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g-NATURAL METRICS ON THE COTANGENT BUNDLE

FILiZ AGCA
(Communicated by Arif SALIMOV)

ABSTRACT. The main aim of this paper is to investigate curvature properties
and geodesics of the g-natural metric on the cotangent bundle of Riemannian
manifold.

1. INTRODUCTION

Let (M™,g) be an n-dimensional Riemannian manifold, T*M™ its cotangent
bundle and 7 the natural projection T*M"™ — M™. A system of local coordi-
nates (U,z%),i = 1,....,n on M" induces on T*M™ a system of local coordinates
(7Y U), 2% 2" = p;), i :=n+1i (i =1,...,n), where 2* = p; are the components
of covectors p in each cotangent space T M", x € U with respect to the natural
coframe {dz'}, i =1,...,n.

We denote by %5 (M™)(ST(T*M™)) the module over F(M™)(F(T*M™)) of C°
tensor fields of type (r,s), where F'(M™)(F(T*M™)) is the ring of real-valued C*>°
functions on M™(T*M™).

Let X = X* 8‘21- and w = w;dz® be the local expressions in U C M™ of a vector
and a covector (1-form) field X € S{(M™) and w € IY(M™), respectively. Then
the complete and horizontal lifts “ X, # X € S{(T*M™) of X € S§(M™) and the
vertical lift Vw € S§(T*M™) of w € IY(M™) are given, respectively, by
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with respect to the natural frame {%, %}, where F?j are the components of the
Levi-Civita connection Vg on M™ (see [19] for more details).

Theorem 1.1. Let M"™ be a Riemannian manifold with metric g, V be the Levi-
Civita connection and R be the Riemannian curvature tensor. Then the Lie bracket
of the cotangent bundle T*M™ of M™ satisfies the following

i) [Yw,V0 =0,
(1.4) i) [MX,Yw] =Y(Vxw),
i) [TX,HY) = H[X, Y] +~vR(X,Y) = [X, Y]+ Y (pR(X,Y))

for all X,V € S{(M™) and w,0 € SY(M™). (See [19, p.238, p.277] for more
details)

Definition 1.1. Let M™ be a Riemannian manifold with metric g. A Riemannian
metric g on cotangent bundle T*M™ is said to be natural with respect to g on M™
if

) g"X 1Y) = ¢(X,Y),
(1.5) i) g"X,Vw) = 0
for all X,Y € S{(M") and w, 0 € SY(M™).

Theorem 1.2. Let M"™ be a Riemannian manifold with metric g and T*M™ be
the cotangent bundle of M™. If the Riemannian metric g on T*M™ is natural with
respect to g on M™ then the corresponding Levi-Civita connection V satisfies

i) §(Vax"Y,"2) = g(VxY, 2),
i) 9Ty, V) = LoV, VR, Y))),
i) §(Vixw,"2) = §-<V<pR<Z,X>>, Vo),
) 9Ty, 0) = ("X (3", 0) ~ 5w,V (Vx8))
+9(V9, (Vxw))),
(16) v) g(vvaY,Hm:—%g(Vw VR(Y, 2),
vi) g Y V0) = (Y (5", V) — gV, Y (Vy6))
(V V(Vyw))),
L (12w )+ 5.V (V46)
3070,V (V))),
vi) (.Y 0.76) = S(Vw(a("0,VE) +V0((7E, Vi) — Ve (e, 0))
for all X,Y € S{(M™) and w,0 € SOUM™) [4)].

vii) §(Vv,V0,%2) =

Corollary 1.1. Let M™ be a Riemannian manifold with metric g and g be a natural
metric on the cotangent bundle T*M™ of M™. Then the Levi-Civita connection V
satisfies

(1.7) VuxBY =H(VxY) + %V(pR(X7 Y))
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for all X,Y € S§(M™) [4].
For each z € M™ the scalar product g=1 = (¢g%) is defined on the cotangent
space 7~ 1(z) = T M™ by
97w, 0) = g7wib;
for all w, 0 € IY(M™).

Definition 1.2. A g-natural metric § is defined on T*M"™ by the following three
equations

(1.8) ("X, Y) ="(9(X,Y)) =g(X,Y)om,
(1.9) i(Yw, 1Y) =0,
(Vw,V0) = p(2)g7 (w,0) + ¥(z)g " (w,p)g~ " (0, p)

(1.10) 7
1
0

for any X,Y € S3(M™) and w,d € SY(M™). Here ¢ and v are some functions of
argument z = %|p| = %g’l(p,p) such that ¢ > 0 and ¢ + 229 > 0.

