authors restrict their attention to certain types of graphs (Euclidean
graphs: [30, 34], intrinsic graphs [1]), [10, 11] deals with a level set formulation
and [3] provides a completely general nonparametric first variation formula. In [6]
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the authors compute a first variation formula for C? noncharacteristic graphs in
any three dimensional pseudo-hermitian space (including, of course, the Heisenberg
group). In [27, 35] the authors independently provide a first variation formula for
C? noncharacteristic surfaces in general Carnot groups. In [9, 36], the authors
provide a first variation formula for C? surfaces in Martinet-type space and (2,3)
contact manifolds (respectively).

In [20], we compute the first variation formula for C? noncharacteristic surfaces
in all so-called vertically rigid spaces. To formalize this, we recall some of the basic
definitions.

Definition 1.1. A sub-Riemannian (or Carnot-Carathéodory) manifold is
a triple (M, Vj, (-,-)) consisting of a smooth manifold M of dimension n + 1 =
k+1+ 1, a smooth k + 1-dimensional distribution Vy C T M and a smooth inner
product (-, -) on V. This structure is endowed with a metric structure given by

duoto) = { [ 6,910 =09(0) = 7 € |

where o is the space of all absolutely continuous paths whose derivatives, when
they are defined, lie in Vj.

Definition 1.2. A vertical complement to a sub-Riemannian structure is a
smooth complement V' to Vy in T M, i.e. a smooth bundle V' such that

Vo)p ®Vp = T,M

at every point p. A sub-Riemannian manifold with a vertical complement will be
referred to as a SRC-manifold.
A metric extension for a sRC-manifold is a Riemannian metric g such that

e g(Vp,V) =0 at every point,

e restricted to Vp, g = (-, +).
For a metric extension g of an sRC-manifold, the vertical rigidity 1-form of ¢ is the
vertical trace of the Lie derivative of the metric

Ry (1) = 3 3 (Lyig) (Ton T)

(e

where Ty, is any (local) orthonormal frame for V. While this is defined for vector
fields Y, the projection to Vy actually ensures that R, is tensorial and so is a
well-defined 1-form. The extension is vertically rigid if R, = 0.

This definition of vertical rigidity is more general than the definition introduced
in [20], and includes all cases where the previously mentioned first variation for-
mulas have been computed. In fact (see Theorem 5.5), a slight modification of
the argument from [20] allows us to compute a first variation formula in any sub-
Riemannian manifold with vertical complement:

Theorem A. Let ¥ be a C? noncharacteristic hypersurface in a sRC-manifold
M with metric extension g. Suppose F is a CY? variation of ¥ with horizontal
variation function pg. Then

d

dt

tZOPO(Zt) = /Epo (H—-R,v)) A
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Here, Py denotes the sub-Riemannian perimeter measure, H denotes the hori-
zontal mean curvature and v is the horizontal unit normal (see Section 3 for precise
definitions). As a consequence, we have:

Theorem B. A necessary and sufficient condition for a C? hypersurface ¥ to be a
noncharacteristic critical point for the horizontal perimeter measure in the category
of C' hypersurfaces with fized boundary in a sub-Riemannian manifold is

divv=H —R,(v) =0.
If the vertical structure is rigid, the second term drops out and the equation becomes
divv=H =0.

Recent work of Cheng-Hwang-Yang [7] and Ritoré-Rosales [33] have shown how
to extend the first variation formula to allow for variations over the characteristic
locus in the Heisenberg group. Our first main result of this paper is to prove a sim-
ilar extension of the previous Theorems to include variations over the characteristic
locus.

Theorem C. Let ¥ be a C? hypersurface in a sRC-manifold M with metric ex-
tension g and characteristic locus X(M). Further suppose that the Riemannian
curvature tensor of 3 is bounded and that the horizontal mean curvature of ¥, H,
is in LY(X). Suppose F is a compactly supported C*? variation of ¥ with Fy C?
and variation function p. Then

4
dt

Py(%y) = / p(div v) — divs(pr") dVs.
t=0+ Z\C(®)

Here, div and divs are the Riemannian divergence operators on M and % respec-
tively, N is the Riemannian normal to X, v is the unit horizontal normal and v
is the (Riemannian) component of v tangential to 3.

In keeping with historical terminology, we call critical points of the perimeter
variation minimal surfaces.

As an application of the general first variation formula, we prove a version of the
Minkowski formula in this setting (see Theorem 6.4 and Corollary 6.5):

Theorem D. Suppose Q is a compact C? domain with ¥ = 082 that is a critical
point for perimeter measure with volume constraint. Then

(Q = DR(%) = QH Vol(Q).

We note that this formula was shown in groups of Heisenberg type in [11] and
in the Heisenberg group in [33].

A number of authors [10, 27, 35] have also computed second variation formulae
in the setting of Carnot groups as a tool in the investigation of stable minimal
surfaces. As has been shown recently [1, 12, 13, 14], stability plays a crucial role in
the study of minimal surfaces in the Heisenberg group. Specifically, these papers
study analogues of the sub-Riemannian Bernstein problem and show that without
the imposition of stability on critical points of the first variation of perimeter, there
is no Bernstein-type rigidity. On the other hand, there is rigidity in the presence
of the stability condition. The most general of these results is an analogue of
Riemannian results of Fischer-Colberie/Schoen [17] and Do Carmo/Peng [16]:
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Theorem 1.1 ([14]). The only stable C? complete embedded noncharacteristic min-
imal surfaces without boundary in the first Heisenberg group are the vertical planes.

To facilitate further study of stable minimal surfaces, we derive a second variation
formula for C? noncharacteristic surfaces in vertically rigid spaces (Theorem 7.4):

Theorem E. Suppose M is a vertically rigid sRC-manifold and F is a nonchar-
acteristic C°3 variation of L\C(X) with compactly supported horizontal variation
function. Then

d2
at?

R0 = Lt@ammng+ [ [v%nf s

(L1) + /2 pg[— RicY¥ (v,v) — tr(ITy 1) + H?
+ (trg (TORy — V Tor) (v), V)
—2( Tor(v,ej), V;Y) — ( Tor(v,e;), yﬂ A.

Here Y is the Riemannian normal with unit normalized horizontal component,
v = Yy is the unit horizontal normal and the {e;} form an orthonormal basis
for the horizontal tangent space to XS. The matrixz IIy denotes the horizontal second
fundamental form and the V is the canonical connection for M (see Section 3).
Furthermore, if either the surface is minimal or the surface is CMC and variation
preserves volume, then the first integral cancels out with the H? term of the third.

We note that this second variation formula, when restricted to the special case
of the first Heisenberg group matches with others in the literature [7, 10, 11, 33].

2. NOTATION AND CONVENTIONS

To improve economy with the intensive computations throughout this paper, we
shall following the following notations and conventions:

(A) Unless explicitly stated otherwise, roman indices will run from 1.. .k, over-
lined roman indices from 0...k and greek indices from 1...l=n — k.

(B) w* =w! A-- AWk

(C) n*=n"A---Anh

(D) wU) denotes the ordered wedge product of all possible (by index conven-
tions) 1-forms w’ with the jth form omitted, e.g

w(2):w1/\w3/\~-~/\wk
w(é) :wo/\wl/\w3/\~~/\wk.

We shall also use w("/) with i < j to denote the ordered wedge product
with both ¢th and jth terms missing and extend to all indices by setting
wi) = — ),

(E) (Summation Convention) Whenever the same index appears twice in a term
obeying the above conventions, we shall assume that there is an implicit
sum over all possible values.

(F) If a metric extension g is understood, we shall extend the notation (-, -)
to include the g-inner product of non-horizontal vectors.
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3. SUBRIEMANNIAN MANIFOLDS AND VERTICAL STRUCTURES

In [21], the first author introduced a new connection for sRC-manifolds with
metric extensions. The main result shown in [21] is the following;:

Theorem 3.1. If M is an sRC-manifold with metric extension g then there is a
unique canonical connection V such that

e Vg =0, i.e. V is compatible with g
Vo and V' are parallel
Tor(Vo, Vo) C V, Tor(V,V) C Vp
If XY are horizontal vectors and T, U are vertical vectors then
(Tor(X,T),U) ={(T, Tor(X,U)), (Tor(X,T),Y)=(X, Tor(Y,T)).

