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ABSTRACT. In this paper, we first define the concept of framed submersions
between framed metric manifolds, then we provide an example and show that
the vertical and horizontal distributions of such submersions are invariant with
respect to the framed metric structure of the total manifold. Moreover, we
obtain various properties of the O’Neill’s tensors for such submersions and
find the integrability of the horizontal distribution. We also find necessary
and sufficient conditions for a framed submersion to be totally geodesic. The
study is focused on fundamental properties and the transference of structures
defined on the total manifold.

1. INTRODUCTION

The theory of Riemannian submersion was introduced by O’Neill and Gray in
[12] and [9], respectively. Presently, there is an extensive literature on the Rie-
mannian submersions with different conditions imposed on the total space and
on the fibres. Riemannian submersions were considered between almost complex
manifolds by Watson in [20] under the name of almost Hermitian submersion. He
showed that if the total manifold is a Kahler manifold, the base manifold is also a
Kéhler manifold. Riemannian submersions between almost contact manifolds were
studied by Chinea in [3] under the name of almost contact submersions. Since
then, Riemannian submersions have been used as an effective tool to describe the
structure of a Riemannian manifold equipped with a differentiable structure. For in-
stance, Riemannian submersions have been also considered for quaternionic Kahler
manifolds[10]. This kind of submersions have been studied with different names by
many authors(see [7], [8],[13], [19] and more).

On the other hand, let (M, g) be a Riemannian manifold equipped with a framed
metric structure, i.e. an endomorphism ¢ of the tangent bundle such that ¢3+¢ = 0
and which is compatible with g; the compatibility means that for each X, Y € TM
we have g(¢X,Y) = —g(X,¢Y) [22]. Moreover we assume that the kernel of ¢
is of constant rank and parallelizable, i.e. there exist global vector fields &1, ..., &;
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spanning kery. Such manifolds are necessarily of dimension 2m + s where 2m is the
rank of ¢. The study of such manifolds was started by Blair, Goldberg and Yano
([1], 5], [6]). Later such structures were considered by other authors([2],[11],[16],
[17]). In this paper, we define framed submersions between almost framed metric
manifolds and study the geometry of such submersions. We observe that framed
submersion has also rich geometric properties.

The paper is organized as follows. In section 2, we collect basic definitions, some
formulas and results for later use. In section 3, we introduce the notion of framed
submersions and give an example of framed submersion. Moreover, we investi-
gate properties of O’Neill’s tensors and show that such tensors have nice algebraic
properties for framed submersions. We find the integrability of the horizontal dis-
tribution. We also find necessary and sufficient conditions for a framed submersion
to be totally geodesic. Finally, section 4 is focused on the transference of structures
defined on the total manifold.

2. PRELIMINARIES

In this section we are going to recall main definitions and properties of framed
metric manifolds and Riemannian submersions.
Let M be a (2m + s)- dimensional framed metric manifold [21](or almost s-contact
metric manifold[18]) with a framed metric structure (¢,&;,n;,9), j € {1,...,s},
that is, ¢ is a (1,1)—tensor field defining an f—structure of rank 2m; &, ..., &, are s
vector fields; 71, ...,ns are s 1-forms and ¢ is a Riemannian metric on M such that

(2.1) o =-T+ an ®&, (&) =0, (&) =0, njop=0,
(22) 9(pX,0Y) = g(X,Y) = 3 _ni(X)m;(V),

(2.3) P(X,Y) =g(X,pY) = —2(Y, X),

(2.4) 9(X, &) = n;(X)

for all X, Y e I'(TM) and 4,5 € {1, ..., s}[21].

A framed metric structure is called normal[21]if

(2.5) [p, ] + 2dn; ® & =0,
where [, ¢] is the Nijenhuis torsion of ¢ given by
(2.6) [0, Pl(X,Y) = @?[X, Y] + [pX, Y] = p[0X, Y] = ¢[X, Y],

A framed metric manifold (M?™%5 g, ,&;,n;) is called
(a) almost S-manifold, it dn; = ®;
(b) S-manifold, if dn; = d® and normal;
(¢) K-manifold, if d® = 0 and normal;
(d) almost C-manifold, if dn; = 0, d® = 0;
(e) C-manifold, if dn; =0, d® = 0 and normal[15].
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On S—manifolds we have

(Vx®)(Y,2) = ) = ni(Z)g(X,Y)]

| —

(2.7) -

N =

> ni(V)g(X,Z

i=1

> 0 (X)) (Vi (2) = mi(Z)m; (V)]

i,j=1

where V denotes the Levi-Civita connection of the Riemannian metric g[14].