Since any tensor field of type (0,2) on T*M™ is completely determined by its ac-
tion on vector fields of type ¥ X and Vw, it follows that § is completely determined
by its equations (1.8), (1.9) and (1.10).

The Sasaki metric is obtained for ¢(z) = 1 and (%) = 0, while the Cheeger-
Gromoll metric for ¢(z) = ¥(z) = H%’ r? = g~ 1(p,p). Sasaki, Cheeger-Gromoll
and g-natural metrics are in the class of natural metric.

We now see, from (1.1) and (1.2), that the complete lift “X of X € I§(M™) is

expressed by
(1.11) °X ="X-V(p(VX)),

where p(VX) = p;(V, X?)dz".
Using (1.8), (1.9), (1.10) and (1.11), we have

3(°X.°Y) = V(gX,Y)) +02) (g7 (p(VX),p(VY)))
(1.12) +9(2)g (P(VX),p)g~  (p(VY), p),

where g™ (p(VX),p(VY)) = g7 (Vi X) (0 V;Y"), g7 (0(VX), p) = ¢ pi(p(V X)),

Since the tensor field g € I9(T*M™) is completely determined also by its action
on vector fields type ©X and €Y (see[19, p.237]), we have an alternative charac-
terization of g on T*M™: § is completely determined by the condition (1.12).

The main purpose of this paper is to introduce Levi-Civita connection of g-
natural type metric on the cotangent bundle T*M™ of Riemannian manifold M™
and investigate curvature properties and geodesics on T*M™ with respect to the
Levi-Civita connection of g. Since the construction of lifts to the cotangent bun-
dle is not similar to the definition of lifts to the tangent bundle, we have some
differences for g-natural metrics on cotangent bundles. g-natural metric includes
the Sasaki metric ([7], [12], [13]) and the Cheeger-Gromoll metric (see also [2],
[4], 5], [6], [9], [11], [14], [15], [16], [18]) as a special cases. In [1]-[3] Abbasi and
Sarih characterized the g-natural metric on the tangent bundle. In [17] Sukhova
studied a class of Riemannian almost product metrics on the tangent bundle of
a smooth manifold and investigated the scalar curvature of the tangent bundle.
In [10] Munteanu computed the Levi-Civita connection, the curvature tensor, the
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sectional curvature and the scalar curvature of the g-natural metric on the tangent
bundle.

2. LEVI-CIVITA CONNECTION OF §

We put

Xy = 09 =dzti=1,...n

oxt’

Then from (1.2) and (1.3) we see that ¥ X ;) and V0" have respectively local
expressions of the form

(2.1) ey ="Xu = 8 m T
_ (@i 0

2.2 -~ =0

(2.2) @) = o

We call the set {€q)} = {€@i), €3} = {7 X (), V(‘)(i)} the frame adapted to Levi-
Civita connection V4. The indices «,3,... = 1,...,2n indicate the indices with

respect to the adapted frame.
We now, from the equations (1.2), (1.3), (2.1) and (2.2) see that X and Vw
have respectively components

(2.3) X =X'e,;, "X=("Xx"= <g( )

(2.4) Yw=d wite, To=(Tw)= ( o )

with respect to the adapted frame {€(,)}, where X “ and w; being local components
of X € S{(M™) and w € SY(M™), respectively.
From ( 8), (1.9) and (1.10) we see that

gii = 9(ew»€y) ZV( (0:,05)) = 9ij»

g = 9@ éy) =

g5 = 9(¢m).¢5) —90( )~ (da', da? ) + (2)g~ " (da’, pr)g ™" (da?, pr)
= ©(2)g"7 +¥(2)g™ g" prpr,

i.e. g has components

_ (g 0
(2:5) 9= < 0 @(2)g" +(2)g* 9" pipy )

with respect to the adapted frame {€(4)}.
For the Levi-Civita connection of the g-natural metric we have the following.

Theorem 2.1. Let M™ be a Riemannian manifold with metric g and V be the
Levi-Civita connection of the cotangent bundle T*M™ equipped with the g-natural
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metric §. Then V satisfies
- 1
i) Vax?Y =H(VxY)+ §V(pR(X, Y),

i) VuxVw =V (Txw) + 22 (o o R( X)),

2
26) i) Tv.y = P o R YI)
1% _ ¢'(2) Vo 1% ~V Vi
WV S () + 2 O 0 e 00 )
2(2) ~ (2

for all X, Y € S§(M™), w,0 € SY(M™), where & = g~ ow € I{(M™), R(, X)) €
S1(M™), gt o R( X)w € SFM™), z = 5lpl = 397" (p,p), ¢ > 0, ¢+ 229 > 0,
R and v§ denotes respectively the curvature tensor of V and the canonical vertical
vector field on T M™ with expression 76 = pji€).