Furthermore, if X,Y are horizontal vector fields, then VX and Tor(X,Y) depend
only the sRC-manifold and not the choice of metric extension.

These connections simultaneously generalize the Levi-Civita connection for Rie-
mannian manifolds and the Tanaka-Webster connection on strictly pseudoconvex
pseudohermitian manifolds. The rigidity tensor can also easily be described in
terms of the canonical connection. See [21] for details.

Lemma 3.1. If X is a horizontal vector field and {T3} is any (local) orthonormal
frame for V' then
i)({!J(‘XV) = Z< Tor(X, Ts), Ts )-
B

Remark 3.1. It is the vanishing of this torsion trace that makes vertically rigid
extensions much easier to work.

Remark 3.2. As the torsion doesn’t vanish, frequently terms involving torsion occur
where they do not in the Riemannian setting. The following tensors often arise in
computations with second derivatives.

(VTor)(X,Y,Z) =V zTor(X,Y) — Tor(VzX,Y) — Tor(X,VzY),

(3-1) TOR2(X,Y, Z) = Tor(X, Tor(Y, Z)).

We now begin the study of hypersurface geometry using this canonical connec-
tion. First for a C'' hypersurface ¥ in a subRiemannian manifold, we define the
characteristic set of X to be

(%) = {p e 3: (V)] C T}

If ¥ is oriented, we define N to be a choice unit Riemannian (with respect to g)
normal to ¥ and Ny as the orthogonal projection of N to V. The characteristic
set C'(X) can then be thought of as the points at which Ny = 0. Away from the
characteristic set, we define the horizontally normalized normal ) and the unit
horizontal normal v by

N No

V=i v=n
| No| | No

Definition 3.1. The horizontal perimeter measure of 3 is defined to be

Py(%) = / |NoldVs
>

= .

where dVs = N.dV,.
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For noncharacteristic surfaces, Py has the alternative descriptions

Py(%) = / vadVs, = sup {/ X.dVy : X eT (W), | X| = 1}.
b b
There are several natural questions associated to this perimeter measure.

Question. Among hypersurfaces with the same boundary, which minimizes the
horizontal perimeter measure? Can such surfaces be characterized as solutions to
a PDE?

Question. Among domains of the same volume, which has boundary minimizing
horizontal perimeter measure?

These problems are studied using variational techniques which may yield critical
points rather than true minima. Thus there is another natural question:

Question. Of the critical points of horizontal perimeter measure, which are stable,
2
i.e. ;?|t:OPO(Zt) > 0 for any variation of X7

Under a slightly more restrictive definition of rigidity, and the assumption of
characteristic points and C? regularity, Questions 3 and 3 were answered in [20] in
terms of the horizontal mean curvature.

Suppose ey = v, eq,...e; forms a (local) orthonormal frame for Vj such that
on X\C(X), eg is the unit horizontal normal to ¥. Then away from C(X), the
horizontal second fundamental form for ¥ is defined by

(Vee0,e1) ... (Ve eo,ex)
m=| z s
(Vepeo,e1) ... (Ve,eo,ek)
The horizontal mean curvature is defined by
(3.2) H = trace(Ilp) = trace(Vv).

We remark that the connection used in these definitions can be either the Levi-
Cevita connection for the Riemannian metric or any connection adapted to the
vertical structure.

In a vertically rigid sRC-manifold, C? minimizers of Py with fixed boundary
constraint were shown in [20] to satisfy H = 0 away from characteristic points.
Likewise C? minimizers subject to the volume constraint satisfied the condition that
the horizontal mean curvature was locally constant away from the characteristic set.

We finish this section by making some remarks on the nature of the equation
H = coff the characteristic set. Since the canonical connection is metric compatible,
we obtain the following result about the ambient divergence on M from standard
results in Riemannian geometry (see [23], appendix 6):

div Z = trace(VZ 4 Tor(Z,-))

Thus if {X;} denotes a local horizontal orthonormal frame, {T3} a local vertical
orthonormal frame and Z is a horizontal vector field

div Z = (Vx.Z, X;) + (Tor(Z,Ts), Ts )
= <VX227 Xi) — <[Z7T/3])7 T,3>
= trace(VZ) — R,(2).
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Applying this to v yields
divv =H —Ry(v).
In the rigid case, the second term drops out and H naturally takes the form

H = div v.

4. BUNDLES AND VARIATIONS

Throughout this section M is a sRC-manifold with a fixed metric extension g.
To describe the variational properties of the horizontal perimeter measure, we shall
define a variety of bundles over M.

First, we shall denote by S(M) the contact manifold of normalized hyper-
surface elements, i.e 7: S(M) — M is the unit tangent bundle over M viewed
as a bundle of Riemannian unit normals. We define the 1-form © on S(M) by

@\(p,E) (X) = <7T*X,E>p.

An immersion ¢ of an n-dimensional manifold into S(M) is said to be transverse
if 7o is an immersion and *© = 0.

Definition 4.1. The function Ny: S(M) — V(M) is defined by

No(p, B) = (1 E)o) | -

Here, we use the convention that if W is a vector field on M then (W) is its
projection to a vector field in Vj.
The characteristic slice, C's of S(M) is the zero level set of Ny.

There is a natural projection 7z from the Riemannian frame bundle F(M) to
S(M) given by
wr: (p, Eo, ... En) — (p, Ep).
We note that if EY, ... E™ denote the tautological forms on F(M), (i.e. at the point
(p, Eo,...Ey,), B9(X) = (m.X,E;), j =0,...,n) then
0 =0"E"
for any section o of 7r.

Definition 4.2. A differential form ¢ on S(M) is semibasic if
Xup=0

wherever m, X = 0. Thus ¢ depends only the the projection to M and the choice
of Eo.

For example, it is clear that © is a semibasic 1-form.

The bundle of graded orthonormal frames is the subbundle GF (M) C
F (M) such that

(E()En) = (60...6k,t1,...,tl)
where the e;’s are all horizontal and ¢1,...,?; span V. The reduced structure group
of the bundle is then O(k + 1) x O(1).

Unfortunately, these graded bundles do not encode enough information to de-
scribe the geometry of hypersurfaces of M. To compensate for this we also introduce
the augmented bundles

GFo=GF xR
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The additional elements will be used to keep track of the dependence of the hyper-
surface normal directions on the vertical vector fields.

There is an alternative presentation of S(M)\Cs that will prove computation-
ally simpler to work with for noncharacteristic variations. We define the contact
manifold of horizontally normalized hypersurface elements to be

So(M)={(p,Z) e TM :|Z| =1,Z € (Vp),} x R".

There is then a natural projection map 7g: GF — So(M) and a bundle isomor-
phism S(M)\Cs = Sy(M) given by

(pv E) = (p’ |N0‘71(E)0a |N0‘71<EaTB>)
with inverse
€o —i—a@Tﬁ)).

1
,€0,0 = I e AT
(p, €0 ﬁ) (P 1+|a|2(
We shall identify So(M) with S(M)\Cs using this bundle isomorphism.
On the bundle m: GF (M) — M we can define tautological 1-forms w’ and 77 by

W (X) = (X, e;), j=0...k
W (X) = (m.X,t;), j=1...n—k.
We define a 1-form 6 on So(M) by
0(X) = (m.X,e0+ aplp)
and note that on So(M) we have

1
VI |a]?

With respect to any section of the natural projection map 7g,

‘N0| = and © = |N0|9

0=0"( +ap’)
Since we shall frequently be computing on the frame bundles, we shall often im-
plictly identify w® + agn?® with 6.
For the remainder of this section, we shall suppose that X is an oriented, em-
bedded C? hypersurface of M realized as the image of the C? embedding

L2 ZEwokrightarrowM
for some smooth compact, oriented manifold (possibly with boundary) .

Definition 4.3. A variation of X is a map

F:=2x(—¢6) > M

such that
e each F; = F(-,t) is an immersion of Z into M,
[ ] FO = L.

The lifted variation F': = x (—€,€) = S(M) is the map defined by
F(&,1) = (F(& 1), N e )

where N is the (local) Riemannian unit normal vector to the immersed surface
Fy(E) such that the pullback of N_.dV matches the fixed orientation of .