It is easy to see that if M is a framed metric manifold, then the following iden-
tities are well known:

(2.8) NO(X,Y) = [p,¢](X,Y) +2 Z dn;i (X,Y)E;,
(2.9) (Vxe)Y =VxpY —po(VxY),

(2.10) (Vx®)(Y, Z) = g(Y,(Vx9)Z) = —g(Z, (Vxp)Y),
(2.11) (Vxn)Y = g(Y,Vx§&)).

Let (M,g) and (B,g’) be two Riemannian manifolds. A surjective C'°°—map
m: M — B is a C°°—submersion if it has maximal rank at any point of M. Putting
V. = Kerm,,, for any x € M, we obtain an integrable distribution V, which is called
vertical distribution and corresponds to the foliation of M determined by the fibres
of . The complementary distribution H of V, determined by the Riemannian met-
ric g, is called horizontal distribution. A C'°°—submersion 7 : M — B between two
Riemannian manifolds (M, g) and (B, ¢') is called a Riemannian submersion if, at
each point x of M, 7, preserves the length of the horizontal vectors. A horizontal
vector field X on M is said to be basic if X is m—related to a vector field X’ on B.
It is clear that every vector field X’ on B has a unique horizontal lift X to M and
X is basic.

We recall that the sections of V, respectively H, are called the vertical vector
fields, respectively horizontal vector fields. A Riemannian submersion 7 : M — B
determines two (1,2) tensor fields T and A on M, by the formulas:

(2.12) T(E,F) = TpF = hV,zvF + vV, ghF
and
(213) A(E,F) = AgF = vVyghF + hVgvF

for any E,F € I'(TM), where v and h are the vertical and horizontal projections
(see [4]). From (2.12) and (2.13), one can obtain

(2.14) VX =Ty X + h(VUX),
(2.15) VxUZ’U(VxU)-‘rAxU;
(2.16) VY = AxY + h(VxY),

for any X,Y € I'(H), U € T'(V). Moreover, if X is basic then
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(2.17) WVuX) =h(VxU) = AxU.

We note that for U,V € T'(V), Ty V coincides with the second fundamental form
of the immersion of the fibre submanifolds and for X,Y € T'(H), AxY = 1v[X,Y]
reflecting the complete integrability of the horizontal distribution H. It is known
that A is alternating on the horizontal distribution: AxY = —Ay X, for X,Y €
I'(H) and T is symmetric on the vertical distribution: Ty V = Ty U, for U,V € T'(V).

We now recall the following result which will be useful for later.

Lemma 2.1. (see [4],[12]). If 7 : M — B is a Riemannian submersion and X,Y
basic vector fields on M, m—related to X' and Y’ on B, then we have the following
properties
(1) h[X,Y] is a basic vector field and T h[X,Y] = [X', Y] om;
(2) M(VxY) is a basic vector field m—related to (V' Y"), where V and V' are
the Levi-Civita connection on M and B;
(3) [E,U] € T(V), for any U € T'(V) and for any basic vector field E.

3. FRAMED SUBMERSIONS

In this section, we define the notion of framed submersion, give an example and
study the geometry of such submersions. We now define a (¢, ¢’')—holomorphic
map between two framed metric manifolds.

Definition 3.1. Let M?™+s and B?"** be manifolds carrying the framed met-
ric manifolds structures (¢, (§5,7;)521,9) and (¢, (§},7})j=1,9’) respectively. A
mapping m : M — B is said to be a (¢, ¢')—holomorphic map if 7, 0 ¢ = ¢’ o .

By using the above definition, we are ready to give the following notion.

Definition 3.2. A Riemannian submersion 7 : M?™ts — B2"+s hetween the
framed metric manifolds M2™+s and B2"t$ is called a framed submersion if:

(1) 7(-*5] = 5_;7 j = 172778
(i) me 0 = ¢ om,.

We now give an example for framed submersion.

Example 3.1. Consider the following submersion defined by

7 R o R
(3?1 + T2 Y1+ Y2

, 21, 29).
NG NG 1,22)

($17$2»y1ay2;21722) -

Then, the kernel of 7, is

9] 0 0 0
1% erm ‘pan{V; oS +8x2 A o +8y2}
and the horizontal distribution is spanned by
0 0 0 0 9] 0
= (Kerm,)* = X=—" 4+ V=4 " &=—§6=—"0"
H ( e ) Span{ (91‘1 + 6332 6y1 * 8y2 51 821 52 822
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Hence, we have
g X, X)=¢(mX,mX)=4, gY,Y)=¢(mY,n.Y)=4
and
9(&1, &) = ¢/ (m&i,mbn) = 1, g(62, &) = g (mba, melo) = 1.