Proof. i) The first statement is just Corollary 1.1.
i1) Following Definition 1.1 and Theorem 1.2 we see that

29(VaxVw, 1Y) = §(¥ (PR(Y. X)), ")

= ¢(2)g (PR(Y, X),w) + ¥(2)g~  (pR(Y, X),p)g~ " (w, p)
= ¢(2)g("(p(g" o R(, X)@)),"Y)
and
2§(VuxVw,V0) = (TX(3("w,"0)=a(Vw.V (Vx0)+3("6," (Vxw)))
=3("w,V(Vx0)+3(V0," (Vxw)—3(Vw,V(Vx0)+3("0," (Vxw))
=25("0," (Vxw)) = 2§(¥ (Vxw),"0)
Using
(PR(Y, X),w) = (g™ (pR(Y, X))swr)
= (¢"psRiji®Y' X'w) = (ps Riji* Y X7 g*'wy)
= (ps zngYlXJw) (gaips R%;,°Y ' X7 &)
9(p(g~"oR(, X)@),Y)
= §("(plg7" o R(, X)@)),"Y),
PR, X),p) = (97psRani"Y* X"p))
= (ps9" RapirY*X"p") = (Rapi Y * X p'p")
= ( ztabYaXb ) (gbeltafYaXb% t)

9(R(p,HY, X) =0,
HX(p(2) =0, TX(4(2)) =0

and
IX(G(Yw,V0) = g(Vw,V(Vx0)+3("0," (Vxw))

we have
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VixVw="(Vxw)+ @H(}?(g_1 oR(,X)w)
i11) Calculations similar to those in i) give

25(Vv, Y,V 0) = (MY (3("w, V) —3("w, Y (Vy8)—3("8," (Vyw)))
w)

=9("w, " (Vy0)+3("0," (Vyw)—=g(Vw," (Vy0))=4(V0," (Vyw))
=0

and
25(Vv,"'V, 7 2) = —g(Yw,V(pR(Y, 2)))
= —p(2)g " (w,pR(Y, 2)) — ¢¥(2)g~  (pR(Y, Z),p)g " (w.p)

= @(=)g("(p(g™" o R(,Y)@)),"Z).

Thus we have

iv) Appliying Theorem 1.2 we yield

25(Vv,V0,72) = (= 7 Z(5("w,V0)+3("w,V (V20))+3("0," (Vzw)))
=—3("w,Y(V20)-3(V0,V (Vzw)+3(Vw,V (V20))+3("0," (Vzw))
=0

Using Vw(p(2)) = ¢'(2)97" (w,p), Yw(¥(2)) =¥/ (2)g~ " (w,p)

Vw(g¥e,ve) = 90( )9~ Hw,p)g ' (6,€)
¢ (2)g~ Hw,p)g~ " (0,p)g~ (&, p)
+1/J( )97 (w,0)g (& p) + 970, p)g (w,8))

and

(Yw,70) = <P(Z)9 Yw,p) +9(2)g (w,p)g " (p,p)
= (w, p) ((2) + 221(2)),
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we have
G(Vv, 0,76 ="w(@(V0,vE) + Vo(a("E Vw) = Ve@G(Vw, V)
= ¢'(2)g7 (w,p)g~ 1 (0,6) + ¢ ()9~ (0,p)g " (&, w)
—¢'(2)g H(w,0)g7 ' (&,p) + ¢/ (2)g~ (0, p)g (w,p)g ' (€, p)
+¢'(2)g~ 1 (0,p)g~ (&, p)g  (w,p) =¥ (2)g~ (0, p)g ™' (&, p)g  (w, D)
+2¢(2)g7 (&, p)g (6, w)
= Lp(z)g Yw,p)3("0,"¢) - Z(Z)g (&p)g(Vw, Vo)

o(2) (2)
+Z((;)g Y0,p)3(" ¢ w) =¥ (2)g7 (0, p)g” H(w,p)g T (€ p)
+2¢(2)g~ (w,0)g7 ' (&, p)