The variation function of F' is p = p(-,0) where F*© = pdt. The variation is
K

said to be compactly supported if p(-,t) has compact support for all ¢.
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The characteristic sets of the variation are the preimages of the characteristic
slice,
CL = F'(Cs).

Definition 4.4. When the lifted variation F maps into the complement of the
characteristic slice Cg, i.e. CL = 0 for all ¢, we shall refer to the variation as
noncharacteristic. The horizontal variation function for F' is then defined by py =
po(+,0), F*0 = podt.

Remark 4.1. Since Cs is closed, if ¥ has no characteristic points then, shrinking e
if necessary, any variation F' will map into So(M). The relationship between the
variational functions is then just

p = |Ny o F|po.

So far, we have not put any regularity conditions on our variations. However,
we shall need precise descriptions of regularity to make our theory optimal.

Definition 4.5. The classes of C%/ maps from R? x R, to R for i, j > 0 are defined
inductively by
C%0 = (9 i.e. continuous maps,
F € C*t19 if and only if F, aiFm eC¥forallm=1...n,
F € C%*1 if and only if F, % €Y%,
F e C*HWtlif and only if F € CWH 0 O 28 ¢ ¢+l and 25 €
CWtl forallm=1...n.
Thus a map is C%/ if up to i continuous spatial (z) derivatives and j temporal (t)
continuous derivatives can be taken in any order.

Using coordinate charts, this definition extends naturally to define C%/ maps

ExXR—+M

for smooth manifolds = and M.
Remark 4.2. We note in passing that
cm= (] ¢¥cemm
i+j=m
The following approximation result will be useful later

Lemma 4.1. Given a C% map F: = xR — M that is constant outside K x R for
some compact set K C 2, there exists a sequence F,, of C°J maps such that

(1) F,, converges to F in C%J,

(2) if F(-,t0) € CP then Fy,(-,t0) converges to F(-,t9) in CP.

This lemma is a version of standard approximation theorems adapted to allow
parameters. The reader is referred to [19] pp.41-55. for a proof that C” maps
between smooth manifolds can be approximated by smooth maps. Theorem 2.3 in
[19] can easily be adapted to give an approximation of C*/ maps from = x R — R™
by C'*°J maps, with the observation that the mollification process should only be
in the Z coordinates. The details are standard and are left to the reader.

Lemma 4.2. If F is a C*%J variation i,7 > 1, then F s q i~ map.
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Proof. The tangent space to the immersed surface F3(Z) is locally spanned by
the vector fields F,.O¢m. Therefore the Gram-Schmidt algorithm followed by a
horizontal projection and rescaling, expresses the unit horizontal normal to F}(Z)
v as a smooth combination of these spanning vector fields. Thus v can be viewed
as a C*~1J function.

O

We now list a few basic regularity properties

Lemma 4.3. If F is a C%J variation and v is a smooth semibasic differential form
on S(M) then F* is a C*=5=1 form on Z x (—¢,¢).

Proof. The real issue here is that as a map into S(M), F only has C*~ 17 regularity.
However, F*1 depends tensorially on the projected input F*%, F*#, which are
CHI=1 C=1J vector fields respectively, and its position F'(z,t) which is also at
least CP— 157,

O

In particular, the lemma implies that we can make sense of the pullback of
semibasic forms by %52 variations despite the fact that the lifted variations are
only continuous maps into S(M).

Corollary 4.1. For a C% wvariation F and smooth semibasic form 1, the form
(5) t) = Ft*l/}

has C*~1Y regularity.

Proof. The proof is identical to the previous lemma except that we no longer need

dependence on F*%.
O

Corollary 4.2. For a C%2 variation F, i > 1, the variation function is C*~1.

Furthermore, it will be of interest to note that, locally at least, every function
on X can be realized as a variation function.

Lemma 4.4. For every point p = L&) € X there exists a neighborhood £ € U C 2
such that every C7 function p, j = 1,2, on U is the restriction of the variation
function for a CV*° wvariation of X.

This is shown using standard arguments with Pfaff coordinates (see [4], p.16).
The restriction j = 1,2 is due to the fact that 3 is only assumed to be C2.

Definition 4.6. On GF we define the smooth n-form A by
A=w A =w' A AR AR A ApPTE,
Note that
7*dV = w® Aw® An®
thus for any local section o of 7g,
J*A|(p,eo)(E17 ey En) = dV(e(h 7T*E1, ce ,W*En)

which is independent of o. Thus A descends to a well-defined form on Sy(M) which
we shall also denote by A. In fact, the same argument shows that w® and n® descend
to Sp(M) also.
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For a variation F' of 3, we define

F\t*A, on Z\CL
At = t -
0, on Cg.

Lemma 4.5. Fach A; is continuous on =.

Proof. Let &1, ...,&, be a frame for = that pushes forward under F; to the oriented
orthonormal frame

Ey = cos peg + sin @1k, e1,...€5, 11, ... Th_r—_1,8n pey — cos ¢Ty,_x,

where Ej is the vector field determined by ﬁt and 0 < ¢ < 7. Locally the charac-
teristic set C% is then given by ¢ = 7/2. Then away from C%,

At(fla e gn) = A(ﬁt*gla ERE ﬁt*gn)
= dV(e(], Elv L) Ek7 Tl» BRI Tnfkfh sin d)e() — COs ¢Tnfk)

=cos ¢

which continuously extends to zero across CE.

O
Lemma 4.6. Suppose F: Z x (—e¢,€) is a C%?% variation of ¥.. Then
P0(2t> - /At
Proof. Let &, ...,&, be a frame for = as in the previous lemma. Then away from
CL,
Aellr, o &n) = FP A, &)
= dV(eo, (o F)u&a, ..., (10 F1)on)
=dV(eg, F1s&1, ... Fiin)
= F{ (egudV) (&1, ... &n).
Therefore since A; continuously extends to zero over CE,
Po(zt) = /eonV = /At
ol =
a

Using the embedding map ¢: = — 3 C M, can identify Ay with the n-form
¢~ Ay. Abusing notation slightly, we will also write this form as A and so write

Py(3) = Z/A.
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5. HORIZONTAL PERIMETER MEASURE AND THE FIRST VARIATION

Throughout this section we suppose M is a subRiemannian manifold with a
chosen vertical structure.

Most computations will be undertaken on the frame bundles. In addition to the
tautological forms, we also have the bundle structural equations for the connection
(see [20])

dw’ :wm/\wzh—i-ﬁ
(5.1)
dn® =n* A + 7P,

Here 77 and 77 are the standard torsion The parallel property of V, and V' is what
implies that there are no cross terms of the form n* Aw™ or w™ An2 in the above

o
m
equations. As the connection is metric compatible, it follows immediately that w%

and 72 vanish for all j and o The torsion properties of the connection also ensure
that

AR =0=7 Aw®.
The effect of vertical rigidity is given in the following elementary equation.
(5.2) (=1)Pw* AP AP = (=1)*R,(eg)w’ A A.
Next we define a form for our computation
Definition 5.1. We define the 1-form ¥ on GF( by
U = (—1)7 1) Awl) Aps.
Lemma 5.1. If o is any section of mg then on So(M),
dA =0 A (c"T —R,(e)A) .
If the vertical structure is rigid, then
dAN =0 No* V.
Proof. The rigid case was proved in [20] section 4. For the general case, we compute
on GF( noting that w;: =0= ng,
dA = dw® An® + (=1)Fw® Adn®
= (—1) 7w AwD An® + (=110 AdnP AnP)
= (=17 MW AWk + ) AWD AR+ (=1)FFBI A (0 AnS + ) AP
= (=171 A wé Awd A n® + (=1)7 7119 A W@ A n®
+ (=D)L A 7B A B
= (1) RO AT 4+ (1) AW A 4 (—1)FFEL AT A,

From the defining properties of the connection, when we pull back we see that
79 An® = 0. Furthermore (§ —w®) An® = 0. Thus from (5.2) we see that on So(M)

dA =0 A" — 0" (Ry(eg)w® AN) =0 A (0*T — Ry(eo)A).
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The importance of ¥ lies in Lemma 5.1 and the immediate consequence that for
a noncharacteristic variation of X,

(53) (O’ o) ﬁo)*\p = W%(Gj)/\o = HAO

where H is the horizontal mean curvature of X.
We are now in a position to compute the first variation for noncharacteristic
surfaces.