Thus, 7 is a Riemannnian submersion. Moreover, we can easily obtain that =
satisfies

i1 = gia w2 = éé
and
mpX = 'm. X, moY = 'n.Y.
Thus, 7 is a framed submersion.
The following result can be proved in a standard way.

Proposition 3.1. Let w1 : M — B be a framed submersion from a framed metric
manifold M onto a framed metric manifold B. If X, Y are basic vector fields on M,
m—related to X', Y’ on B, then, we have

(i) h(Vx)Y is the basic vector field m—related to (V'x,¢")Y';
(ii) pX is the basic vector field m—related to ' X'.

Next proposition shows that a framed submersion puts some restrictions on the
distributions ¥V and H.

Proposition 3.2. Let w1 : M — B be a framed submersion from a framed metric
manifold M onto a framed metric manifold B. Then, the horizontal and vertical
distributions are p— invariant.

Proof. Consider a vertical vector field U; it is known that m.(eU) = ¢'(m.U).
Since U is vertical and 7 is a Riemannian submersion, we have 7w, U = 0 from
which 7, (pU) = 0 follows and implies that oU is vertical, being in the kernel of
.. As concerns the horizontal distribution, let X be a horizontal vector field. We
have g(¢X,U) = —g(X, pU) = 0 because U is vertical and X is horizontal. From
g(pX,U) = 0 we deduce that ¢ X is orthogonal to U and then ¢ X is horizontal. [

Proposition 3.3. Let m: M — B be a framed submersion from a framed metric
manifold M onto a framed metric manifold B. Then, we have

(i) 7' = P;
(ii) 75 =mny, j=1,..,s.
Proof. (i) If X and Y are basic vector fields on M, m—related to X', Y’ on B, then
using the definition of a framed submersion, we have
(TN X,Y) = & (mX,mY)=7¢mX, ¢nY)=¢mX mneY)
= (79 )(X,9Y) = g(X,¢Y) = 2(X,Y)

which gives the proof of assertion(i).

(ii) Let X be basic. Let us consider the case of m.7;. We have

(77*77;>(X) = 77;(7T*X> =g (mX, f;) = ¢'(m X, m&5) = ("¢ ) (X, &)
Since 7 is a Riemannian submersion, we have 7*¢’ = ¢ so that

(7" g")(X, &) = 9(X, &) = n; (X)
and therefore (7*7})(X) = 7;(X) which implies 77} = n; as claimed. O
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Since each ¢; is horizontal, we have 1;(U) = 0 for any vertical vector field U and
this implies V,, C kern;p, for any p € M.

We now check the properties of the tensor fields T" and A for a framed submersion,
we will see that such tensors have extra properties for such submersions.

Proposition 3.4. Let 7 : M — B be a framed submersion. If the total space is a
S—manifold or K—manifold, then we have

(1) AxpY = pAxY;
(i) ApxY = pAxY;
(i) ApxeY = —AxY;
(iv) AxpX =0;

(v) TypV = pTyV;
(i) TV = ¢TuV,

for XY € T(H) and U,V € T(V).

Proof. We only prove (i), the other assertions can be obtained in a similar way.
From (2.7) we obtain

(Vx®)(Y,U) = 0.
By using (2.10) we have ¢((Vx¢)Y,U) = 0.
Thus, since the vertical and the horizontal distributions are @—invariant, from
(2.16) we obtain

g(AxpY — pAxY,U) =0.
Then, we have AxpY = pAxY. O

We now investigate the integrability of the horizontal distribution H.

Theorem 3.1. Let m : M — B be a framed submersion. If the total space is a
S—manifold or a KK—manifold, then the horizontal distribution is integrable.

Proof. Let X be basic vector field on M, and U vertical and Y horizontal. By using
Proposition 3.4, then we have

9(AexY,U) = g(Ax Y, U) = —g(AxU, pY).
From (2.17) we have hVy X = hVxU = AxU. Hence we obtain
(3.1) 9(AoxY,U) = —g(pY, hVp X) = g(Y, oVp X).