=9 #(2) g(¥Vw v a(v Vo
=900 + 20y 90«70 8+ 5(0.70) )
(

2"/) Z) ( ) g(Vw7V9),y§

o6 + 220(2)
/(Z)SD(Z) ( ) ( )_2,[/]2(2) y . ,
0(2) (¢ ()+221/)( DE §(Vw,70)3("'0,70)75,"¢€).
Thus
@vae = QD'(Z) (g(Vw,’_yé)V9+§(V9,’y§)Vw)

0(2)(p(2) + 229(2))
20(2) —¢'(2) vV
o) )+2z¢( ))9( » 0)7o
/(z) (2) = @' (2)0(2) — 20%(2) . v } ,
p(2) (e ()+2z¢( e 9 w0)g("6. 08 0
We write V., ez = Faﬁe(; with respect to the adapted frame {e,} of T*M™,

where fi 5 denote the Christoffel symbols constructed by g. From Theorem 2.1, we
immediately have

Corollary 2.1. Let M™ be a Riemannian manifold with metric g and V be the
Levi-Civita connection of the cotangent bundle T*M™ equipped with the g-natural
metric g. The particular values of fiﬁ for different indices, on taking account of
(2.6) are then found to be

=k ik Sk Tk

Pzg Fij7 FZ} - F;j - 07
. . 1

F% = F‘Zk, FZ = ipaRZJkaa

= Pz ia T Pz ja

(2.7) F% = %paR.kj, ) F% = (2 )paR_ki.j ,

PG 20(2) = ¢'(2)

pE P2 s sy o iy
57 90 P TP T 3 )+ 220(2)

er'(z)@(z)*?@'(z)i/)(z) i

ppp
20(2) (¢ (2) + 22(2)) g
= L(p'6], + p’6},) + Mg pi + Np'p’ py.
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with respect to the adapted frame, where p' = g%p;, R’?f” = gktgithjsa.

3. CURVATURE PROPERTIES OF §

We now consider local 1-forms @ in 7~ (U) defined by

(Da == AadeB,

where
_ Al At 5i 0
(3.1) A7t =(A%) = &7 &Y :( i )
A; A j —Pal; &
The matrix (3.1) is the inverse of the matrix
At 45 8 0
2 A: A A = '77 J_ — J .
(:2) = (0 )= (on 5

of the transformation é3 = Az”*d4 (see (2.1) and (2.2)). We easily see that the set
{@*} is the coframe dual to the adapted frame {€(g)}, i.e. @¥(€(g)) = Acp AP =
59.
B
Since the adapted frame {€(g} is non-holonomic, we put

€y, €8] = Qypea
from which we have
Q™ = (&, A5" — 854, 1) A%,

According to (2.1), (2.2), (3.1) and (3.2), the components of non-holonomic object
Q2,3 are given by

(3.3) Q' = —Q' =Ty,
;' = paRyji®,

all the others being zero, where R;;;“ being local components of the curvature ten-
sor R of V.

_ Let R be a curvature tensor of V. Then we obtain

R(€(a),€(5))e(r) = VaVpe(y) = VVal(y) = Qap™Vee(y),

where @a = ?é(a). The curvature tensor R has components

Rapy” =€l —epl’q, + 1.5, —T'3.1G,, — Qo T,

with respect to the adapted frame {€(4)}.
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Taking account of (2.7) and (3.3), we find

Ryij' = Ruij' — @pmpaRmtaR%f.m

F A o (R By — R By,
Rk%jl = @pmka%f.ma
Ryt = @pm(vkﬁﬁm ~ ViR™),

Rij! = Ra’ + #pmpa(RktlaRi‘ia — R ™ RY")
2¢(2) —¢'(2)
2(¢(2) + 2z0(z
mptk

2 PmPaRin ™ R ;™
(= 20(z) — ¢'(z
lt )pakaijla + ¥(z) — ¢'(2)
dp(z 4(p(2) + 2200(z

)

5 ¢'(z ia i a P& i i
By = EDp, Ry — B + PO (R R
¢*(2)
4

. / . )
Rl’m'jl = @Rlzjk + #Pa (P*R — p/ R F)

p*(2)
4
Rigg' = [L = M(1+ 2:L)]("*5] ~ g75f)
FIN — 2M + M2 4 2:MN))(¢" p'p — g7 p"py)
2L/ — 17 = N(1+2:L))(5}p"p’ — ofp'p’),

;p(é))Papj Ry® —

- 71 z
,leiRijlk_ @El)

plpaRki?aa
)

+

ka
plpaRi ]
)) J.

