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g-NATURAL METRICS ON THE COTANGENT BUNDLE

FİLİZ AĞCA

(Communicated by Arif SALIMOV)

Abstract. The main aim of this paper is to investigate curvature properties
and geodesics of the g-natural metric on the cotangent bundle of Riemannian
manifold.

1. Introduction

Let (Mn, g) be an n-dimensional Riemannian manifold, T ∗Mn its cotangent
bundle and π the natural projection T ∗Mn → Mn. A system of local coordi-
nates (U, xi), i = 1, ..., n on Mn induces on T ∗Mn a system of local coordinates
(π−1(U), xi, xī = pi), ī := n + i (i = 1, ..., n), where xī = pi are the components
of covectors p in each cotangent space T ∗x Mn, x ∈ U with respect to the natural
coframe {dxi}, i = 1, ..., n.

We denote by =r
s(Mn)(=r

s(T ∗Mn)) the module over F (Mn)(F (T ∗Mn)) of C∞

tensor fields of type (r, s), where F (Mn)(F (T ∗Mn)) is the ring of real-valued C∞

functions on Mn(T ∗Mn).
Let X = Xi ∂

∂xi and ω = ωidxi be the local expressions in U ⊂ Mn of a vector
and a covector (1-form) field X ∈ =1

0(M
n) and ω ∈ =0

1(M
n), respectively. Then

the complete and horizontal lifts CX, HX ∈ =1
0(T

∗Mn) of X ∈ =1
0(M

n) and the
vertical lift V ω ∈ =1

0(T
∗Mn) of ω ∈ =0

1(M
n) are given, respectively, by

(1.1) CX = Xi ∂

∂xi
−

∑

i

ph∂iX
h ∂

∂xī
,

(1.2) HX = Xi ∂

∂xi
+

∑

i

phΓh
ijX

j ∂

∂xī
,

(1.3) V ω =
∑

i

ωi
∂

∂xī
,
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130 FİLİZ AĞCA

with respect to the natural frame { ∂
∂xi ,

∂
∂xī }, where Γh

ij are the components of the
Levi-Civita connection ∇g on Mn (see [19] for more details).

Theorem 1.1. Let Mn be a Riemannian manifold with metric g, ∇ be the Levi-
Civita connection and R be the Riemannian curvature tensor. Then the Lie bracket
of the cotangent bundle T ∗Mn of Mn satisfies the following

i) [V ω, V θ] = 0,

ii) [HX, V ω] = V (∇Xω),(1.4)

iii) [HX, HY ] = H [X, Y ] + γR(X,Y ) = H [X, Y ] + V (pR(X, Y ))

for all X,Y ∈ =1
0(M

n) and ω, θ ∈ =0
1(M

n). (See [19, p.238, p.277] for more
details)

Definition 1.1. Let Mn be a Riemannian manifold with metric g. A Riemannian
metric ḡ on cotangent bundle T ∗Mn is said to be natural with respect to g on Mn

if

i) ḡ(HX, HY ) = g(X, Y ),

ii) ḡ(HX, V ω) = 0(1.5)

for all X, Y ∈ =1
0(M

n) and ω, θ ∈ =0
1(M

n).

Theorem 1.2. Let Mn be a Riemannian manifold with metric g and T ∗Mn be
the cotangent bundle of Mn. If the Riemannian metric ḡ on T ∗Mn is natural with
respect to g on Mn then the corresponding Levi-Civita connection ∇̄ satisfies

i) ḡ(∇̄HX
HY, HZ) = g(∇XY, Z),

ii) ḡ(∇̄HX
HY, V ω) =

1
2
ḡ(V ω, V (pR(X,Y ))),

iii) ḡ(∇̄HX
V ω, HZ) =

1
2
ḡ(V (pR(Z,X)), V ω, ),

iv) ḡ(∇̄HX
V ω, V θ) =

1
2
(
HX(ḡ(V ω, V θ))− ḡ(V ω, V (∇Xθ))

+ḡ(V θ, V (∇Xω))
)
,

v) ḡ(∇̄V ω
HY, HZ) = −1

2
ḡ(V ω, V (pR(Y,Z))),(1.6)

vi) ḡ(∇̄V ω
HY, V θ) =

1
2
(
HY (ḡ(V ω, V θ))− ḡ(V ω, V (∇Y θ))

−ḡ(V θ, V (∇Y ω))
)
,

vii) ḡ(∇̄V ω
V θ, HZ) =

1
2
(−HZ(ḡ(V ω, V θ)) + ḡ(V ω, V (∇Zθ))

+ḡ(V θ, V (∇Zω))),

viii) ḡ(∇̄V ω
V θ, V ξ) =

1
2
(V ω(ḡ(V θ, V ξ) + V θ(ḡ(V ξ, V ω)− V ξ(ḡ(V ω, V θ))

for all X, Y ∈ =1
0(M

n) and ω, θ ∈ =0
1(M

n) [4].

Corollary 1.1. Let Mn be a Riemannian manifold with metric g and ḡ be a natural
metric on the cotangent bundle T ∗Mn of Mn. Then the Levi-Civita connection ∇̄
satisfies

(1.7) ∇̄HX
HY = H(∇XY ) +

1
2

V (pR(X,Y ))
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for all X, Y ∈ =1
0(M

n) [4].

For each x ∈ Mn the scalar product g−1 = (gij) is defined on the cotangent
space π−1(x) = T ∗x Mn by

g−1(ω, θ) = gijωiθj

for all ω, θ ∈ =0
1(M

n).

Definition 1.2. A g-natural metric g̃ is defined on T ∗Mn by the following three
equations

g̃
(
HX, HY

)
= V

(
g(X, Y )

)
= g(X, Y ) ◦ π,(1.8)

g̃
(
V ω, HY

)
= 0,(1.9)

g̃
(
V ω, V θ

)
= ϕ(z)g−1(ω, θ) + ψ(z)g−1(ω, p)g−1(θ, p)(1.10)

for any X, Y ∈ =1
0(M

n) and ω, θ ∈ =0
1(M

n). Here ϕ and ψ are some functions of
argument z = 1

2 |p| = 1
2g−1(p, p) such that ϕ > 0 and ϕ + 2zψ > 0.

Since any tensor field of type (0,2) on T ∗Mn is completely determined by its ac-
tion on vector fields of type HX and V ω, it follows that g̃ is completely determined
by its equations (1.8), (1.9) and (1.10).

