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Abstract. The object of the present paper is to study contact CR-submanifolds

of N(k)−contact metric manifolds. Contact CR-submanifold is a generalization of

invariant and anti-invariant submanifolds. The integrability criterions of the distri-
butions have been investigated. Finally it has been shown that a totally contact

umbilical submanifold becomes totally contact geodesic under certain circumstances.

1. Introduction

As a generalization of invariant and anti-invariant submanifolds of contact manifolds,
contact CR-submanifolds have been introduced by A. Bejancu, N. Papaghiuc[1] and si-
multaneously by Yano, Kon[12]. Since then many results have been obtained on geometry
of CR-submanifolds. C. Calin extensively studied integrability and geodesic properties of
the distributions of contact CR-submanifold of quasi-Sasakian manifolds([4][5][6]), quasi
K-Sasakian manifolds[8], cosymplectic manifolds[3], trans-Sasakian manifolds[7] and var-
ious other manifolds.

Invariant submanifolds always play an important role in studying various other sub-
jects, like dynamical systems, linear and nonlinear autonomous systems etc. and so is
anti-invariant submanifolds of higher codimension. CR-submanifolds being a generaliza-
tion of these two, make the study more interesting.

On the other hand, through the works of Ch. Baikoussis, D. E. Blair and Th. Koufo-
giorgos [9] a new class of non-Sasakian contact manifolds has evolved which is termed
as N(k)−contact metric manifolds. In the present paper we have studied contact CR-
submanifolds of N(k)−contact manifolds. The paper is organized as follows: After Pre-
liminaries in Section 3 we have discussed integrability criterions of the distributions. It
has been proved that if TM is invariant under h, then the normal space and also all the
distributions remains invariant under h. A Lemma has been proved which is often used
in later results. It has been shown that D is not integrable, but D⊥ and D⊥ ⊕ ξ are
integrable under certain conditions. In Section 4, totally contact umbilical contact CR-
submanifolds have been considered, and it has been proved that they reduce to totally
contact geodesic submanifolds.
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2. Preliminaries

An (2n+ 1)-dimensional manifold M2n+1 is said to admit an almost contact structure
if it admits a tensor field φ of type (1, 1), a vector field ξ and a 1-form η satisfying

(2.1) (a) φ2 = −I + η ⊗ ξ, (b) η(ξ) = 1, (c) φξ = 0, (d) η ◦ φ = 0.

An almost contact structure is said to be normal if the corresponding almost complex
structure J on the product manifoldM2n+1×R defined by J(X, f d

dt ) = (φX−fξ, η(X) ddt )
is integrable, where X is tangent to M , t is the coordinate of R and f is a smooth function
on M × R. Let g be a compatible Riemannian metric with almost contact structure
(φ, ξ, η), that is,

(2.2) g(φX, φY ) = g(X,Y )− η(X)η(Y ).

Then M becomes an almost contact metric manifold equipped with an almost contact
metric structure (φ, ξ, η, g). From (2.2) it can be easily seen that

(2.3) (a)g(X, ξ) = η(X), (b)g(X,φY ) = −g(φX, Y ),

for all vector fields X, Y . An almost contact metric structure becomes a contact metric
structure if

(2.4) g(X,φY ) = dη(X,Y ),

for all vector fields X, Y . The 1-form η is then a contact form and ξ is its characterstic
vector field. We define a (1, 1) tensor field h by h = 1

2£ξφ, where £ denotes the Lie-
differentiation. Then h is symmetric and satisfies hφ = −φh. We have Tr.h = Tr.φh = 0
and hξ = 0. A normal contact metric manifold is a Sasakian manifold. It is well known
that the tangent sphere bundle of a flat Riemannian manifold admits a contact metric
structure satisfying R(X,Y )ξ = 0 [2]. On the other hand, on a Sasakian manifold the
following holds:

(2.5) R(X,Y )ξ = η(Y )X − η(X)Y.

The k-nullity distribution N(k) of a Riemannian manifold M2n+1 [2] is defined by

N(k) : p −→ Np(k) = {Z ∈ TpM : R(X,Y )Z = k[g(Y,Z)X − g(X,Z)Y ]},
k being a constant. If the characterstic vector field ξ ∈ N(k), then we call a contact
metric manifold an N(k)-contact metric manifold. If k = 1, then N(k)-contact metric
manifold is Sasakian and if k = 0, then N(k)-contact metric manifold is locally isometric
to the product En+1 × Sn(4) for n > 1 and flat for n = 1. If k < 1, the scalar curvature
is r = 2n(2n− 2 + k).