+

PmPa (R{t’?mRz‘%a - R%tl:mR.tjl.Ca)7

+

Pmpa R R

(3-4) Ryj' = Riz' = Ry’ = Ry’ =0,
@) g 20— (2) W (2e(2)= 20 () (2)
where L = 5505, M = sorsitrz0tm Y = G e@12:90)) -

It is known (see [8, p.200]) that the sectional curvature on (T*M™, “%g) for
P(U,V) is given by
(3.5) K(P)=——— kmij = . .
(gkigmj - gkjgmi)U Vmygryi

where P(U,V) = (U, V) denotes the plane spanned by (U, V). Let {X;} and {w'},
i = 1,...,n be a local ortonormal frame and coframe on M™, respectively. Then
from (8)-(10) we see that {7 Xy,...., 7 X,,, Vw!, ...,Vw"} is a local ortonormal frame
on T*M". Let K("X,7Y), K(X,V6) and K(Yw,V0) denote the sectional cur-
vature of the plane spanned by (Y X,7Y), (#X,V0) and (Vw,V0) on (T*M™", 3),
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respectively. Then, using (2.3), (2.4), (2.5) and (3.4), we have from (3.5)

Ry XFH Yt XiH Yy s
(Gnjdis — Grsij) EXkHYIH XiHY s
_ Ryylgg M XPAYIHXIAY S 4 Ryt M XY XY
- (gkjgis - gksgij)HXkH}}iHXjHYS
2861 (pR(X,Y)), (PR(X.Y)),
g(X, X)g(Y,Y) — g(X,Y)g(X,Y)
g1 (pR(X,Y)),(pRX,Y)), 224 (pR(Y,Y)), (PR(X, X)) ,

i)y KX Hy)=—

= K(X,Y)+

C9(X, X)g(YY) — g(X,Y)g(X,Y) - g(X, X)g(YV,Y) — g(X,Y)g(X,Y)

3p(2)
4

= K(X,Y)— |(pR(X,Y)|”.

Rk;ngXkV‘DEHXjV(Dg
(3075 — Grs07;)H XFHOH XV o3
Ry g X Pwi XIw, + Ryl g X Fwi Xw,
(98 (9(2)g% + ()99 paps)) ) X Fwi XIw,
£ gt (pR(, X)), (pR( . X)3),
~ (e(2)9(X, X)g(w,w) + 9 (2)9(X, X) (g~ (w,p))2)
¢*(2)

" 4(p(2) + 0(2) (g @, p)?) |(PR(, X)o)]

i) KHEX,Ve)=—

REE;EVQEVé?VQEVéE
(95395 — GrsGig)V OHV OV @IV O3
R,;;;lgglwkeiwjas + R,;;;iggfwkeiwjas
- (983935 — GrsTij )wikbiw;0s
_ [A((?fpkpj = 0rp'p?) + B(g"p'p — g7 p"p)
P

i) K(Vw,V)=—

Clg’*5; — g"dr)

* P

} ((2) (g™ + ¥ (2)9°* 9" paps) ) wiOiw;0s

_ Alg™ " (w,p))?
e(2) + ()97 (0,p)? + (9w, p))?
B(p(2) +229(2)) (g~ (8,p))* + C((2) + ¥(2) (971 (8,p))?)
©2(2) + @(2)(2) (9710, p)* + (97 (w, p))?] ’
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where
P = (Gr39i5 — GrsJi;)wibiw;0s
= [(p(2)g" +P(2)g" g™ paps) ((2) g™ + ¥ (2)g" g" pepy)
—(0(2)g"* + ¥ (2)g"g* pepa) ((2)g"7 + ¥ (2) g™ g7 pups) |wibiw; O,
=¢*(2)g~ ( w)gH(6,0) + p(2)1(2)g~ (w,w)( 1(0,p))”
+o(2)1(2)g71(0.0) (97 (w,p))” + ¥%(2) (97 (w.p)* (971 (0,p))
—p (z)(g 1<w,e>)2 — () (2)g (@, 0)9~ (W, p)g (6, D)
—o(2)0(2)g~Hw, 0)g ™ (w,p)g 1 (8,p) — ¥*(2) (97 (w,p) (9710, p))
= 0(2) + p(2)0(2)[ (g7 (w,p)* + (97 (0,p))7].
and I — £ _ 2¢(2)—¢'(2) — V(@e()=20"(2)0(2) 4 _ 97/ _ [2 _

202 M = Hoereim) Y T S e e)
N(1+2zL), B=N — (2M' + M? + 2zMN), C = L — M(1 + 2zL)

Thus we have

Theorem 3.1. Let (M™,g) be a Riemannian manifold and T*M™ be its cotangent

bundle equipped with the g-natural metric g. Then the sectional curvature K of
(T*M™, G) satisfy the following:

DK Y) = K(XY) - 22O R0 v

IVK(EX V) = 4%72(2) o 2
T T ) LR

iii)K’(Vw,VG) — A(gil(va))z

e(2) + P()[(971(0,)% + (97 (w,p))?]
_ B(p(2) +229(2)) (971 (0,0))* + Clp(2) + (=) (97" (9, p))%)
©2(2) + ()Y (2)[(97(6,p))* + (9~

H
€
=
=

-1

where K is a sectional curvature of (M™, g) and © = g~ ' ow = (gYw;) € SH(M™),

~ 1A n _ ¥ — _ 29(2)—¢'(2)
R( 792})?1)6(%)1(1\4( )) (L)— 220 M = s etrtaee)
' (2)e(2) =20 (2)U(z _ / 2 _ / 2
N = GeE 20006 4 = 9L~ 2~ N(1+2:L), B = N—(2M'+M>+2:MN)

and C =L — M(1+2zL).

Theorem 3.2. Let (M™,g) be a Riemannian manifold of constant sectional cur-
vature K. Let T*M™ be its cotangent bundle equipped with the g-natural metric g.
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Then the sectional curvature K of (T*M™, g) satisfy the following:

- 32 -
DECX V) = K= 2 D2 (0,807 + (7 0.9))2).
02 (2)K? (2:-29 (X p)g~ () + (97 (X)) J(X.5) =1
NR(X,V W) = (@<z>+w<2>< Y(w,p))?) ’ ’ ’
@Q(Z)K2((g_l(xvp)) ) g(X a)) — 0

4(p(2)+0(2) (g~ (wp))?)
A(g™ (w,p))”
o(2) + (=) (9710, )2 + (97w, p))?]
B(p(2) + 229(2)) (97 (8, p))* + C(p(2) + ¥(2) (g7 (6,p))?)
¢2(2) + 0(2)0(2) [(971(6,0)* + (97w, p))?] ’

i) K(Yw,V0) =

where & = g ' ow = (g¥w;) € SHM™), X' = g7 X; =g o X € Jy(M"), L =
¥’ (2) _ 29 (2)—¢'(2) _ ¥ (R)e(x)=2¢"(2)¥(2) _o7/_T12_

2o M = ez N = Beeerzee) A= 2L - L7 - N(1+2:1),
B=N— (2M' + M?+2:MN) and C = L — M(1 + 22L).

Proof. Let Rim;® = K(639mj — 05,0k5)-

NKHX YY) =K(X,Y) -
3p(2)
4

|(pR(X,Y)|”

3p(2)
4

K- 97 (pR(X,Y)),(pR(X,Y));

3p(z) .
=K - %g” oK (51 g1i — 0 gri)po K (8% gmyj — 00,975) XY XTY™

30(z e
_ g2 2lg7 (Y, 1(X,p)g "(X,p)

i1) Using Theorem 3.1, we have

KHX V) = #*(2) R(, X)@)|?
( ) 4(¢(Z)+¢(z)(g*1(w,p))2)’(p (200

¢*(2)g" (pR(, X)@),(pR(, X)®),
4(p(2) + 9(2) (g7 (@, )?)
_ P(2)g" paReis" X' py R " X 5™

4(o(2) + 0 (2) (97 (w,p))°)
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©2(2)9t 7 pa (K (889i7 — 689¢5)) X '@ py (K ( 5§’cgkm — 82gsm)) XFo™
4(0(2) + 9(2) (g7 (@, p))?)

P (2) K (22(9(X, @) - 29(X, > (X, ) Hw,p) + 9(@,0) (97 (X,p)°)
4(p(2) +9(2) (971w, p) ")
wQ(Z)KQ(2%29‘1(X,p)g_l(w,pH(g_l(X,p)) )

4(w<z>+w<z>(g-l<w,p>)2) ’
K ((6'(Xp)) 9(X, )

) = 07
14(p(2)+(2) (g~ (@p))?)
where
9(Xa,@") = gy Xo(@"Y = gy Xog' Wi = 6 Xowy
1, a=b
_ yk b _ b _osb ) .
= Xjw,=w (Xa)—5a—{ 0, ath
9(@,0) = g0V = gijg"weg " wi = Swsg T wy
g*Fwwr = g7 Hw,w) = 1.
i11) The statement is obtained by 4ii) of Theorem 3.1. O