The Sasaki metric is obtained for ϕ(z) = 1 and ψ(z) = 0, while the Cheeger-
Gromoll metric for ϕ(z) = ψ(z) = 1

1+r2 , r2 = g−1(p, p). Sasaki, Cheeger-Gromoll
and g-natural metrics are in the class of natural metric.

We now see, from (1.1) and (1.2), that the complete lift CX of X ∈ =1
0(M

n) is
expressed by

(1.11) CX = HX − V
(
p(∇X)

)
,

where p(∇X) = pi(∇hXi)dxh.
Using (1.8), (1.9), (1.10) and (1.11), we have

g̃
(
CX, CY

)
= V

(
g(X,Y )

)
+ ϕ(z)

(
g−1(p(∇X), p(∇Y ))

)

+ ψ(z)g−1(p(∇X), p)g−1(p(∇Y ), p),(1.12)

where g−1(p(∇X), p(∇Y )) = gij(pl∇iX
l)(pk∇jY

k), g−1(p(∇X), p) = gijpi(p(∇X))j .
Since the tensor field g̃ ∈ =0

2(T
∗Mn) is completely determined also by its action

on vector fields type CX and CY (see[19, p.237]), we have an alternative charac-
terization of g̃ on T ∗Mn: g̃ is completely determined by the condition (1.12).

The main purpose of this paper is to introduce Levi-Civita connection of g-
natural type metric on the cotangent bundle T ∗Mn of Riemannian manifold Mn

and investigate curvature properties and geodesics on T ∗Mn with respect to the
Levi-Civita connection of g̃. Since the construction of lifts to the cotangent bun-
dle is not similar to the definition of lifts to the tangent bundle, we have some
differences for g-natural metrics on cotangent bundles. g-natural metric includes
the Sasaki metric ([7], [12], [13]) and the Cheeger-Gromoll metric (see also [2],
[4], [5], [6], [9], [11], [14], [15], [16], [18]) as a special cases. In [1]-[3] Abbasi and
Sarih characterized the g-natural metric on the tangent bundle. In [17] Sukhova
studied a class of Riemannian almost product metrics on the tangent bundle of
a smooth manifold and investigated the scalar curvature of the tangent bundle.
In [10] Munteanu computed the Levi-Civita connection, the curvature tensor, the
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sectional curvature and the scalar curvature of the g-natural metric on the tangent
bundle.

2. Levi-Civita connection of g̃

We put

X(i) =
∂

∂xi
, θ(i) = dxi, i = 1, ..., n.

Then from (1.2) and (1.3) we see that HX(i) and V θ(i) have respectively local
expressions of the form

ẽ(i) = HX(i) =
∂

∂xi
+

∑

h

paΓa
hi

∂

∂xh̄
,(2.1)

ẽ(̄i) = V θ
(i)

=
∂

∂xī
.(2.2)

We call the set {ẽ(α)} = {ẽ(i), ẽ(̄i)} = {HX(i),
V θ

(i)} the frame adapted to Levi-
Civita connection ∇g. The indices α, β, ... = 1, ..., 2n indicate the indices with
respect to the adapted frame.

We now, from the equations (1.2), (1.3), (2.1) and (2.2) see that HX and V ω
have respectively components

(2.3) HX = Xiẽ(i),
HX = (HXα) =

(
Xi

0

)
,

(2.4) V ω =
∑

i

ωiẽ(̄i),
V ω = (V ωα) =

(
0
ωi

)

with respect to the adapted frame {ẽ(α)}, where Xi and ωi being local components
of X ∈ =1

0(M
n) and ω ∈ =0

1(M
n), respectively.

From (1.8), (1.9) and (1.10) we see that

g̃ij = g̃
(
ẽ(i), ẽ(j)

)
= V

(
g(∂i, ∂j)

)
= gij ,

g̃īj = g̃
(
ẽ(̄i), ẽ(j)

)
= 0,

g̃īj̄ = g̃
(
ẽ(̄i), ẽ(j̄)

)
= ϕ(z)g−1(dxi, dxj) + ψ(z)g−1(dxi, pk)g−1(dxj , pl)

= ϕ(z)gij + ψ(z)gikgljpkpl,

i.e. g̃ has components

g̃ =
(

gij 0
0 ϕ(z)gij + ψ(z)gikgljpkpl

)
(2.5)

with respect to the adapted frame {ẽ(α)}.
For the Levi-Civita connection of the g-natural metric we have the following.

Theorem 2.1. Let Mn be a Riemannian manifold with metric g and ∇̃ be the
Levi-Civita connection of the cotangent bundle T ∗Mn equipped with the g-natural
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metric g̃. Then ∇̃ satisfies

i) ∇̃HX
HY = H(∇XY ) +

1
2

V (pR(X,Y ),

ii) ∇̃HX
V ω = V (∇Xω) +

ϕ(z)
2

H(p(g−1 ◦R( , X)ω̃),

iii) ∇̃V ω
HY =

ϕ(z)
2

H(p(g−1 ◦R( , Y )ω̃),(2.6)

iv) ∇̃V ω
V θ = − ϕ′(z)

2ϕ(z)(ϕ(z) + 2zψ(z))
(
g̃(V ω, γδ)V θ + g̃(V θ, γδ)V ω

)

+
2ψ(z)− ϕ′(z)

2ϕ(z)(ϕ(z) + 2zψ(z))
g̃(V ω, V θ)γδ

+
ψ′(z)ϕ(z)− ϕ′(z)ψ(z)− 2ψ2(z)

2ϕ(z)(ϕ(z) + 2zψ(z))3
g̃(V ω, γδ)g̃(V θ, γδ)γδ

for all X, Y ∈ =1
0(M

n), ω, θ ∈ =0
1(M

n), where ω̃ = g−1 ◦ ω ∈ =1
0(M

n), R( , X)ω̃ ∈
=1

1(M
n), g−1 ◦ R( , X)ω̃ ∈ =2

0(M
n), z = 1

2 |p| = 1
2g−1(p, p), ϕ > 0, ϕ + 2zψ > 0,

R and γδ denotes respectively the curvature tensor of ∇ and the canonical vertical
vector field on T ∗Mn with expression γδ = pie(̄i).