In [9], N(k)-contact metric manifold were studied in some detail. In N(k)-contact
metric manifold the following relations hold:

(2.6) h2 = (k − 1)φ2, k ≤ 1,

(2.7) (∇Xφ)(Y ) = g(X + hX, Y )ξ − η(Y )(X + hX),

(2.8) ∇Xξ = −X − φhX.
Let M̄ be an almost contact metric manifold and M be a submanifold of M̄ such that

ξ ∈ TM . We say that M is a CR-submanifold of M̄ if there exists two distributions D
and D⊥ such that

TM = D ⊕D⊥⊕ < ξ >

and φX ∈ TM,φY ∈ T⊥M, for all X ∈ D,Y ∈ D⊥, where TM and T⊥M denote the
tangent and normal space of M respectively.
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If ∇̄ and ∇ denote the Levi-Civita connections in M̄ and M respectively, then for
X,Y ∈ TM,N ∈ T⊥Mwe have the Gauss and Weingarten formulae as

∇̄XY = ∇XY +B(X,Y )(2.9)

∇̄XN = ∇XN −ANX,(2.10)

where B(X,Y ), ANX are second fundamental forms connected by the relation

(2.11) g(B(X,Y ), N) = g(ANX,Y ).

Definition 2.1. We say that a CR-submanifold M is totally contact umbilical if there
exists a normal vector field H such that

(2.12) B(X,Y ) = g(φX, φY )H + η(X)B(Y, ξ) + η(Y )B(X, ξ),∀X,Y ∈ TM.

We say that M is totally contact geodesic if H = 0.

3. Integrability of the Distributions

It is obvious that φD⊥ is anti-invariant part in T⊥M . We can easily verify that

T⊥M = φD⊥ ⊕ µ,
where by µ we denote the invariant part of T⊥M .

Proposition 3.1. If TM is invariant under h, then D,D⊥, T⊥M,µ and φD⊥ all are
invariant under h.

Proof. Let X ∈ D,Y ∈ D⊥, Z ∈ T⊥M,W ∈ µ,N ∈ φD⊥.
Then, φhX = −hφX ∈ TM . And g(hX, ξ) = g(X,hξ) = 0, for all X ∈ D. Hence, D

is invariant under h.
Again, g(hY,X) = g(Y, hX) = 0 and g(hY, ξ) = g(Y, hξ) = 0 together imply D⊥ is

invariant under h.
Since, TM is invariant under h, we obtain, g(hZ, T ) = g(Z, hT ) = 0, for all T ∈ TM .

So, T⊥M is invariant under h.
Now, φhW = −hφW ∈ T⊥M . Hence, µ is invariant under h.
Finally, g(W,hN) = g(N,hW ) = 0, since µ is invariant under h.
Hence we have the result. �

Lemma 3.1. Let X ∈ D,Z ∈ D⊥. If TM is invariant under h, then the followings hold:
(i) ∇Xξ = −φX − φhX,B(X, ξ) = 0,
(ii) ∇Zξ = 0, B(Z, ξ) = −φZ − φhZ,
(iii) ∇ξξ = 0, B(ξ, ξ) = 0,
(iv) ∇ξX ∈ D,
(v) ∇ξZ ∈ D⊥.

Proof. We have, −φT − φhT = ∇̄T ξ = ∇T ξ +B(T, ξ), for all T ∈ TM .
Hence, (i),(ii) and (iii) are obvious from Proposition 3.1.
Now,

φ∇ξX = φ(∇̄ξX −B(X, ξ))

= ∇̄ξφX, [since, (∇̄ξφ)X = 0]

= ∇ξφX +B(ξ, φX)

= ∇ξφX.(3.1)

From 3.1 we obtain, Q∇ξX = 0.
Also, g(∇ξX, ξ) = −g(X,∇ξξ) = 0.
Hence, ∇ξX ∈ D.
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Now, g(∇ξZ,X) = −g(Z,∇ξX) = 0, since ∇ξX ∈ D.
Also, g(∇ξZ, ξ) = −g(Z,∇ξξ) = 0.
Hence, ∇ξZ ∈ D⊥. �

Lemma 3.2. In a contact CR-submanifold of a N(k)−contact manifold, for Z,W ∈ D⊥,

AφWZ = AφZW.

Proof. Let X ∈ TM . Then, by (2.11)

g(AφZW,X) = g(B(X,W ), φZ)

= g(∇XW,φZ)

= −g(φ∇XW,Z)

= −g(∇XφW,Z)

= g(AφWX,Z)

= g(B(X,Z), φW )

= g(AφWZ,X),(3.2)

which proves the Lemma. �

Theorem 3.1. D is not integrable in a proper contact CR-submanifold M of N(k)−contact
manifolds provided TM remains invariant under h.