Theorem 5.1. Suppose ¥ is a C? noncharacteristic hypersurface in M and F is
a CY? wariation of ¥ with horizontal variation function py. Then

d
— | Py(X) = / po (H —Ry(v)) A
dt|,_q 5
Proof. First note
d ~
—| Py(Xy) = {/ EatF*A]
dt t=0 E t=0

Now A is a spatial form on Sy(M), so we can only guarantee F*A is C%! on
= x (—¢,¢€). However, since the variation has C'? regularity and ¥ itself is a C?
hypersurface, at ¢t = 0 we can differentiate on GFj to see

% |t:oP0(Et) = [ / d(atﬁ*A)] |t:0+ [ /: OtJﬁ*dA} o

1]

- /8 _ [atﬁ*A}

—0+ /: po [(cr o Fy)* W — %Q(V)AO]

+ / By uF* (0 A (00 — Ry (e0)A))
t=0 E

t=0

— [ oot — ) A,
b
O

Corollary 5.1. A necessary and sufficient condition for a noncharacteristic C?
hypersurface ¥ to be a critical point for the horizontal perimeter measure in the
category of C' hypersurfaces with fized boundary is

divv=H —R,(v) =0.
If the extension is rigid, the second term drops out and the equation becomes
divv=H =0.

Remark 5.1. This is the first result of this nature for completely general subRieman-
nian manifolds. The rigid case was shown in [20]. Prior results include numerous
important cases: level sets in Carnot groups [11, 27], for graphs in three dimensional
strictly pseudoconvex pseudohermitian manifolds [6], Martinet-type spaces [9], for
graphs in the Heisenberg group [18, 30], for parametrized surfaces in the Heisenberg
group [3], for intrinsic graphs in the Heisenberg groups [1], and for surfaces in (2,3)
contact manifolds [36].

In the presence of characteristic points, the situation becomes more complicated.
It is to this case that we now direct our attention. To avoid needless repetition, we
shall make the following assumptions throughout this section.
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(A) ¥ is an oriented C? hypersurface with piecewise C* boundary in some n+1-
dimensional VR manifold M.

(B) The Riemannian unit normal to ¥ will be denoted N. Off the characteristic
set C(X), the unit horizontal normal v = ‘N—lolNo.

(C) X is the image of the immersion ¢: = — M with = C R™.

(D) F: E X (—€,¢) = M is a C12 variation of ¥ with Fy a C? mapping. In
particular this implies that Fis a 002 map.

(E) The horizontal mean curvature of ¥, H € L1(X).

(F) The Riemannian curvature tensor of ¥ is bounded.

Remark 5.2. For the natural embedding of ¥ into So(M), the Ny referred to above
is equivalent to the pullback of the function Ny. Likewise we can pull Ny back to
X (—e¢, €) and we shall not make any notational distinction between them.

=

(1]

The necessary observation for studying variations for hypersurfaces with char-
acteristic points is the following:

Suppose F is a variation of ¥. Note that C2 is a closed set in Z. Furthermore
by the results of the appendix, C(Z) must have Hausdorfl dimension < n — 1. Let
U be any open subset of = containing C2. By shrinking € if necessary, F' induces a
noncharacteristic variation Fg of ¥\¢(U) as discussed in Section 4. Furthermore,
if p is the variation function for F, then |Ng|™!p is the variation function for Fy.
In particular

(042F*O)4—odVs = (0t 2F 5 0) p—o A

Before diving into the general first variation formula, we shall need some technical

lemmas.

Lemma 5.2. With the assumptions listed above,
e |Ny(+,0)| is a Lipschitz function on = x {t},
o |No(-,t)| is C%L off C(X;) and has bounded distributional temporal deriva-
tive on all of X3,

e the one-sided derivative - |No(t)| exists everywhere, is continuous off
t=0"+
C(X) and is bounded on % .
Proof. The first part follows from the fact that Ny(-,0) is a C' map as Fy is C2.
The remaining parts of the lemma are obvious properties of the absolute value of
a C! function from R to R.
O

The next lemma addresses an important technical subtlety with these variational
calculations. The horizontal perimeter measure on ¥ is defined using the weighted
volume |Np|dVs, whereas all of our computations have been in terms of the form
A = v.dV. Up until now, we have been able to use these forms interchangeably as
they are equivalent when restricted to ¥.. However, when dealing with hypersurfaces
with non-characteristic locus we shall need to contract these forms by vector fields
transverse to the surface and this equivalence fails. Importantly, for a transverse
vector field X we must be careful about how to restrict X A to submanifolds S
within ¥ itself. In particular, for a codimension one submanifold S C 3, (X _IA)‘ s 7
|No|{ X, Ns)dVs as might be expected. The necessary correction term described
in the following lemma is the cause of additional constraints on the characteristic
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locus required for a hypersurface ¥ to be minimal. Failure to observe this detail
leads to some incorrect over-simplifications of the characteristic case present in the
literature.

Lemma 5.3. Suppose U is an open set in ¥ such that OU does not intersect C(X).
Then for any vector field X on M,

XMy = [No|{ X', Nov )dVou — (v, Nov )( X, N )dVau
where Npy is the Riemannian unit normal inside ¥ to OU.

Proof. Note that off C(X), N = |Ny|v + |No|lagTs for constants ag. The last piece
can be rewritten as aT" for some unit vector T' orthogonal to V. Thus we can
construct a vector field & along X\C(X) by é = av — |No|T. Then since we must
have |No|? + a? = 1, clearly v = |Ny|N + aé.

Now X 1A = X_vidV, thus splitting v into pieces orthogonal and tangent to %
we have

XA = |No| X 2dVs + aX sé.dV.
Pulling back to OU immediately yields
XMy = [No[{ X, Nov )dVou — a{ X , N )(€, Nov )dVau.

Noting that aé is the tangential component of v then completes the proof.

Lemma 5.4. There exists a family Qs C 3, § > 0 such that

the portion of the boundary 0s in the interior of ¥ is piecewise C?,
C(X) C Qs foralld >0,

1" (Qs) = 0 asd — 0,

faﬂo‘ |N0‘dVaQ5 —0asd — 0,

where p' is the n-dimensional Riemannian spherical Hausdorff measure.

Proof. By Theorem A.1, the characteristic set C(X) is compact and has Hausdorff
dimension < n — 1. Thus for any J,p > 0 we can construct a finite collection of
Riemannian balls U of radius e covering C'(X) such that

)
¥

For each 6 > 0 take Qs = XN B for some 0 < p << 1. This family clearly satisfies
u

the first three properties.
The standing assumption on the Riemannian curvature tensor (F) implies that
for some constant C

/ |NoldVa, < e/ Vo, +C Y 1!
89 o% 7,

which tends to zero as 6 — 0.
O

We are now in a position to state and proof the main result of this section, the
first variation formula for perimeter measure of C? surfaces.



VARIATION OF PERIMETER MEASURE IN SUB-RIEMANNIAN GEOMETRY 23

Theorem 5.2. Suppose F is a compactly supported C'Y% variation of ¥ with Fy
C? and variation function p. Then
d
dt

Py(%e) = / p(div v)dVy — lim p(v, Nq, )dVa,
=0+ \C(D) 6—0 Jaq;

= / p(div v) — divs(pr") dVs
D\C(D)

where Qs is any family satisfying the conditions of Lemma 5.4 and v' is the Riem-
manian orthogonal projection of v onto TX.