Proof. i) The first statement is just Corollary 1.1.
ii) Following Definition 1.1 and Theorem 1.2 we see that

2g̃(∇̃HX
V ω, HY ) = g̃

(
V (pR(Y, X)), V ω

)

= ϕ(z)g−1(pR(Y,X), ω) + ψ(z)g−1(pR(Y,X), p)g−1(ω, p)

= ϕ(z)g̃
(
H(p(g−1 ◦R( , X)ω̃)), HY

)

and

2g̃(∇̃HX
V ω, V θ) =

(
HX(g̃(V ω, V θ))−g̃(V ω, V (∇Xθ))+g̃(V θ, V (∇Xω))

)

= g̃(V ω, V (∇Xθ))+g̃(V θ, V (∇Xω))−g̃(V ω, V (∇Xθ))+g̃(V θ, V (∇Xω))

= 2g̃(V θ, V (∇Xω)) = 2g̃(V (∇Xω), V θ)

Using

g−1(pR(Y, X), ω) = (gkl(pR(Y, X))kωl)

= (gklpsRijk
sY iXjωl) = (psRijk

sY iXjgklωl)

= (psRijk
sY iXjω̃k) = (gaipsR

a
.jk

sY iXjω̃k)

= g
(
p(g−1◦R( , X)ω̃), Y

)

= g̃
(
H(p(g−1 ◦R( , X)ω̃)), HY

)
,

g−1(pR(Y, X), p) = (gijpsRabi
sY aXbpj)

= (psg
tsRabitY

aXbp̃i) = (RabitY
aXbp̃ip̃t)

= (RitabY
aXbp̃ip̃t) = (gfbRita

f
. Y aXbp̃ip̃t)

= g
(
R(p̃, p̃)Y,X

)
= 0,

HX(ϕ(z)) = 0, HX(ψ(z)) = 0
and
HX(g̃(V ω, V θ) = g̃(V ω, V (∇Xθ))+g̃(V θ, V (∇Xω))
we have
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∇̃HX
V ω = V (∇Xω) + ϕ(z)

2
H(p(g−1 ◦R( , X)ω̃)

iii) Calculations similar to those in ii) give

2g̃(∇̃V ω
HY, V θ) =

(
HY (g̃(V ω, V θ))−g̃(V ω, V (∇Y θ))−g̃(V θ, V (∇Y ω))

)

= g̃(V ω, V (∇Y θ))+g̃(V θ, V (∇Y ω))−g̃(V ω, V (∇Y θ))−g̃(V θ, V (∇Y ω))
= 0

and

2g̃(∇̃V ω
HY, HZ) = −g̃

(
V ω, V (pR(Y, Z))

)

= −ϕ(z)g−1(ω, pR(Y,Z))− ψ(z)g−1(pR(Y,Z), p)g−1(ω, p)

= ϕ(z)g̃
(
H(p(g−1 ◦R( , Y )ω̃)), HZ

)
.

Thus we have

∇̃V ω
HY =

ϕ(z)
2

H(p(g−1 ◦R( , Y )ω̃).

iv) Appliying Theorem 1.2 we yield

2g̃(∇̃V ω
V θ, HZ) =

(− HZ(g̃(V ω, V θ))+g̃(V ω, V (∇Zθ))+g̃(V θ, V (∇Zω))
)

= −g̃(V ω, V (∇Zθ))−g̃(V θ, V (∇Zω))+g̃(V ω, V (∇Zθ))+g̃(V θ, V (∇Zω))
= 0

Using V ω(ϕ(z)) = ϕ′(z)g−1(ω, p), V ω(ψ(z)) = ψ′(z)g−1(ω, p)

V ω(g̃(V θ, V ξ)) = ϕ′(z)g−1(ω, p)g−1(θ, ξ)
+ψ′(z)g−1(ω, p)g−1(θ, p)g−1(ξ, p)
+ψ(z)

(
g−1(ω, θ)g−1(ξ, p) + g−1(θ, p)g−1(ω, ξ)

)

and

g̃(V ω, γδ) = ϕ(z)g−1(ω, p) + ψ(z)g−1(ω, p)g−1(p, p)
= g−1(ω, p)

(
ϕ(z) + 2zψ(z)

)
,
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we have

g̃(∇̃V ω
V θ, V ξ) = V ω(g̃(V θ, V ξ)) + V θ(g̃(V ξ, V ω))− V ξ(g̃(V ω, V θ))

)

= ϕ′(z)g−1(ω, p)g−1(θ, ξ) + ϕ′(z)g−1(θ, p)g−1(ξ, ω)
−ϕ′(z)g−1(ω, θ)g−1(ξ, p) + ψ′(z)g−1(θ, p)g−1(ω, p)g−1(ξ, p)
+ψ′(z)g−1(θ, p)g−1(ξ, p)g−1(ω, p)− ψ′(z)g−1(θ, p)g−1(ξ, p)g−1(ω, p)
+2ψ(z)g−1(ξ, p)g−1(θ, ω)

=
ϕ′(z)
ϕ(z)

g−1(ω, p)g̃(V θ, V ξ)− ϕ′(z)
ϕ(z)

g−1(ξ, p)g̃(V ω, V θ)

+
ϕ′(z)
ϕ(z)

g−1(θ, p)g̃(V ξ, V ω)− ψ′(z)g−1(θ, p)g−1(ω, p)g−1(ξ, p)

+2ψ(z)g−1(ω, θ)g−1(ξ, p)

= g̃
( ϕ′(z)
ϕ(z)(ϕ(z) + 2zψ(z))

(g̃(V ω, γδ)V θ + g̃(V θ, γδ)V ω)

+
2ψ(z)− ϕ′(z)

ϕ(z)(ϕ(z) + 2zψ(z))
g̃(V ω, V θ)γδ

+
ψ′(z)ϕ(z)− ϕ′(z)ψ(z)− 2ψ2(z)

ϕ(z)(ϕ(z) + 2zψ(z))3
g̃(V ω, γδ)g̃(V θ, γδ)γδ, V ξ

)
.

Thus

∇̃V ω
V θ =

ϕ′(z)
ϕ(z)(ϕ(z) + 2zψ(z))

(g̃(V ω, γδ)V θ + g̃(V θ, γδ)V ω)

+
2ψ(z)− ϕ′(z)

ϕ(z)(ϕ(z) + 2zψ(z))
g̃(V ω, V θ)γδ

+
ψ′(z)ϕ(z)− ϕ′(z)ψ(z)− 2ψ2(z)

ϕ(z)(ϕ(z) + 2zψ(z))3
g̃(V ω, γδ)g̃(V θ, γδ)γδ. ¤

We write ∇̃eαeβ = Γ̃δ
αβeδ with respect to the adapted frame {eα} of T ∗Mn,

where Γ̃δ
αβ denote the Christoffel symbols constructed by g̃. From Theorem 2.1, we

immediately have

Corollary 2.1. Let Mn be a Riemannian manifold with metric g and ∇̃ be the
Levi-Civita connection of the cotangent bundle T ∗Mn equipped with the g-natural
metric g̃. The particular values of Γ̃δ