Proof. Let X,Y ∈ D. Then,

g([X,Y ], ξ) = g(∇XY −∇YX, ξ)
= −g(Y,∇Xξ) + g(X,∇Y ξ)
= −g(Y,−φX − φhX) + g(X,−φY − φhY ), by Lemma 3.1

= g(Y, φX) + g(Y, φX) + g(Y, φhX)− g(X,φhY )

= 2g(Y, φX) + g(Y, φhX)− g(Y, φhX)

= 2g(Y, φX)(3.3)

Now, if D is to be integrable, then [X,Y ] ∈ D. So, from (3.3) we obtain, g(Y, φX) = 0,
which implies D = {0}. Hence the theorem is proved. �

Theorem 3.2. In a contact CR-submanifold M of a N(k)−contact manifold D⊥ is
integrable provided TM is invariant under h.

Proof. Let Z,W ∈ D⊥, X ∈ D.

g([Z,W ], ξ) = g(∇ZW −∇WZ, ξ)
= −g(W,∇Zξ) + g(Z,∇W ξ)
= 0, by Lemma 3.1(3.4)

Also,

g([Z,W ], φX) = g(∇̄ZW,φX)− g(∇̄WZ, φX)

= −g(W, ∇̄ZφX) + g(Z, ∇̄WφX)

= −g(W,φ∇̄ZX) + g(Z, φ∇̄WX)

= g(φW, ∇̄ZX)− g(φZ, ∇̄WX)

= g(φW,B(X,Z))− g(φZ,B(X,W ))

= g(AφWZ,X)− g(AφZW,X)

= 0, by Lemma 3.2(3.5)
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Hence the theorem is proved. �

Theorem 3.3. In a contact CR-submanifold M of a N(k)-contact manifold, if TM
remains invariant under h, then D⊥⊕ < ξ > is integrable.

Proof. Let Z ∈ D⊥, X ∈ D. Then,

g([Z, ξ], X) = g(∇Zξ,X)− g(∇ξZ,X)

= 0, by Lemma 3.1.(3.6)

Thus with the help of Theorem 3.2, we conclude that D⊥⊕ < ξ > is integrable. �

4. Totally contact Umbilical and Totally Contact Geodesic Submanifolds

Lemma 4.1. If M is a totally contact umbilical proper contact CR-submanifold of a
N(k)−contact manifold, then either dim D⊥ = 1 or the normal vector H ∈ µ.

Proof. Let X ∈ TM, Y ∈ D⊥.
Since M is totally contact umbilical, we obtain,

(4.1) g(B(X,X), φY ) = g(φX, φX)g(H,φY ) + 2η(X)g(B(X, ξ), φY ).

Now, if X ∈< ξ >, then by Lemma 3.1 B(X, ξ) = 0, and if X /∈< ξ >, then η(X) = 0.
So, from (4.1), we obtain,

(4.2) g(B(X,X), φY ) = [g(X,X)− η(X)2]g(H,φY ).

If dim D⊥ > 1, there exists unit vector Z ∈ D⊥ orthogonal to Y .
Then, from (4.1) we get

g(H,φY ) = g(B(Z,Z), φY )

= g(AφY Z,Z)

= −g(∇̄ZφY,Z)

= −g(Y, φ∇̄ZZ)

= −g(Y, ∇̄ZφZ)

= g(Y,AφZZ)

= g(B(Y, Z), φZ)

= g(φY, φZ)g(H,φZ), by(4.1)

= 0, since Z ⊥ Y.(4.3)

Hence the result is proved. �

Theorem 4.1. Let M be a totally contact umbilical proper contact CR-submanifold of a
N(k)−contact manifold with dim D⊥ > 1. Then M is totally contact geodesic.

Proof. Since dim D⊥ > 1, from Lemma 4.1, we have H ⊥ φD⊥, for all X ∈ TM .
Now,

0 = g((∇̄Xφ)φX,H)

= −g(φX, (∇̄Xφ)H), [since, H ⊥ φD⊥]

= −g(φX, ∇̄XφH − φ∇̄XH)

= g(φX,AφHX)− g(X,AHX)

= g(φH,B(X,φX))− g(H,B(X,X))

= −g(H,B(X,X))

= −g(X,X)g(H,H),∀X ∈ D ⊕D⊥.(4.4)
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Hence, H = 0. Therefore, M is totally contact geodesic. �
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