Proof. Using the existence of a family of neighborhoods of C'(X) as in Lemma 5.4
and pulling back to Z, we can immediately decompose

(5.4) %

d

ta

t=0

1) = Lo, (F*A
A U L)

| (Matolavs).
t=01 v Qs
Using the results of Theorem 5.1 we can reduce the first term to

/ p(div v)dVs + [ atJﬁ*A}
S\ Qs 0Es

t=0

This equals

. . d
/ p(div v)dVs —|—/ INol{ Fi=;| 5 Noqs )dVaa,
S\Qs s dt t=0

7/ p(’/Ta N395>dV395
0N

by Lemma 5.3. However the middle term can be neglected as | Ny| is Lipschitz on 3,
with the other terms bounded, and so the integral will vanish as § — 0 by Lemma
5.4. Thus we need only consider the contribution of

/ p(div v)dVy — / p(v", Nag, )dVag,
E\Qg 696

which by the Riemannian divergence theorem can also be expressed as
/ p(div v) — divs(pr ") dVs.
$\Qs

Now the second term of (5.4) decomposes as

.G

By Lemma 5.2, | No| is Lipschitz on ¥ and vanishes on C(X). The second integral
can therefore be uniformly bounded by a fixed constant times d fE& Lo, t;dVys,. Fur-
thermore by Lemma 5.2 again, |Ny| has bounded distributional derivative, so the
first integral is bounded by p™(Qs). As Fis C1, fEa Lo, t;dVs, is bounded near
t = 0. Therefore as § — 0 the second term of (5.4) tends to zero. Therefore letting
0 — 0 yields the desired result.

|N0(75)|) aVs +/ |No|Lo,t;dVs, .
t=0+

Zs

O
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Corollary 5.2. A necessary and sufficient condition for a C? surface to be a critical
point of horizontal perimeter measure in the category of C? hypersurfaces with fived
boundary is
divv=H—-Ry(v)=0

on Y\C(X) and
(5.5) lim p{v, No; )dVa, = —/ divs (pv ")dVs = 0

I dUNFTo \C()
for all compactly supported C' functions p.
Proof. This follows from the fact that every compactly supported C? function can

be realized as the variation function of a C? variation of ¥ and our assumption (E)
that the horizontal mean curvature is in L!. O

Corollary 5.3. A C? perimeter critical domain in the category of C? domains
with volume constraint must have boundary ¥ satisfying both div v = ¢ off C(X)
for some constant ¢ and (5.5).

Proof. Take any open U C M small enough so that dV = du is exact on U and
then set U = UNX. Then any variation with variation function p supported inside

U must satisfy
d
(PO(Et) —/ cu) =0
t=0 2,

dt

for some constant ¢. But

/ CM:/CﬁatM:/atJdV—i-d(atJu)
t=0 J X > »

:/atJ@/\dVE:/deVZ.
> b

Thus by using a partition of unity we have that

/ (div v — ¢) dVy — lim p(v, N)dVaq,
\C(2) 6=0 Jaq,

a
dt

must vanish for all C? functions p on ¥. Here we can use the same constant ¢ on
each supporting patch of the partition as the constants must agree on overlaps.
O

Remark 5.3. For any C? hypersurface ¥ such that the characteristic set has Haus-
dorff dimension < n — 1, the family Qs can be chosen so that condition (5.5) is
automatically satisfied. This follows easily from the observation that if we follow
the construction of Lemma 5.4 then faQs dVaq, — 0. For example, as seen in
[2, 7, 26], in the Heisenberg groups H™ the characteristic set of any C? hypersur-
face has dimension < m. Thus for m > 1 there is no constraint on the characteristic
set of minimal surfaces.

Remark 5.4. Let ¥ be a critical point for perimeter variation (with or without
volume constraint). Suppose that p € C(X) and in a small neighborhood U of p,
C(X) is an embedded submanifold of dimension n — 1 dividing U into two regions
U+ and U~. If we further suppose that v extends continuously to v+, v~ on the
boundaries of U™ and U~ respectively, then

(vt N.) — (v, N.)=0
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where N, is the normal to C(X) in U pointing into U~

This follows immediately from the divergence integral form of (5.5). Note that,
when restricted to the Heisenberg group, this was observed in [6, 33] where the
structure of the characteristic locus is known to be either lower dimensional or of
this form.

6. APPLICATION: A MINKOWSKI FORMULA FOR CMC SURFACES
Throughout this section we shall suppose M is a sRC-manifold with vertically
rigid extension g.

Definition 6.1. M admits a dilating flow if there is a global orthonormal frame
{Ts} for V and a smooth map D: M x R — M together with constants vz such
that

e (D)), maps Vg to Vg for j =0,...,L,
e ((D)).Y, (D))+Z)p,p =Y, Z), for all sections Y, Z of Vj,
e (D)).Ts = €7 T} for each f3.
Associated to a dilating flow are the dilation operators defined by
Ox = Diog a

and the generating vector field X defined by

d
X,=— D .
p d)\|)\:0 )\(p)

The associated homogeneous dimension of M is
Q=k+1+) 7.
B

For compactness of notation, we shall write Ap for Dy (p) and \.Y for (D,).Y.

A dilating flow can be lifted to a global flow D on the contact bundle Sy(M).
For p = (p,v,ag) we can define

(6.1) AD = ()\p7e_/\)\*1/,e(1_75)/\a5) .
This lifts ensures that the middle term is still unit length and that if v + agT}s is a
normal vector for the surface ¥ = {¢ = 0}, then 6*)‘i*y+e(1’”’ﬁ)>‘aﬁTﬁ is a normal
vector to Xy = {D* ,¢ = 0}. We also note that 7 o Dy = Dy ox. The generator of
the lifted flow will be denoted X.
Lemma 6.1. The contact form 95(}?) = <7T*)A/, v+ aglp ), has the property
L0 =0.
Proof. We compute
(ﬁf\ﬁ)ﬁ(f/) = GA;,(/\*}A’) = (m Y, e M+ 110255 ),
= MNmY vt agTs), = 0p(Y).

The result is a direct consequence.
|

Lemma 6.2. The horizontal perimeter measure form A on So(M) has the following
dilation property:
LA =(Q—-1)A.
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Proof. We first note that clearly
D3dV = e aV.
Now
(D5A)5 (?1, - ?n) = Ayp (A*fq, o )\*}Afn)

= 7* (eiA)\*l/JdV) \F ()\*?1, ce A An)

I
ml
>

ISH
>
S

/N

>
*
X

>
*

3
*
=
a>/
*

3
*
50

N—

= e*A(DA)*de (1/, ’iT*?l, e W*Yn)
= e(Q*l)Ade (l/, 77*?1, .. ﬂ-*i}n
= e(Q—l)/\Aﬁ (}717 . }7”) _

The result immediately follows

In the presence of a dilation, we can define
T=Q 'X.dV

so that dY¥ = Q'LxdV = dV and LxT = QY. We also define T = Y,
the pullback of T to So(M). Since DY = 7*DiY, we immediately see that
LY =QT.

Now suppose ¥ is a noncharacteristic C? hypersurface of M with constant mean
curvature H. Then Y embeds naturally as 3 into So(M) and

/A/;)?(A — HY) = [(Q —1)A — QHY.
b s
But since 7*dV = 6 A A and dA = Hr*dV

/cf((AfHT) = )?JA+/ X, (Hr*dV) — HQY
(6.2) b )] b

= [ XA
%

After pulling back to ¥ along the natural inclusion into Sp(M), we have now es-
tablished a Minkowski type identity for C? noncharacteristic patches. Namely

(6.3) Q=1)Py(Z) = (O — 1)/ A= QH/ T+ [ XA
b b )
Theorem 6.1. Suppose M admits a dilating flow and ¥ is a C? hypersurface

with piecewise C* boundary such that H is constant off C(X) and X satisfies the
constraint (5.5). Then

(Q-1)Py(2)=Q /E HT+ | Xob

Proof. As before we use the family of open sets Q5 containing C(X) constructed in
Lemma 5.4 and set X5 = X — Q.
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Then by (6.3) we know that

(6.4) (Q-1Py(%s) =@ HY + XJA.
s %5
But by an argument identical to 5.2, the internal portions of boundary integral will

tend to zero as § — 0, leaving the desired equality.
|

Corollary 6.1. Suppose Q is a compact C? domain with ¥ = 0X) that is a critical
point for perimeter measure with volume constraint. Then

(Q —1)Py(X) = QH Vol(R).

For the Heisenberg groups, this result was first shown in [33].

7. THE SECOND VARIATION

We shall now attempt the arduous task of describing a general second variation
formula under the assumption of vertical rigidity. This unfortunately is just a
long tedious exercise in computing derivatives using the structural equations of the
adapted connection in GFy(M). The underlying idea is differentiate on both the
frame bundle and on = x (—¢, €) and compare results.

To aid with the long computations to follow, we shall briefly list the standing
assumptions and notational conventions of this section. To save time and space,
we shall also adopt the habit of absorbing all unnecessary terms that do not affect
the relevant computations into ”junk” collections.

(A) M is a vertically rigid subRiemannian manifold of dimension n4+1 = k+1+1.