αβ for different indices, on taking account of
(2.6) are then found to be

Γ̃k
ij = Γk

ij , Γ̃k
īj̄ = Γ̃k̄

īj = 0,

Γ̃k̄
ij̄ = −Γj

ik, Γ̃k̄
ij =

1
2
paRijk

a,

Γ̃k
īj =

ϕ(z)
2

paRk ia
.j. , Γ̃k

ij̄ =
ϕ(z)

2
paRk ja

.i. ,(2.7)

Γ̃k̄
īj̄ =

ϕ′(z)
2ϕ(z)

(piδj
k + pjδi

k) +
2ψ(z)− ϕ′(z)

2ϕ(z)(ϕ(z) + 2zψ(z))
gijpk

+
ψ′(z)ϕ(z)− 2ϕ′(z)ψ(z)
2ϕ(z)(ϕ(z) + 2zψ(z))

pipjpk

= L(piδj
k + pjδi

k) + Mgijpk + Npipjpk.
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with respect to the adapted frame, where pi = gitpt, Rk ia
.j. = gktgisRtjs

a.

3. Curvature properties of g̃

We now consider local 1-forms ω̃α in π−1(U) defined by

ω̃α = Āα
BdxB ,

where

A−1 = (Āα
B) =

(
Āi

j Āi
j̄

Āī
j Āī

j̄

)
=

(
δi
j 0
−paΓa

ij δj
i

)
(3.1)

The matrix (3.1) is the inverse of the matrix

A = (Aβ
A) =

(
Aj

i Aj̄
i

Aj
ī Aj̄

ī

)
=

(
δi
j 0

paΓa
ij δj

i

)
(3.2)

of the transformation ẽβ = Aβ
A∂A (see (2.1) and (2.2)). We easily see that the set

{ω̃α} is the coframe dual to the adapted frame {ẽ(β)}, i.e. ω̃α(ẽ(β)) = Āα
BAβ

B =
δα
β .

Since the adapted frame {ẽ(β)} is non-holonomic, we put

[ẽγ , ẽβ ] = Ωγβ
αẽα

from which we have

Ωγβ
α = (ẽγAβ

A − ẽβAγ
A)Āα

A.

According to (2.1), (2.2), (3.1) and (3.2), the components of non-holonomic object
Ωγβ

α are given by

{
Ωlj̄

ī = −Ωj̄l
ī = Γj

li,

Ωlj
ī = paRlji

a,
(3.3)

all the others being zero, where Rlji
a being local components of the curvature ten-

sor R of ∇g.
Let R̃ be a curvature tensor of ∇̃. Then we obtain

R̃(ẽ(α), ẽ(β))ẽ(γ) = ∇̃α∇̃β ẽ(γ) − ∇̃β∇̃αẽ(γ) − Ωαβ
ε∇̃εẽ(γ),

where ∇̃α = ∇̃ẽ(α) . The curvature tensor R̃ has components

R̃αβγ
σ = ẽαΓ̃σ

βγ − ẽβΓ̃σ
αγ + Γ̃σ

αεΓ̃ε
βγ − Γ̃σ

βεΓ̃
ε
αγ − Ωαβ

εΓ̃σ
εγ

with respect to the adapted frame {ẽ(α)}.
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Taking account of (2.7) and (3.3), we find

R̃kij
l = Rkij

l − ϕ(z)
2

pmpaRkit
aRl tm

.j.

+
ϕ(z)

4
pmpa(Rl tm

.k. Rijt
a −Rl tm

.i. Rkjt
a),

R̃kīj
l =

ϕ(z)
2

pm∇kRl im
.j. ,

R̃kij̄
l =

ϕ(z)
2

pm(∇kRl jm
.i. −∇iR

l jm
.k. ),

R̃kij
l̄ =

1
2
pm(∇kRijl

m −∇iRkjl
m),

R̃kij̄
l̄ = Rikl

j +
ϕ(z)

4
pmpa(Rktl

aRt ja
.i. −Ritl

mRt ja
.k. )

− ϕ′(z)
2ϕ(z)

papjRkil
a − 2ψ(z)− ϕ′(z)

2(ψ(z) + 2zϕ(z))
plpaRki

ja
. ,

R̃k̄ij
l̄ =

1
2
Rijl

k − ϕ(z)
4

pmpaRitl
mRt ka

.j.

+
ϕ′(z)
4ϕ(z)

papkRijl
a +

2ψ(z)− ϕ′(z)
4(ψ(z) + 2zϕ(z))

plpaRij
ka
. ,

R̃k̄īj
l =

ϕ′(z)
2

pa(pkRl ia
.j. − piRl ka

.j. ) +
ϕ(z)

2
(Rl ik

.j. −Rl ki
.j. )

+
ϕ2(z)

4
pmpa(Rl km

.t. Rt ia
.j. −Rl im

.t. Rt ka
.j. ),

R̃k̄ij̄
l =

ϕ(z)
2

Rl jk
.i. +

ϕ′(z)
4

pa(pkRl ja
.i. − pjRl ka

.i. )

+
ϕ2(z)

4
pmpaRl km

.t. Rt ja
.i. ,

R̃k̄īj̄
l̄ = [L−M(1 + 2zL)](gjkδi

l − gijδk
l )

+[N − (2M ′ + M2 + 2zMN)](gkjpipl − gijpkpl)

+[2L′ − L2 −N(1 + 2zL)](δi
lp

kpj − δk
l pipj),

R̃kīj̄
l̄ = R̃k̄īj

l̄ = R̃k̄īj̄
l = R̃k̄ij̄

l̄ = 0,(3.4)

where L = ϕ′(z)
2ϕ(z) , M = 2ψ(z)−ϕ′(z)

2ϕ(z)(ϕ(z)+2zψ(z)) , N = ψ′(z)ϕ(z)−2ϕ′(z)ψ(z)
2ϕ(z)(ϕ(z)+2zψ(z)) .