Let (z,p) be a point on T* M™ with p # 0 and {eq, ..., e, } be an orthonormal basis
for the tangent space T, M™ of M™ at z. Also, let {w!,...,w"} be a dual orthonormal
basis for the cotangent spaces T M™ of M™ at x such that w! = I%I’ where |p| is

the norm of p with respect to the metric g on M™. Then for i € {1,...,n} and k €
9,...,n} define the horizontal and vertical lifts by f; = He;,  foo1 = —
{2, ...,n} define the horizontal and vertical lifts by f, €y fna1 EBEEETE]

and fpip = \/%(Vwk) z=%|p| =g '(p,p). Then {f1, ..., fon} is an orthonormal

basis for the cotangent space T(*I p)M ™ with respect to the g-natural metric g.
Using Theorem 3.1, we have

DE(fir fy) = K(Ter o) = K(eneg) — 29 pR(er. )|,

4
v 1
K (fis for1) = K(Teq, — e
VK (fir fnr1) = K( <p(z)+2zw())
()02(2,) le 9
= o (PR(, €) —=——m—=)
4(<P(Z)+¢(Z)(gl(m7p))2)’ p(2) +22¢(2) |
=0
by virtue of
PR(, €)' = (pmR k"€l (£7)°) = (R psief (5)°0') = 1 (R psiefp’p') = 0.
) ) v e ()| (PR(  e1)—2=)|”
R o ) = Ko, —2) = v
vl2) 4(e(z) +v(2) (g (e ))
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] ) le V k
iv)K(fn+1»fn+k):K(\/<p( ) +229(2) " /o(2)

. A(gil(\/w(z::;zwz)’p))z
o(2) +9(2)[(g (\;i )+ (g~ (m )]
| Bl + 200 (25 0) + Ol + 0@ (725p))
02(2) + p(2)9 (2 )[(gfl(m,p)) + (9~ (m,p)) ]
_22A+ (p(2) +229(2))C
(p(2) +229(2))p(2) + 224(2)
~ L Vk Vil
U)K(fn+k7fn+l) = K( ) )
e(z) Veo(2)
_ AlgH (emn)
@A )+ ()]

Ve
O 2p(2)e(z) — 20(2)¢(2) - 20(2)
8 22 ()(p() + 220(2)

where A = 2L — L? — N(1+2zL), B= N — (2M' + M + 22MN) and C =
L— M(1+2:L).
Thus we have

Theorem 3.3. Let (z,p) be a point on T*M™ and { f1, ..., fon} be an orthonormal

basis for the cotangent spaces T;M™ as above. Then the sectional curvature K
satisfy the following equation

i) () = Klene) — 22 pRies )|

i)  K(fi, fas1) =0,

i) K(fis fark) = 7| 0RC )b

22A+ (p E) + 22¢(2))C

i) K(fot1, fark) = NOE )+22¢ 2))e(z )+2z1/1( )’

2 ___ ¢ () (2) = 20(2)¢/ (2) = 2¢"*(2)
O B F) == = TG ) + 220(2)
where K is a sectional curvature of (M™,g) and &% = g~ ow¥, fori € {1,...,n}

and k,l € {2,...,n}.

Corollary 3.1. Let (M™,p) be a Riemannian manifold and the cotangent bundle
T*M™ be equipped with the g-natural metric g. If we have constant sectional cur-

vature, then T*M™ flat and A = C = 0 for any z. It follows N = 25=L~ and
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_ _ L _ 20(2)¢' (2)+20" 2 (2)—20(2)(2) _
M = 357 Weuse C == gw(Z)(so(WZ)HW(f)) =0, then

20(2)¢' (2) + 290" (2) — 20(2)1(2) = 0.
So,

b =21+ 22y

i) ¥(z) = k¢'(2) where k is a real constant.

If ¢'(z) = 0 then and ¢(z) is constant.

If ' (2) # 0 then p(2) = az?* D (k>1 or k<0, a>0).
(

it) Y(z) = p(z), then we obtain 5,(('2)) = _li‘z/m which gives

o2VIT2z
o) =a—————=5, a>0
(14 V1+22)

or
e—m/@
(Vi+2z-1)"

So we have to deal with non zero wvector.

p(z) =a

Let now {f1, ..., fan} be an orthonormal basis for the cotangent space T M™ as
above, then the scalar curvature 7 =3, .. K(fi, f;) is given by

Fo= ) K(fi )
it
= 2N R )42 Y COK(fifuri) 42 S COK (furis furs)
= ZK(ei,ej) Z |pR ei, €; | + = Z | pR(,e;)® |
i#£] i,j=1 2] 1