On the other hand, from (2.7)we have (Vy®)(X,Y) = g((Vyy)X,Y) = 0. By
using (2.14), we get

0 = g(Y,hVypX +TyeX —hpVyX — Ty X)
= g(Y,h(VupX — ¢VyX)).
Hence we get

(3.2) hVueX = heVyX.
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Then, from (3.1) and (3.2) we obtain
9(AexY,U) = g(Y,hVupX)

= g(Y,hVyxU)

= g, AgaX U).
Since A is skew-symmetric operator, we get g(A,xY,U) = 0. This proves the
assertion. (]

Theorem 3.2. Letw: M — B be a framed submersion from an almost C—manifold
M onto a framed metric manifold B. Then, the horizontal distribution is integrable.

Proof. Let X and Y be basic vector fields. It suffices to prove that v([X,Y]) = 0, for
basic vector fields on M. Since M is an almost C—manifold, it implies d®(X,Y, V) =
0, for any vertical vector V. Then, one obtains

X(@(Y,V)) = Y(®(X,V)) + V(2(X,Y))
—&([X,Y],V) + ®([X,V],Y) - &([Y, V], X) = 0.

Since [X, V], [Y, V] are vertical and the two distributions are ¢—invariant, the last
two and the first two terms vanish. Thus, one gets

9([X, Y], V) = V(g(X, pY)).
On the other hand, if X is basic then h(Vy X) = h(VxV) = AxV, thus we have
Vig(X,¢Y)) = g(VvX,0Y)+g(VveY, X)
= g(AxV,¢Y) + g(Apy V. X).
Since, A is skew-symmetric and alternating operator, we get V(g(X,¢Y)) = 0.

This proves the assertion. O

Since for a C—manifold d® = 0, applying Theorem 3.2, we have the following
result.

Corollary 3.1. Let m : M — B be a framed submersion from a C—manifold M
onto a framed metric manifold B. Then, the horizontal distribution is integrable.

Theorem 3.3. Let m : M — B be a framed submersion from a K—manifold M
onto a framed metric manifold B. If X horizontal vector field is an infinitesimal
automorphism of p—tensor field, then the fibres are totally geodesic.

Proof. Let W and V be vertical vector fields on M, X horizontal. Since M is a
K—manifold, it implies d® = 0. Then, we obtain:

d®(W, oV, X) = W(2(pV, X)) — eV(R(W, X)) + X (2(W, 0V))
_(I)([VV, SDV]’X) + (I)<[VV7 X],QOV) - CI)([SDM X]7 W) =0.

Since [W, V] is vertical and the two distributions are p—invariant, the first two
terms vanish. Thus, one gets:

X(@(W, V) + (W, X],oV) — @([pV, X],W) = 0.
Thus, we have
0 = Xg(W.V)+g([W,X],V)+g([pV,X], W)
0 g(VxV, W)+ g(Vw X, V) + g(p[X, V], W)
0 = g([X,V]+VVX7W)+g(VWX,V)—|—g(<p[X,<pVLW).
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On the other hand, if X horizontal vector field is an infinitesimal automorphism
of p—tensor field, then we have
(X, V] = o[X, V] = —[X, V] = [ X, ¢V].
Thus, we obtain
g Ty X, W)+ g(Tw X, V) =0.
Since Ty is skew-symmetric operator, we get g(Ty W, X) = 0. This proves the
assertion. (]

From Theorem 3.3, we have the following results.

Corollary 3.2. Letm : M — B be a framed submersion from an almost C—manifold
M onto a framed metric manifold B. If X horizontal vector field is an infinitesimal
automorphism of p—tensor field, then the fibres are totally geodesic.

Corollary 3.3. Let m : M — B be a framed submersion from a C—manifold M
onto a framed metric manifold B. If X horizontal vector field is an infinitesimal
automorphism of p—tensor field, then the fibres are totally geodesic.

Corollary 3.4. Let m : M — B be a framed submersion from a S—manifold M
onto a framed metric manifold B. If X horizontal vector field is an infinitesimal
automorphism of p—tensor field, then the fibres are totally geodesic.

4. TRANSFERENCE OF STRUCTURES

In this section, we investigate what kind of framed structures are defined on the
base manifold, when the total manifold has some special framed structures.

We now recall that an almost Hermitian manifold (M, J, g) is an almost complex
manifold (M, J) with a J—invariant Riemannian metric g. The J—invariance of g
means that g(JX,JY) = g(X,Y), for any X,Y € x(M)[20].