It is known (see [8, p.200]) that the sectional curvature on (T ∗Mn, CGg) for
P (U, V ) is given by

K̃(P ) = − R̃kmijU
kV mU iV j

(g̃kig̃mj − g̃kj g̃mi)UkV mU iV j
,(3.5)

where P (U, V ) = (U, V ) denotes the plane spanned by (U, V ). Let {Xi} and {ωi},
i = 1, ..., n be a local ortonormal frame and coframe on Mn, respectively. Then
from (8)-(10) we see that {HX1, ...,

HXn, V ω1, ..., V ωn} is a local ortonormal frame
on T ∗Mn. Let K̃(HX, HY ), K̃(HX, V θ) and K̃(V ω, V θ) denote the sectional cur-
vature of the plane spanned by (HX, HY ), (HX, V θ) and (V ω, V θ) on (T ∗Mn, g̃),
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respectively. Then, using (2.3), (2.4), (2.5) and (3.4), we have from (3.5)

i) K̃(HX, HY ) = − R̃kijs
HX̃kH Ỹ iHX̃jH Ỹ s

(g̃kj g̃is − g̃ksg̃ij)HX̃kH Ỹ iHX̃jH Ỹ s

= − R̃kij
lg̃sl

HX̃kH Ỹ iHX̃jH Ỹ s + R̃kij
l̄g̃sl̄

HX̃kH Ỹ iHX̃jH Ỹ s

(g̃kj g̃is − g̃ksg̃ij)HX̃kH Ỹ iHX̃jH Ỹ s

= K(X,Y ) +
ϕ(z)

2 gtf
(
pR(X, Y )

)
t

(
pR(X,Y )

)
f

g(X, X)g(Y, Y )− g(X, Y )g(X,Y )

−
ϕ(z)

4 gtf
(
pR(X, Y )

)
t

(
pR(X,Y )

)
f

g(X, X)g(Y, Y )− g(X, Y )g(X,Y )
+

ϕ(z)
4 gtf

(
pR(Y, Y )

)
t

(
pR(X, X)

)
f

g(X,X)g(Y, Y )− g(X, Y )g(X, Y )

= K(X, Y )− 3ϕ(z)
4

∣∣(pR(X, Y )
∣∣2.

ii) K̃(HX, V θ) = − R̃kījs̄
HX̃kV ω̃īHX̃jV ω̃s̄

(g̃kj g̃īs̄ − g̃k̄s̄g̃īj)HX̃kH ω̃īHX̃jV ω̃s̄

= − R̃kīj
lg̃s̄lX

kωiX
jωs + R̃kīj

l̄g̃s̄l̄X
kωiX

jωs(
gkj

(
ϕ(z)gis + ψ(z)giagsbpapb)

))
XkωiXjωs

=
ϕ2(z)

4 gtf
(
pR( , X)ω̃

)
t

(
pR( , X)ω̃

)
f

(ϕ(z)g(X, X)g−1(ω, ω) + ψ(z)g(X,X)(g−1(ω, p))2)

=
ϕ2(z)

4
(
ϕ(z) + ψ(z)(g−1(ω, p))2

) ∣∣(pR( , X)ω̃)
∣∣2

iii) K̃(V ω, V θ) = − R̃k̄īj̄s̄
V ω̃k̄V θ̃īV ω̃j̄V θ̃s̄

(g̃k̄j̄ g̃īs̄ − g̃k̄s̄g̃īj̄)V ω̃k̄V θ̃īV ω̃j̄V θ̃s̄

= − R̃k̄īj̄
lg̃s̄lωkθiωjθs + R̃k̄īj̄

l̄g̃s̄l̄ωkθiωjθs

(g̃k̄j̄ g̃īs̄ − g̃k̄s̄g̃īj̄)ωkθiωjθs

= −
[
A(δi

lp
kpj − δk

l pipj) + B(gkjpipl − gijpkpl)
P

+
C(gjkδi

l − gijδk
l )

P

](
ϕ(z)(gsl + ψ(z)gsaglbpapb)

)
ωkθiωjθs

= − A(g−1(ω, p))2

ϕ(z) + ψ(z)[(g−1(θ, p))2 + (g−1(ω, p))2]

− B(ϕ(z) + 2zψ(z))(g−1(θ, p))2 + C
(
ϕ(z) + ψ(z)(g−1(θ, p))2

)

ϕ2(z) + ϕ(z)ψ(z)[(g−1(θ, p))2 + (g−1(ω, p))2]
,
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where

P = (g̃k̄j̄ g̃īs̄ − g̃k̄s̄g̃īj̄)ωkθiωjθs

=
[
(ϕ(z)gkj + ψ(z)gkagjbpapb)(ϕ(z)gis + ψ(z)gitgsfptpf )

−(ϕ(z)gks + ψ(z)gkcgsdpcpd)(ϕ(z)gij + ψ(z)giugjvpupv)
]
ωkθiωjθs

= ϕ2(z)g−1(ω, ω)g−1(θ, θ) + ϕ(z)ψ(z)g−1(ω, ω)
(
g−1(θ, p)

)2

+ϕ(z)ψ(z)g−1(θ, θ)
(
g−1(ω, p)

)2 + ψ2(z)
(
g−1(ω, p)

)2(
g−1(θ, p)

)2

−ϕ2(z)
(
g−1(ω, θ)

)2 − ϕ(z)ψ(z)g−1(ω, θ)g−1(ω, p)g−1(θ, p)

−ϕ(z)ψ(z)g−1(ω, θ)g−1(ω, p)g−1(θ, p)− ψ2(z)
(
g−1(ω, p)

)2(
g−1(θ, p)

)2

= ϕ2(z) + ϕ(z)ψ(z)
[(

g−1(ω, p)
)2 +

(
g−1(θ, p)

)2]
.

and L = ϕ′(z)
2ϕ(z) , M = 2ψ(z)−ϕ′(z)

2ϕ(z)(ϕ(z)+2zψ(z)) , N = ψ′(z)ϕ(z)−2ϕ′(z)ψ(z)
2ϕ(z)(ϕ(z)+2zψ(z)) , A = 2L′ − L2 −

N(1 + 2zL), B = N − (2M ′ + M2 + 2zMN), C = L−M(1 + 2zL)
Thus we have

Theorem 3.1. Let (Mn, g) be a Riemannian manifold and T ∗Mn be its cotangent
bundle equipped with the g-natural metric g̃. Then the sectional curvature K̃ of
(T ∗Mn, g̃) satisfy the following:

i) ˜K(HX, HY ) = K(X, Y )− 3ϕ(z)
4

∣∣(pR(X,Y )
∣∣2,

ii)K̃(HX, V ω) =
ϕ2(z)

4
(
ϕ(z) + ψ(z)(g−1(ω, p))

) ∣∣(pR( , X)ω̃)
∣∣2,

iii)K̃(V ω, V θ) = − A(g−1(ω, p))2

ϕ(z) + ψ(z)[(g−1(θ, p))2 + (g−1(ω, p))2]

− B(ϕ(z) + 2zψ(z))(g−1(θ, p))2 + C
(
ϕ(z) + ψ(z)(g−1(θ, p))2

)

ϕ2(z) + ϕ(z)ψ(z)[(g−1(θ, p))2 + (g−1(ω, p))2]
,

where K is a sectional curvature of (Mn, g) and ω̃ = g−1 ◦ ω = (gijωj) ∈ =1
0(M

n),
R( , X)ω̃ ∈ =1

1(M
n), L = ϕ′(z)

2ϕ(z) , M = 2ψ(z)−ϕ′(z)
2ϕ(z)(ϕ(z)+2zψ(z)) ,

N = ψ′(z)ϕ(z)−2ϕ′(z)ψ(z)
2ϕ(z)(ϕ(z)+2zψ(z)) , A = 2L′−L2−N(1+2zL), B = N−(2M ′+M2+2zMN)

and C = L−M(1 + 2zL).