B - 22A 4+ (p(2) + 22¢(2))C .
22 o)+ 20 ) + 20 2 500

i#j
3p(z
= 7’7% Zl|pR €, €j | + = zl| pR( ,e;) wJ |
Y 22A 4 (p(2) +229(2))C n—1)(n — C
B e s P 5 5 B A

from which we have

Theorem 3.4. Let (M™,g) be a Riemannian manifold and T*M™ be its cotangent
bundle equipped with the g-natural metric §g. Let v be the scalar curvature of g and
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7 be the scalar curvature of g. Then the following equation holds

. 30(2) <« 2 1< v )2
F=r— # Z |pR(ei,ej)| + 3 Z |(pR( ,ei)uﬂ)|
i,j=1 1,5=1
22zA + (o(2) + 229(2))C C
—n—-1)(n-2 .
@+ 2@ +20 DT
Theorem 3.5. Let (M™,g), n > 2 be a Riemannian manifold of constant scalar
curvatura . Then the scalar curvature ¥ of (T*M™,g) is
7= (n—1)[nk+ 2(2 — 3p(2))x>
( 42A +2(p(2) +2294(2))C  (n— 2)0)]
(0(2) + 229(2))p(2) + 221(2) plz) 77
ANy - S 29 (2) =’ (2) N = $@e()=20")%() A _orr 12 _
]

where L = 5.5, D200 Y = eI 12:00())
N(1+2:L) and C = L — M(1 + 22L).

—2(n—1)

Proof. Using the formulas Rg,;° = k(05 gmj — 05,9k;), ¥ = n(n — 1)k and Theorem
8, we get the conclusion. O

Ezample. Using the Theorem 3.5. If ¢(z) = 2 and ¢(z) = 0, then (T*M™",g)
has constant scalar curvature 7 = n(n — 1)k.

4. GEODESICS OF g

Let C be a curve in M™ expressed locally by " = 2" (t) and wj(t) be a covector
field along C. Then, in the cotangent bundle T*M™, we defined a curve C by

rdef
(4.1) e = (t), 2" =pp = wn(t)
If the curve C satisfies at all the points the relation

owp  dwyp, ;, dz?

W = W —thﬂwi —O,
then the curve C is said to be a horizontal lift of the curve C' in M™. Thus, if the
initial condition wy = wg for t = tg is given, there exists a unique horizontal lift
expressed by (4.1).

We now consider differential equations of the geodesic in the cotangent bundle
T*M" with the metric §. If ¢ is the arc length of a curve 24 = z4(t), A = (i,1)
in T*M™, then equations of geodesic in T* M™ have the usual form
&2zt dPxt -, da® daP

@z T aE TPy dr
with respect to the induced coordinates (z?, %) = (2%, p;) in T*M", where féB are
components of V defined by (2.7).

We find it more convenient to refer equations (4.2) to the adapted frame {e,}.
From (2.1) and (2.2) we see that the matrix of change of frames eg = Az 9y has
components of the form (3.2).

Using (3.1), now we write

(4.2) =0

0% = A, da?,
i.e.

o" = A" yda? = 6tdat = da”
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for « = h and
071 = AﬁAd:L'A = —Pa Zjdxj + 5;1d$] = (5ph

for o = h. Also we put

O g et e
at A qt dt’
Hh <h d:L'A (Sph
—=Ar, = ==
dt t dt

along a curve z* = z4(¢) in T*M™.
If we therefore write down the form equivalent to (4.2), namely,
d 0% =, 0708
2 a7
dt(dt) ML
with respect to adapted frame and taking account of (2.7), then we have

(a) Sz’ 4+ o(2)p,REI* 4201 —

dt dt
(4.3)
2 isi j 5 ij Qi i 0p;
(b) Sk + [L(p'S), + p’68}) + Mgipy, + Np'ppy,] 25 2i = 0.
@) g 20— (2) W (2)e(2)=2 (2)(2)
where L = 5005, M = o 5 Gzt 224 N = ZGGm1e:00)) -

Thus the equations (4.3) are the equations of the geodesic in T*M"™ with the
metric §. Let now C : 2" = 2(t), 2" = pu(t) = wi(t) be a horizontal lift
(% = %2n = () of the geodesic C': 2! = 2" (¢) (iﬁh =0) in M™ of V,. Then by
virtue of (4.3), we have

Theorem 4.1. The horizontal lift of a geodesic in (M™,g) is always geodesic in
T*M™ with the g-natural metric g.
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