(B) Unless otherwise specified ¥ = +(E) is a C° hypersurface in M with no
characteristic points.

(C) F: Z x (=€) is a €3 noncharacteristic variation with F*0 = p, and
po = po(+,0).

(D) And recall: roman indices run from 1. .. k, barred roman indices from 0. . . k
and greek indices from 1...[.

We use the framing dt, ﬁ*wj, ﬁ*na on Z X (—¢,¢) and will generally omit the
F*. We shall use the notation w® = w* A--- Awk and n®* =nt A--- A7l
We define a variety of tensors by pulling back the structural equations to = x

(—¢,€).

ﬁ*w% = 'y%dt + F%mwm + F%ana
ﬁ*n‘g =gdt + T3, w™ + 1"35775
= Agawz An* + Biﬁno‘ AP
P = C’%wj Aw' + D?awj An® + Egvna AnY

with the understanding that each C? E? and BJ are skew-symmetric. Vertical
rigidity corresponds to > 3 D? 5= 0 for all j.

Before diving into the main computation, we shall warm up by using our tech-
niques to derive an integration by parts formula.
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Definition 7.1. For a differential operator X on ¥ we define the horizontal adjoint
X# by

/ZthAO:/EhX#fAO

for compactly supported functions f, h.

The key step to computing the horizontal adjoint of a vector field is the following
computations on GFy:
First

dn® = (=1)""'dn® AP = (=17 (0 AT+ 7)) AnD
(7.1) =i An®+ (-1 A @
_ (_1)5—15_5 A 77(5)

and so, recalling that D? 5= 0 for all j, we see

d(w An®) = dw An® 4+ (=1)F 1w A dn®
= (=)™ Wi A w™ Aw(m3) A pe
+ (=1)*+BLD A 7B A B
(1) A AW A~ A ) A g
+ (—1)k+5+j—1205jw0 Aw® An®

+ Dgﬁwo AwD Ap® + (—l)j_lDiﬁﬂw' An®

(7.2)

= (=)™ AWl Aw™D Ap® + (17w A w™ Ap®
+ (—)FHPR200.0 Aw A + (1) 2050wt A S

Lemma 7.1. For each e; with j > 0 we have

e;# = —e; — QaBC’gj .

Proof. First note that (7.2) implies
(7.3) d(w? Ay®)s = (~1)77" (20C8; + T, ) Ao,
Thus
d(fhw? A)s = (=177 (Fejh+ he; Ao + (FR)A(w) A ®)js.
Thus

/fejhAo = /(fhejf — 2fhagCl; — fAI',)Ag.
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Now we return to the derivation of a second variation formula. We begin by
computing F*df = dF*0 in two different ways and equating the results. Firstly

df = d(wO + agnﬁ)

=w! Aw) + 70+ dag A’ + apn® Al + agF’

= —wI AW+ AS W0 A+ A?awj An® +dag An?
+ agl"gjna Awl 4 a52ngw° A w?

(7.4) +agDE W An® + aBDfaUJj An©

+n* An? - junk + w Aw™ - junk

= —w AWl +wi A o(— 2agng)

+w A n* (- aﬁl“gj + A?a + (ejaq) + anga + 2aaa505j)

+0 AR~ - junk + 7% An? - junk + w? Aw™ - junk.

Thus
Frdf = wi Adt(— ) — 2a5Cy;)

(7.5) ! A (= Tho — aglh; + Ao + (¢jaa) + agDfy + 2a0a5Cy))
+dt An® - junk + 7% A n” - junk 4+ w? A w™ - junk.

But from the definitions we see that F*0 = pydt so
d(F*0) = dpo A dt = (e;po)w’ Adt +n® Adt - junk.
Comparing with (7.5) thus yields

(7.6) e;p0 = = — 2P0apCl;
0=-T%, — aBng + Al + (ejaa) + %’Dfa + 2aaagng.

Using metric compatibility of the connection thus yields the following useful iden-
tities

J_— o5 2% C«ﬁ_
Y0 €5 Po poasly;

(7.7) J B 0 B 5
[ = —aply; + Aj, + agDj, + (€jaa) + 2a0a5C;.

Returning to the main computation. Recall that, since we are assuming vertical
rigidity,

U= (1"t AwD Ap®

(7.8) Oy F* W = (=119 Aw@ A,
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In particular, this implies that
(7.9)
d(0aF" ) = (1) dy? AwD) An® + (=1)7 ' d(w) A )
(0 F"0) 5 = (ej9) + T, + 270‘1/300 ) Ao
[6 —e;jpo — 2p0a[300j) (—ejpo — QEQaBng)(FTm + 2a50€j)]A0
=[—¢epo— 40500363,00 Lejpo — Qﬁoej(aﬂcgj)
- 4p0(a500j) — 2pol'}, agCO .
Also if we define curvature 2-forms by
(7.10) dw% =wi" A wh + Qg—
then
d¥ = (—1)j_1d(wj Aw) A n®)
= (=177 (i Ay + Q) AW Ag® 4 (1Y A A7)
=(-1)77t (w()" Awl + Q%) Aw) Ape
(7.11) + (=)™ AW Awi Awl™ D An® 4+ (=1)"wd AWl Awl™ An®
+ (= 1)k+62059/\w0/\w A —2a50ﬂw0/\w An®
= (1) AW AR 4 (1) AW AWl A W™D A g
+ (-1 )k+620’8 O AW Aw® AP — QaBngwg Aw® An°.
Thus
FS’} +1Y T,

om 05

0P aw = [y (20, — T
(7.12) ‘
- 2ngl'%ﬁ) - 2agCOj'y(J)} w® AN,
When we restrict to ¥ we can use (7.7) and the facts that H = fI%j and pp =
po(+,0) to see
(7.13)
(0P aW)ys = po( (2%, — T, + H?)
— 2a5Cq;(—e;p0 — 2p0a5Cy;)
- 2poC§j(—aaF%j + A+ ay D]y + (ejap) + 2a5aa08‘j))Ao
= e;po (2@505-)A
+ po (2080, = T0,.T%; + H2 + 2,057,
— 260,485 — 20, D},Cl, - 20, (ej05) ) Ao,
We now encode all this computation in the following lemma.

Lemma 7.2. Suppose M is a vertically rigid sRC-manifold and F is a nonchar-
acteristic C°3 variation of ¥\C(X) with compactly supported horizontal variation
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function. Then
a2
dt? |t=0
(7.14) 4 /Z pg [ — Ricv(y, v)— tr(HOTHo) + H?
+ (tro (TORy — NV Tor) (v),Y)
— 2(Tor(v,e;),V,;Y) — (Tor(v, ej)vy>2}A

A=) = [0l + [ 197" A

where Y = v + agTj.

Proof. As was shown Theorem 5.1
EPO(Et) = / poF;W.
dt =

So

d? ~
o PoE0 = | [ 2o orr|

- /: [(atﬁo)Heroﬁat(ﬁ*\I’)}

|t=0

|t=0"

- /_ [(@ﬁo)HA—FpoEat(ﬁ*‘I’)}

|t=0"
Now as previously shown, locally

k
[ﬁatﬁ*\ﬂ] = [Z efejpo + po (29603‘ — F?ml—‘?nj + H?
j=1

|t=0
(7.15)
— 2C’&A95 — QQWD%C'@ — 2ej(a,30§j) — 20(% (ejap)

— 4(agCF))?) — 2 aaCl + 205,asTh; | A,

m

The Lemma is completed by converting to the invariant form and integrating by
parts once.

First we note that [e;, e;] is always tangent to the hypersurface so, modulo terms
in HNTY, is in the span of the vector fields agr — T3. Thus

F?’m -, <[em7 ej]a V> = aﬂ<Tor(em7 ej)7Tﬁ> = Qaﬁcrij

mj =
and so

9,15, = tr(Ily o) + (19, — 9,09, = te(1y do) + 2a,51%,,Cl

jm=mj mjmg:
Next we can compute directly, that
(troTOR2(v), V) = (Tor(e;, Tor(e;, v)), V)
= (Tor(e;, 2C2 T5), V)
= (24,0l e5 + 2D},CL T, e0 + asTs)
= _QA?ﬁCgi - 2a7DZBng'7
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((troVTor) (v), V) = (VTor(v,e;,e;), V)
= (V,;Tor(v, e;) — Tor(V,v, e;) — Tor(v, Vie;), V)
=e;(Tor(v,e;),Y) — (Tor(v,e;), V;Y)
+ (200, T — 2T Co,, Tp. V)

=e;j (20450(%) — (Tor(v,e;),V;Y)
— 20pTCE, — 20,15 Ch,

= 2¢; (agcoﬁj) — (Tor(v,e;),V;Y)
+2a500,.CP 20510 .CF

mi~mi

and
(Tor(v,e;), ViY) = <QO€in37ej(a’Y)T’Y +a,V;Ty)
= QCgiei(ag) - QCginga.y.