Theorem 3.2. Let (Mn, g) be a Riemannian manifold of constant sectional cur-
vature K. Let T ∗Mn be its cotangent bundle equipped with the g-natural metric g̃.
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Then the sectional curvature K̃ of (T ∗Mn, g̃) satisfy the following:

i)K̃(HX, HY ) = K − 3ϕ2(z)
4

K2
(
(g−1(p, X̃))2 + (g−1(p, Ỹ ))2

)
,

ii)K̃(HX, V ω) =





ϕ2(z)K2
(
2z−2g−1(X̃,p)g−1(ω,p)+

(
g−1(X̃,p)

)2)

4
(
ϕ(z)+ψ(z)(g−1(ω,p))2

) , g(X, ω̃) = 1,

ϕ2(z)K2
((

g−1(X̃,p)
)2)

4
(
ϕ(z)+ψ(z)(g−1(ω,p))2

) , g(X, ω̃) = 0,

iii)K̃(V ω, V θ) = − A
(
g−1(ω, p)

)2

ϕ(z) + ψ(z)
[
(g−1(θ, p))2 + (g−1(ω, p))2

]

−B(ϕ(z) + 2zψ(z))(g−1(θ, p))2 + C
(
ϕ(z) + ψ(z)(g−1(θ, p))2

)

ϕ2(z) + ϕ(z)ψ(z)
[
(g−1(θ, p))2 + (g−1(ω, p))2

] ,

where ω̃ = g−1 ◦ ω = (gijωj) ∈ =1
0(M

n), Xi = gijXj = g−1 ◦ X̃ ∈ =1
0(M

n), L =
ϕ′(z)
2ϕ(z) , M = 2ψ(z)−ϕ′(z)

2ϕ(z)(ϕ(z)+2zψ(z)) , N = ψ′(z)ϕ(z)−2ϕ′(z)ψ(z)
2ϕ(z)(ϕ(z)+2zψ(z)) , A = 2L′−L2−N(1+2zL),

B = N − (2M ′ + M2 + 2zMN) and C = L−M(1 + 2zL).

Proof. Let Rkmj
s = K(δs

kgmj − δs
mgkj).

i)K̃(HX, HY ) = K(X, Y )− 3ϕ(z)
4

∣∣(pR(X,Y )
∣∣2

= K − 3ϕ(z)
4

gij(pR(X, Y ))i(pR(X, Y ))j

= K − 3ϕ(z)
4

gijpaK(δa
kgli − δa

l gki)pbK(δb
fgmj − δb

mgfj)XkY lXfY m

= K − 3ϕ(z)
4

K2
[
g−1(Ỹ , Ỹ )g−1(X̃, p)g−1(X̃, p)

−g−1(X, Y )g−1(X, p)g−1(Y, p)− g−1(X, Y )g−1(X̃, p)g−1(Ỹ , p)

+g−1(X, X)g−1(Ỹ , p)g−1(Ỹ , p)
]

= K − 3ϕ(z)
4

K2
(
(g−1(p, X̃))2 + (g−1(p, Ỹ ))2

)

ii) Using Theorem 3.1, we have

K̃(HX, V ω) =
ϕ2(z)

4
(
ϕ(z) + ψ(z)

(
g−1(ω, p)

)2)
∣∣(pR( , X)ω̃)

∣∣2

=
ϕ2(z)gtf

(
pR( , X)ω̃

)
t

(
pR( , X)ω̃

)
f

4
(
ϕ(z) + ψ(z)

(
g−1(ω, p)

)2)

=
ϕ2(z)gtfpaRtij

aXiω̃jpbRfkm
bXkω̃m

4
(
ϕ(z) + ψ(z)

(
g−1(ω, p)

)2)
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=
ϕ2(z)gtfpa

(
K(δa

t gij − δa
i gtj)

)
Xiω̃jpb

(
K(δb

fgkm − δb
kgfm)

)
Xkω̃m

4
(
ϕ(z) + ψ(z)

(
g−1(ω, p)

)2)

=
ϕ2(z)K2

(
2z(g(X, ω̃))2 − 2g(X, ω̃)g−1(X̃, p)g−1(ω, p) + g(ω̃, ω̃)

(
g−1(X̃, p)

)2)

4
(
ϕ(z) + ψ(z)

(
g−1(ω, p)

)2)

=





ϕ2(z)K2
(
2z−2g−1(X̃,p)g−1(ω,p)+

(
g−1(X̃,p)

)2)

4
(
ϕ(z)+ψ(z)

(
g−1(ω,p)

)2) , g(X, ω̃) = 1,

ϕ2(z)K2
((

g−1(X̃,p)
)2)

4
(
ϕ(z)+ψ(z)(g−1(ω,p))2

) , g(X, ω̃) = 0,

where

g(Xa, ω̃b) = gijX
i
a(ω̃b)j = gijX

i
agjkωb

k = δk
i Xi

aωb
k

= Xk
aωb

k = ωb(Xa) = δb
a =

{
1, a = b,
0, a 6= b,

g(ω̃, ω̃) = gijω̃
iω̃j = gijg

isωsg
jkωk = δs

jωsg
jkωk

= gskωsωk = g−1(ω, ω) = 1.

iii) The statement is obtained by iii) of Theorem 3.1. ¤

Let (x, p) be a point on T ∗Mn with p 6= 0 and {e1, ..., en} be an orthonormal basis
for the tangent space TxMn of Mn at x. Also, let {ω1, ..., ωn} be a dual orthonormal
basis for the cotangent spaces T ∗x Mn of Mn at x such that ω1 = p

|p| , where |p| is
the norm of p with respect to the metric g on Mn. Then for i ∈ {1, ..., n} and k ∈
{2, ..., n} define the horizontal and vertical lifts by fi = Hei, fn+1 =

V ω1√
ϕ(z)+2zψ(z)

and fn+k = 1√
ϕ(z)

(V ωk), z = 1
2 |p| = g−1(p, p). Then {f1, ..., f2n} is an orthonormal

basis for the cotangent space T ∗(x,p)M
n with respect to the g-natural metric g̃.