As the fibres of a framed submersion is an invariant submanifold of M with
respect to ¢, we have the following.

Proposition 4.1. Let 7 : (M?™F ¢ &.n,9) — (B?>"5,¢'.¢ 0, ¢') be a framed
submersion from a framed metric manifold M onto a framed metric manifold B.
Then, the fibres are almost Hermitian manifolds.

Proof. Denoting by F the fibres, it is clear that dimF = 2(m — n) = 2r, where
r=m —mn. On (F?", §), setting J = ¢ and g|r = § we have to show that (J, g) is
an almost Hermitian structure. Indeed, by using the definition of a framed metric
structure we get

JU = U = =U+Y n;(V);.

j=1
Since 7;(U) = 0, we have J2U = —U. On the other hand,

g(JV,JU) = —g(V, J?U) = g(V,U)
which achieves the proof. O

In the sequel, we show that base space is a normal if the total space is a normal.
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Theorem 4.1. Let 7 : M — B be a framed submersion. If the framed metric
structure of M is normal, then the framed metric structure of B is normal.

Proof. Let X and Y be basic. From (2.8), we have

T NOX,Y) =m0, Q) (X, Y) + D 2dn;(X, Y)E;).

j=1
On the other hand, 7.¢ = ¢'m. and m.§; = & imply that
([0, Pl(X.Y)) = me’[X, Y]+ [0X, Y] - ¢[pX, Y] — o[X, pY]

= [nX,7Y] - X, Y]m&; + [repX, mpY] — @' m[p X, Y]
—  ¢'m X, pY]
= XY (KY€ + XY - XY
_ (pl[X/, SD/Y/]-

Then, we have

(4.1) T, 0] (X,Y) = N (X', Y").

In a similar way, since 7 is a Riemannian submersion, by using Proposition 3.3(ii),
we have

(4.2) Te2dn; © & = 2dn; @ &
Now, from (4.1) and (4.2) we obtain
nND(X,Y)= ND (X" Y") = 0.
O

Proposition 4.2. Let w : M — B be a framed submersion. If the total space M is
an almost C—manifold or a KK—manifold, then the base space B belongs to the same
class.

Proof. Let X, Y and Z be basic vector fields on M, m—related to X', Y’ and Z’ on
B. Since M is an almost C—manifold, it implies d®(X,Y, Z) = 0. Then, we have
X(@(Y,2)) - Y(2(X,2)) + Z(2(X,Y))
—9([X,Y],2)+ (X, Z],Y) —®([Y, Z], X) = 0.
On the other hand, by direct calculations, we obtain
0 = g(VxY,0Z)+g(Y,VxpZ) - g(VyX,pZ) — g(X,VypZ)
+ 9(VzX, YY) +9(X,Vz9Y) — g([X,Y], 0Z)
+ 9([X, Z],Y) = g([Y, Z], 9 X).
Then, by using m.¢ = ¢'m,, we get
0=g' (V.Y @' Z)+ g (Y Vix¢'Z') = g(Vy. X', o' Z") — g/ (X', Vy. ' Z')
+9' (Vg X' oY) + ¢ (X, V5 'Y') = g (X', Y], ¢'Z')
+9' (X, Z'),¢'Y") = g'(Y', Z'), ' X)
0=X"(®'Y',2Z"))-Y'(®'(X",Z2")+ Z'(®' (X", Y"))
-0 (X", Y, Z")+ o' (X', Z'],Y") - ®'([Y', Z'], X')
(4.3) 0 = d¥'(X',Y", Z')
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In a similar way, we have
(4.4) 0 = dn; = dnj.

Thus, from (4.3) and (4.4) if the total space M is an almost C—manifold, then the
base space B belongs to the same class.

From Theorem 4.1 we have

mNO(XY) = mlle, (X, Y) + ) 2dn;(X,Y)E))

Jj=1

[0, NX YY)+ 2dn)y (X, Y')E

j=1

(4.5) = N, Y) =0
On the other hand, by direct calculations, we obtain
(4.6) do(X,Y, 7)) =dd' (X', Y',Z") = 0.

Thus, from (4.5) and (4.6) if the total space M is a K—manifold, then the base
space B belongs to the same class. (I

We also have the following result which shows that the other structures can be
mapped onto the base manifold.

Proposition 4.3. Let 7 : M — B be a framed submersion. If M belongs to any of
the classes C—manifold, almost S—manifold or S—manifold, then the base space B
belongs to the same class.

il

2]

=

Gl
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