Putting all of this together completes the proof.
O

Theorem 7.1. Suppose M is a vertically rigid subRiemannian manifold, 3 is a
C? hypersurface and F is a noncharacteristic CY3 wvariation of ¥\C(X). Then
whenever either of the following holds
e H=0 on X\C(Y)
e H is constant on C(X) and F preserves fE Ffu for any smooth form with
u=dV.
we have
d? 0, |2 27 p; .V T
e P = [ (1Yol = 3 [Ric” (v,w) + (1] 1)
dt |t:0 b
+ (tro (VTor — TORy) (v),Y)
+ 2(Tor(v, e;), V;Y) + (Tor(v, ej),y>2])1\.

Proof. Since F' is supported away from the characteristic set, we have that

d * * -~
%/_Ftﬂz/_ﬁatFtM:/_Po(fat)At

Thus if F' preserves volume then [_ po(§,t)A¢ = 0. If H is constant then differen-
tiating yields
/(atﬁo)HA() + / ,O%HZAO =0.

Therefore the effect of either condition is that the first term of (7.14) cancels the
+p2H? term within the second integral. Thus the theorem is proved for C°3
variations.

All that remains is to show that the result still holds with the restricted regularity
conditions. The difficulty is that for the computations to hold, we must have pg
being C? on E, whereas for a C'® variation we can only guarantee that py is
continuous. However since Fy itself is C? we see pg is C*. Fortunately, the right
hand side of (7.14) requires only C! regularity in po. All the other terms are in
fact tensorial, so the restricted regularity will not cause problems.
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Now note that R
FYA = & t)der A .. dem.
Furthermore since A is semibasic, we see by Corollary 4.1 that A is C%2. The second

variation functional )

H JE—

dt? ‘t:O
is therefore continuous from C'3 variations to R. By Lemma 4.1 we see that we can
approximate F' by C°3 variations such that the restrictions to t = 0 converge in C*?
to Fy. The second variation formula of Lemma 7.2 holds for these approximations
and the formula itself is continuous as a functional on C? embeddings.

F Po(F(Z))

O

8. EXAMPLES

This second variation formula is hideously complicated in general so we shall
attempt to illuminate it with some remarks and examples.

Firstly, recall that the horizontal second fundamental form is asymmetric but
does have real valued entries. Thus its eigenvalues Ay, ... A\ are either real or come
in conjugate pairs. From elementary linear algebra we can then deduce

k
H = Trace(Ily) = Z Aj
(8.1) !
Trace(HOTHO) = Z \)\j|2 .
j=1

8.1. Strictly pseudoconvex pseudohermitian manifolds. Recall a pseudoher-
mitian manifold (M, J,n) consists of:

e a 2n + l-dimensional smooth manifold M
e a non-vanishing 1-form 7 defining the horizontal distribution Vy = ker(n)
e a bundle map J : Vj — Vp such that J? = —1

with the integrability condition that the Nijenhuis tensor (see [37]) vanishes. The
manifold is strictly pseudoconvex if the Levi metric
9(X,Y) = dn(X, JY) +n(X)n(Y)

is positive definite. In this instance, a rigid vertical structure can be imposed
by taking T to be the Reeb vector field of 7, i.e. n(T) = 1 and Tudn = 0. The
canonical connection for this extension is the Tanaka-Webster connection ([21], [37],
[38]). This connection has the properties that Tor(X,Y) = (JX,Y)T, VT = 0 and
VJ=0.

Lemma 8.1. For the Tanaka- Webster connection and horizontal vector fields X,Y
and Z
VTor(X,Y,Z) =0.

Proof. Using the properties of the Tanaka-Webster connection, we see
VTor(X,Y,Z2) = (Z(JX,Y)T — (JVz X, T — (JX,V;Y)T
= (Z<JX7Y> - <VZJXaY> - <JX7VZY>)T
=0.
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Now,
TOR,(X, X,Y) = Tor(X, (JX,Y)T) = (JX,Y)Tor(X, T).
So
troTOR2(v) = —Tor(Jv, T).

Since in this setting V = v + aT and Tor(v,e;) = (Jv,e;)T, the second variation
formula reduces to

d? .
P = [ (1992 = 8 (Ric¥ () + (1] 1)
(82) dt [t=0 b
+ (Tor(Juv, T), v) + 2(Jv)a + a2)}A.
If the pseudohermitian structure is normal (i.e. VyX = [T, X], see [37] for

equivalent definitions and consequences) then the torsion term vanishes. For the
case n = 1 this example first appeared in [6], although it should be noted that their
presentation of pseudohermitian manifolds causes Cj;; =1 instead.

A few particular examples are especially important in the literature:

8.2. The Heisenberg Group. H" = Riny x R; with the horizontal distribution
spanned by

1 1 .
X] = Ugi — iyjata }/] = 8yj + §1Jat

is an example of both a (normal) strictly pseudoconvex pseudohermitian manifold
(with n = dt + 3yida? — Ja9dy’, JX; = —Y; and Reeb field T = 9;) and a Carnot
Group. However, the curvature and the horizontal torsion both vanish identically
so the second variation becomes

d2
w7, PoZ) = / {|V0’2p0|2 — pa(tr(Iy o) + 2(Jv)a + a2)}A.
[t=0 b

For n = 1, this example was first shown by Danielli, Garofalo and Nhieu in [11].

8.3. Carnot Groups. Suppose that for the sRC-manifold M there are global or-
thonormal frames {X;} and {T,} for V; and V respectively and function L: {a} —
Zxq such that there are constants cf;, cfa with
[X,“Xj] = C%Ta
[Xi? TOC] = cfaTB
L) >1=¢; =0
L(B) # L(a) + 1= ¢}, = 0.
All Carnot groups have the above property. It is easy to see that M is vertically
rigid and that the canonical connection can be computed explicity (see [21]) as
o VXJ‘ =0
o Tor(X;, X;) = —ciTa
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Set
B _ B
Tijk = CiCha
Note that this the sum over « restricts to a sum of ua with L(a) = 1 and that the
outcome will be zero unless L(3) = 2. Then

1
VTor(X;, Xj, Xy) = —¢;Vx,To = —575@3’

1
TOR2(X;, X, Xi) = 5Tfmﬂ;.
Thus in particular

TORo (X, Xi, X;) — VTor(X;, X;, Xi) = TEkTﬂ-

The curvature term also clearly vanishes. Now set v = p' X;, then

tro(TOR, — VTor)(v) = Z TORz(ej,ej,v) — VTor(v, e;, e;)
J

= 9’7}, Ts
and
Z<TOI'(I/, ej) ’ v€jy> = <T0r(ﬁiXi7Xj) ’ Xj(av)T’Y + aWVXjT’Y>
J
_ —i ﬁT X T 1 ) YT
=(-p Cij LB (o) Ty + §a'y(0jfy - C_j5) 5)
i 1
=—p c?j(Xjaﬁ) + 3P a.YT;’jj.
Finally
> (Tor(v,e;), ¥)* =Y (e, Xi)(Tor(v, Xi), ¥))?
J J
= > (ess Xe) ey, Xn) (Pefias) (Pe0r)
7,k,m
=3 (X, Xon) = (Xi, ) Xn, ) (Pefhs) (F'cfp00)
k,m
= Z (5k,m _ﬁkﬁm) (ﬁiciﬁkaﬁ) (ﬁlczvmav)
k,m
il B

=D P CipCrppy
as the other term vanishes due to skew-symmetry of the cfk terms. Putting all of

this together second variation formula becomes

d2

2
1050 = [ (9l = i

+ 2p" (Xjay)c; + ﬁiﬁlcfkcgkaga,y])A.
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APPENDIX A. SIZE OF THE CHARACTERISTIC SET

In this section we prove

Theorem A.1l. Suppose X1, Xo,... X are smooth globally defined vector fields
on R™ that bracket generate at every point. Then for any C? hypersurface ¥, the
characteristic set

CX)={pe¥: (X;)| €T,2 foralll <j<k}

p

has Hausdorff dimension < n — 2.