Using Theorem 3.1, we have

i)K̃(fi, fj) = K̃(Hei,
Hej) = K(ei, ej)− 3ϕ(z)

4

∣∣pR(ei, ej)
∣∣2,

ii)K̃(fi, fn+1) = K̃(Hei,
V ω1

√
ϕ(z) + 2zψ(z)

)

=
ϕ2(z)

4
(
ϕ(z) + ψ(z)

(
g−1( V ω1√

ϕ(z)+2zψ(z)
, p)

)2)
∣∣(pR( , ei)

V ω1

√
ϕ(z) + 2zψ(z)

)
∣∣2

= 0

by virtue of
pR( , ei)ω̃1 =

(
pmR ,ks

mek
i ( p
|p| )

s
)

=
(
R ,ksle

k
i ( p
|p| )

spl
)

= 1
|p| (R ,ksle

k
i pspl) = 0.

iii)K̃(fi, fn+k) = K̃(Hei,
V ωk

√
ϕ(z)

) =
ϕ2(z)

∣∣(pR( , ei) ω̃k√
ϕ(z)

)
∣∣2

4
(
ϕ(z) + ψ(z)

(
g−1( V ωk√

ϕ(z)
, p)

)2)

=
1
4

∣∣(pR( , ei)ω̃k)
∣∣2,
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iv)K̃(fn+1, fn+k) = K̃(
V ω1

√
ϕ(z) + 2zψ(z)

,
V ωk

√
ϕ(z)

)

= −
A

(
g−1

( V ω1√
ϕ(z)+2zψ(z)

, p
))2

ϕ(z) + ψ(z)
[(

g−1( V ωk√
ϕ(z)

, p)
)2 +

(
g−1( V ω1√

ϕ(z)+2zψ(z)
, p)

)2]

−
B(ϕ(z) + 2zψ(z))

(
g−1(

V ωk√
ϕ(z)

, p)
)2 + C

(
ϕ(z) + ψ(z)

(
g−1(

V ωk√
ϕ(z)

, p)
)2)

ϕ2(z) + ϕ(z)ψ(z)
[(

g−1( V ωk√
ϕ(z)

, p)
)2 +

(
g−1( V ω1√

ϕ(z)+2zψ(z)
, p)

)2]

= − 2zA + (ϕ(z) + 2zψ(z))C
(ϕ(z) + 2zψ(z))ϕ(z) + 2zψ(z)

,

v)K̃(fn+k, fn+l) = K̃
( V ωk

√
ϕ(z)

,
V ωl

√
ϕ(z)

)

= −
A

(
g−1

( V ωk√
ϕ(z)

, p
))2

ϕ(z) + ψ(z)
[(

g−1( ωl√
ϕ(z)

, p)
)2 +

(
g−1( ωk√

ϕ(z)
, p)

)2]

−
B(ϕ(z) + 2zψ(z))

(
g−1( ωl√

ϕ(z)
, p)

)2 + C
(
ϕ(z) + ψ(z)

(
g−1( ωl√

ϕ(z)
, p)

)2)

ϕ2(z) + ϕ(z)ψ(z)
[(

g−1( ωl√
ϕ(z)

, p)
)2 +

(
g−1( ωk√

ϕ(z)
, p)

)2]

= − C

ϕ(z)
=

2ϕ(z)ψ(z)− 2ϕ(z)ϕ′(z)− zϕ′2(z)
2ϕ2(z)(ϕ(z) + 2zψ(z))

,

where A = 2L′ − L2 − N(1 + 2zL), B = N − (2M ′ + M + 2zMN) and C =
L−M(1 + 2zL).
Thus we have

Theorem 3.3. Let (x, p) be a point on T ∗Mn and {f1, ..., f2n} be an orthonormal
basis for the cotangent spaces T ∗x Mn as above. Then the sectional curvature K̃
satisfy the following equation

i) K̃(fi, fj) = K(ei, ej)− 3ϕ(z)
4

∣∣pR(ei, ej)
∣∣2,

ii) K̃(fi, fn+1) = 0,

iii) K̃(fi, fn+k) =
1
4

∣∣(pR( , ei)ω̃k)
∣∣2,

iv) K̃(fn+1, fn+k) = − 2zA + (ϕ(z) + 2zψ(z))C
(ϕ(z) + 2zψ(z))ϕ(z) + 2zψ(z)

,

v) K̃(fn+k, fn+l) == − C

ϕ(z)
=

2ϕ(z)ψ(z)− 2ϕ(z)ϕ′(z)− zϕ′2(z)
2ϕ2(z)(ϕ(z) + 2zψ(z))

where K is a sectional curvature of (Mn, g) and ω̃k = g−1 ◦ ωk, for i ∈ {1, ..., n}
and k, l ∈ {2, ..., n}.
Corollary 3.1. Let (Mn, p) be a Riemannian manifold and the cotangent bundle
T ∗Mn be equipped with the g-natural metric g̃. If we have constant sectional cur-
vature, then T ∗Mn flat and A = C = 0 for any z. It follows N = 2L′−L2

1+2zL and
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M = L
1+2zL . We use C = 2ϕ(z)ϕ′(z)+zϕ′2(z)−2ϕ(z)ψ(z)

2ϕ(z)(ϕ(z)+2zψ(z)) = 0, then

2ϕ(z)ϕ′(z) + zϕ′2(z)− 2ϕ(z)ψ(z) = 0.

So,

ψ(z) = ϕ′(z)
(
1 +

zϕ′(z)
2ϕ(z)

)
.

i) ψ(z) = kϕ′(z) where k is a real constant.
If ϕ′(z) = 0 then and ϕ(z) is constant.
If ϕ′(z) 6= 0 then ϕ(z) = az2(k−1) (k > 1 or k ≤ 0, a > 0).
ii) ψ(z) = ϕ(z), then we obtain ϕ(z)

ϕ′(z) = −1±√1+2z
z which gives

ϕ(z) = a
e2
√

1+2z

(
1 +

√
1 + 2z

)2 , a > 0

or

ϕ(z) = a
e−2

√
1+2z

(√
1 + 2z − 1

)2 .

So we have to deal with non zero vector.