The size and nature of the characteristic locus has been studied widely [2, 15, 25]
in various contexts. We include a discussion here for completeness and because, to
the best of our knowledge, a complete argument for general sub-Riemannian spaces
does not appear in the current literature.

The proof is based on a series of technical lemmas.

Lemma A.1. Suppose f is a C' function on R™. Then the set
V= {p: f(p> =0, df\p #0}

has Hausdorff dimension < m — 1.

Proof. Fix p € V. Then since the set K = {p: f(p) = 0, dfj, = 0} is closed, we can
find an open set U containing p such that fi; is a C" submersion from U into R.
The constant rank theorem implies that U NV is a closed embedded submanifold
of U. The set U NV thus has Hausdorff dimension m — 1 as a subset of U (and
hence as a subset of R™.)

Therefore we can cover V' by open sets U, such that each V N U, has dimension
< m — 1. Since every subset of R™ is second countable we can find a countable
subcover by the Lindel6f theorem. Thus we can express V' as a countable union of
sets of dimension < m — 1, which is sufficient to prove the result.

O

Our next lemma is a refinement of a result due to Derridj, Lemma 1 in [15].

Lemma A.2. Suppose ¥ is a C? hypersurface in R® and X and Y are smooth
vector fields. Then the set

V={ped: X,Y,eT,x[XY],¢T,X}
has Hausdorff dimension < n — 2.

Proof. Locally we can introduce C? slice coordinates (y,x!,..., 2" !) so that ¥ =
{y = 0}. Rewrite X and Y in these coordinates as

X =a0, + ald,i,
Then

b da . Ob . da
—b—+a'=— — b= d Op1,...0mm1.
<a 3y ay +a pys 8351) 0y mod Oy1,...0,
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The condition that p = (0,p) € V is therefore equivalent to

a(p) =0

b(p) =0 .

(a' g —b ) () #0
Set a’ = aj5;, b' = bjs;. The portion of V' lying inside the slice coordinate chart must
be contained in {a’ = 0,da’ # 0} U {d’ = 0,db’ # 0}. Since @’ and V' are (at least)
C" functions on R*~ !, the result now follows from Lemma A.1.

O

Proof. (of Theorem A.1) Generate the countable collection of all vector fields that
can be bracket generated by Xi,... X} and enumerate them as

D, CTID. ¢, G
with the first & matching the original vector fields. Define
Eap = {pex: (Xa)lpv (Xﬂ)\p € T, [XaaXﬁ]p ¢ sz}-

Thus {E,p} is a countable collection of sets of Hausdorff dimension < n — 2. But
since the original vector fields bracket generate at every point, for every p € C'(¥)
we must be able to find X, and Xg such that p € E,g. Therefore C(X) is contained
in the countable union of sets of Hausdorfl dimension < n — 2 and so must have

dimension < n — 2 also.
O

Remark A.1. Without further restrictions on the vector field X; this result is sharp
for all n > k > 2. To see this set

X = 0yi for1 <j<k-—1,
X = 8wk + ($1)6$k+1 + (:El)QawaJ + -+ (l’l)nikamn.

These vector fields bracket generate at step n — k + 1 at all points of R". The
smooth surface ¥ = {z™ = (21)?} then has the property

{az" =2' =0} Cc O(%).
Thus the Hausdorff dimension of C(X) must be > n — 2.

In the special case of the higher Heisenberg groups this theorem is decidedly non-
sharp. It was shown by Balogh, [2], that for the Heisenberg group of dimension
2n 4+ 1 the characteristic set dimension is bounded by n rather than 2n — 1. Balogh
also showed that if the condition C? is relaxed to C''! then the bound < 2n is
actually sharp.

The improved bounds for the higher Heisenberg groups was independently shown
by Cheng-Hwang [7] for graphs over the horizontal variables. Their technique had
the advantage that it used only elementary linear algebra and generalized to graphs
in pseudohermitian manifolds in natural coordinates. Here we present a new coordi-
nate free version of this approach which can be used as a tool to study characteristic
dimension in general equiregular subRiemannian structures.

Definition A.1. Given a collection of vector fields X = {X,... X, } and a C?
function ¢, we define the Hessian of ¢ at p with respect to X by

X2(¢,p) = (X; X)) -
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Additionally we define the symmetric Hessian and skew-symmetric Hessian by

X2=x24 (%), ar=x—(a?)’,

Thus we note
(Al) XE ((bap) = ([X]vXk]\p¢) .

Now at any point p, we can find a non-degenerate constant matrix P such that
the skew-symmetric Hessian can be written

2 p-1(JIx O
X =P (0 0 P

where J) is the 2A x 2\ matrix with A copies of (_01 é) along the leading diagonal

and zeros everywhere else. Thus we immediately obtain that
rank (XE) =2\, rank (Xz) > A

As a basic illustration of the use of these Hessian we present the following lemma,
which essentially first appeared in [7].

Lemma A.3. Suppose (M,n,J) is a 2m+1 dimensional pseudohermitian manifold
such that the Levi form

(X,Y) —dn(X,JY) =—[X,JY], X, Y horizontal

has signature (p,n) with p+n > 2k everywhere. Then is ¥ is any C? hypersurface,
the characteristic set C(X) has Hausdorff dimension < 2m — k.

Proof. Choose p € C(X) and let ¢ be a C? defining function for ¥ in a neighbour-
hood of p. Next choose X = {X1,...Xo,} with X,,4; = JX,, a frame for the
horizontal distribution near p. Now T'¢ cannot vanish at p as otherwise d¢), = 0.
Since the Levi form has total signature bounded below by 2k, from (A.1) have that
rank (X2 (¢,p)) > 2k. Thus rank (X?(¢,p)) > k.

Define a function F': M — R?™+! by

F= (o)

If we extend X to by a vector field T to a frame for M near p we see

_ 0 T
Dy = (»ﬂw,p) ] )

thus DF), has rank > k+ 1. But near p, C(X) = F~1(0) so the intersection of C(X)
with a neighbourhood of p is contained in an embedded submanifold of dimension
<2m — k.

O

This technique can be extended to equiregular subRiemannian manifolds of
higher step or otherwise more complicated vertical structures, but the generically
the derived bounds on characteristic dimension are no better than the general result
of Theorem A.1.

Suppose M is an n-dimensional equiregular subRiemannian manifold M with X
a smooth local frame for the horizontal distribution. Then we can produce smooth
frames X(1), X(2), ... consisting of vector fields produced from X by 1,2,... or less
commutations respectibely. Then for any C? surface ¥ and any point p € C(X) we
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again study the skew-symmetric Hessian X2 (¢, p). If this Hessian does not vanish
at p we can deduce that C(X) is locally contained in an embedded submanifold
of dimension < n — 2. If the X2 does vanish we can immediately deduce that p
is actually a characteristic point for the distribution X(;). We then iterate this
argument. If X’ is bracket-generating, this must terminate and we have rederived
the result of Theorem A.1.

If the step size of the subRiemannian structure is greater than 1, then in partic-
ular this argument suggests that generically we cannot expect any improvement on
the bound n — 2. This would not be surprising as the condition that the dimension
of the the hypersurface equaling the dimension of the horizontal distribution might
be expected to yield a richer theory than the general case. That said, there are
examples where this technique can produce improved bounds.

Example A.1. Consider M = HE* the 21-dimensional manifold constructed as
follows:

1 1 ,
Xje = Oa; = SYikUjs Yik =0y, + 520Uj, J k=14

with the U; the horizontal generators of an independent copy of H?2. Thus M
consists of 4 copies of H? each yielding an element of another H? as its characteristic
field. M is then a step 2 Carnot group with codimension 5 horizontal distribution.
If ¥ is a C? hypersurface with defining function ¢ then for any p € C(X), either
X2 (¢,p) vanishes identically or has rank > 4. However if X2 vanishes identically
then p is a characteristic point for X{yy. But this higher level characteristic set is
contained in a submanifold of dimension < 21 — 3 by an identical argument.
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