Let now {f1, ..., f2n} be an orthonormal basis for the cotangent space T ∗x Mn as
above, then the scalar curvature r̃ =

∑
i 6=j K̃(fi, fj) is given by

r̃ =
∑

i 6=j

K̃(fi, fj)

= 2
n∑

i,j=1
i<j

K̃(fi, fj) + 2
n∑

i,j=1

CGK(fi, fn+j) + 2
n∑

i,j=1
i<j

CGK(fn+i, fn+j)

=
n∑

i 6=j

K(ei, ej)− 3ϕ(z)
4

n∑

i,j=1

∣∣pR(ei, ej)
∣∣2 +

1
2

n∑

i,j=1

∣∣(pR( , ei)ω̃j)
∣∣2

−2
n∑

i=2

2zA + (ϕ(z) + 2zψ(z))C
(ϕ(z) + 2zψ(z))ϕ(z) + 2zψ(z)

+
n∑

i,j=2
i 6=j

C

ϕ(z)

= r − 3ϕ(z)
4

n∑

i,j=1

∣∣pR(ei, ej)
∣∣2 +

1
2

n∑

i,j=1

∣∣(pR( , ei)ω̃j)
∣∣2

−2(n− 1)
2zA + (ϕ(z) + 2zψ(z))C

(ϕ(z) + 2zψ(z))ϕ(z) + 2zψ(z)
− (n− 1)(n− 2)

C

ϕ(z)

from which we have

Theorem 3.4. Let (Mn, g) be a Riemannian manifold and T ∗Mn be its cotangent
bundle equipped with the g-natural metric g̃. Let r be the scalar curvature of g and
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r̃ be the scalar curvature of g̃. Then the following equation holds

r̃ = r − 3ϕ(z)
4

n∑

i,j=1

∣∣pR(ei, ej)
∣∣2 +

1
2

n∑

i,j=1

∣∣(pR( , ei)ω̃j)
∣∣2

− 2(n− 1)
2zA + (ϕ(z) + 2zψ(z))C

(ϕ(z) + 2zψ(z))ϕ(z) + 2zψ(z)
− (n− 1)(n− 2)

C

ϕ(z)
.

Theorem 3.5. Let (Mn, g), n > 2 be a Riemannian manifold of constant scalar
curvatura κ. Then the scalar curvature r̃ of (T ∗Mn, g) is

r̃ = (n− 1)
[
nκ + z(2− 3ϕ(z))κ2

−( 4zA + 2(ϕ(z) + 2zψ(z))C
(ϕ(z) + 2zψ(z))ϕ(z) + 2zψ(z)

− (n− 2)C
ϕ(z)

)]
,

where L = ϕ′(z)
2ϕ(z) , M = 2ψ(z)−ϕ′(z)

2ϕ(z)(ϕ(z)+2zψ(z)) , N = ψ′(z)ϕ(z)−2ϕ′(z)ψ(z)
2ϕ(z)(ϕ(z)+2zψ(z)) , A = 2L′ −L2 −

N(1 + 2zL) and C = L−M(1 + 2zL).

Proof. Using the formulas Rkmj
s = κ(δs

kgmj − δs
mgkj), r = n(n− 1)κ and Theorem

8, we get the conclusion. ¤
Example. Using the Theorem 3.5. If ϕ(z) = 2

3 and ψ(z) = 0, then (T ∗Mn, g)
has constant scalar curvature r̃ = n(n− 1)κ.

4. Geodesics of g̃

Let C be a curve in Mn expressed locally by xh = xh(t) and ωh(t) be a covector
field along C. Then, in the cotangent bundle T ∗Mn, we defined a curve C̃ by

xh = xh(t), xh̄def
= ph = ωh(t)(4.1)

If the curve C satisfies at all the points the relation

δωh

dt
=

dωh

dt
− Γi

jh

dxj

dt
ωi = 0,

then the curve C̃ is said to be a horizontal lift of the curve C in Mn. Thus, if the
initial condition ωh = ω0

h for t = t0 is given, there exists a unique horizontal lift
expressed by (4.1).

We now consider differential equations of the geodesic in the cotangent bundle
T ∗Mn with the metric g̃. If t is the arc length of a curve xA = xA(t), A = (i, ī)
in T ∗Mn, then equations of geodesic in T ∗Mn have the usual form

δ2xA

dt2
=

d2xA

dt2
+ Γ̃A

CB

dxC

dt

dxB

dt
= 0(4.2)

with respect to the induced coordinates (xi, xī) = (xi, pi) in T ∗Mn, where Γ̃A
CB are

components of ∇̃ defined by (2.7).
We find it more convenient to refer equations (4.2) to the adapted frame {eα}.

From (2.1) and (2.2) we see that the matrix of change of frames eβ = Aβ
H∂H has

components of the form (3.2).
Using (3.1), now we write

θα = Āα
AdxA,

i.e.

θh = Āh
AdxA = δh

i dxi = dxh
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for α = h and

θh̄ = Āh̄
AdxA = −paΓa

hjdxj + δh
j dxj = δph

for α = h̄. Also we put

θh

dt
= Āh

A

dxA

dt
=

dxh

dt
,

θh̄

dt
= Āh̄

A

dxA

dt
=

δph

dt

along a curve xA = xA(t) in T ∗Mn.
If we therefore write down the form equivalent to (4.2), namely,

d

dt

(θα

dt

)
+ Γ̃α

γβ

θγ

dt

θβ

dt
= 0

with respect to adapted frame and taking account of (2.7), then we have



(a) δ2xh

dt2 + ϕ(z)paRk ja
.i.

dxi

dt
δpj

dt = 0,

(b) δ2ph

dt2 +
[
L(piδj

h + pjδi
h) + Mgijph + Npipjph

]
δpi

dt
δpj

dt = 0.

(4.3)

where L = ϕ′(z)
2ϕ(z) , M = 2ψ(z)−ϕ′(z)

2ϕ(z)(ϕ(z)+2zψ(z)) and N = ψ′(z)ϕ(z)−2ϕ′(z)ψ(z)
2ϕ(z)(ϕ(z)+2zψ(z)) .

Thus the equations (4.3) are the equations of the geodesic in T ∗Mn with the
metric g̃. Let now C̃ : xh = xh(t), xh̄ = ph(t) = ωh(t) be a horizontal lift(

δph

dt = δωh

dt = 0
)

of the geodesic C : xh = xh(t) ( δ2xh

dt2 = 0) in Mn of ∇g. Then by
virtue of (4.3), we have

Theorem 4.1. The horizontal lift of a geodesic in (Mn, g) is always geodesic in
T ∗Mn with the g-natural metric g̃.
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