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A CHARACTERIZATION OF CYLINDRICAL HELIX STRIP

FiLiZ ERTEM KAYA,YUSUF YAYLI AND H. HILMi HACISALIHOGLU

ABSTRACT. In this paper, we investigate cylindrical helix strips. We give
a new definition and a characterization of cylindrical helix strip. We use
some charecterizations of general helix and the Terquem theorem (one of the
Joachimsthal Theorems for constant distances between two surfaces).

1. Introduction

In 3-dimensional Euclidean Space, a regular curve is described by its curvatures
k1 and kg and also a strip is descibed by its curvatures k,,, k; and ¢,.. The relations
between the curvatures of a strip and the curvatures of the curve can be seen in
many differential books and papers. We know that a regular curve is called a
general helix if its first and second curvatures ki and ko are not constant, but Z—;
is constant ([2],[7]). Also if a helix lie on a cylinder, it is called a cylindrical helix
and a cylindrical helix has the strip at a(s). The cylindrical helix strips provide
being a helix condition and cylindrical helix condition at the point «(s) of the strip
by using the curvatures of helix k; and ks.

2. Preliminaries

2.1. The Theory of the Curves.

Definition 2.1. If o : I C R — E™ is a smooth transformation, then « is called a
curve (from the class of C*°). Here I is an open interval of R ([11]).
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Figurel The curve in E"

Definition 2.2. Let the curve a C E™ be a regular curve coordinate neighourhood
and {Vi(s), Va(s), ..., V.(s) }be the Frenet frame at the point «(s) that correspond
for every s € I. Accordingly,

ki: I —R
s = ki(s) = (Vils), Visa(s))-
We know that the function k; is called 7 — th curvature function of the curve and
the real number k;(s) is called ¢ —th curvature of the curve for each s € I ([2]). The

relation between the derivatives of the Frenet vectors among a and the curvatures
are given with a theorem as follows:

Definition 2.3. Let M C E™ be the curve with neigbouring (I,«). Let s € I be
arc parameter. If k;(s) and {Vi(s), Va(s),..., Vi.(s)} be the i — th curvature and the
Frenet r-frame at the point a(s), then

i Vi(s) = ki(s)Va(s)
il. Vi(s) = —ki—1(89)Vici(s) + ki(s)Viga(s), ... 1{i(r
iii. Vi(s) = —k—1(s)Vr_1(s)

([2))-

The equations that about the covariant derivatives of the Frenet r-frame
{V1(s), Va(s), ..., V-(s)} the Frenet vectors V;(s) along the curve can be written as

Vl,(S) i 0 ]i)l 0 o --- 0 0 0 [ Vl(S)

‘/2/(8) —kl 0 kz o --- 0 0 0 ‘/2(8)

Va(s) 0 —ky 0 0 - 0 0 0 Va(s)

Vi_a(s) 0O 0 0 0 -~ 0 koo 0 Vi_a(s)
‘/;,1/(8) 0 0 0 0o -- —k‘r,Q 0 k‘Tfl Vr,l(s)
Vi) ] Lo 0o 00 - 0 k-1 O || Vis) |
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These formulas are called Frenet Formulas ([2]).
In special case if we take n = 3 above the last matrix equations, we obtain
following matrix the equation

Vi 0 kr 0 Wi t 0 ki 0 t
V2 = —kl 0 kQ ‘/2 or n = —k‘1 0 kg n
Vs 0 —k O Vs b 0 —ko O b

The first curvature of the curve ki(s) is called only curvature and the second
curvature of the curve ko(s) is known as torsion ([2]).
If the Frenet vectors are shown as Vi =t, Vo =n, V3 = bin E? , and the curvatures
of the curve are shown as k1 = k and ky = 7,

t 0 k O t
nl|l=| -k 0 7 n
b 0O 7 0 b

or the equations are as follows,

= KN
n = —kt+7b
b = —mn

2.2. The Strip Theory.

Definition 2.4. Let M and a be a surface in E3and a curve in M C E3. We
define a surface element of M is the part of a tangent plane at the neighbour of
the point. The locus of these surface element along the curve « is called a strip or
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curve-surface pair and is shown as (a, M).

—

g

Figure 2 A Strip in E? (Hacisalihoglu1982)
2.3. Vector Fields of a Strip in E3.

Definition 2.5. We know the Frenet vectors fields of a curve a in M C E? are
- = - — 7.

{ t,m,b } { t,m,b }IS called Frenet Frame or Frenet Trehold. Also Frenet

. - = — — — — = —
vectors of the curve is shown as {Vl,Vg,Vg}. Inhere Vi = t,Vo=n,V3=1».
Let ¢ be the tangent vector field of the curve v, 1 be the normal vector field of

-
the curve o and b be the binormal vector field of the curve a.
a: IcM— E?
s — afs).

If a: I — E3is acurve in B3 with ||a{s)|| = 1, then « is called unit velocity. Let
s € I be the arc length parameter of a. In E? for a curve a with unit velocity,

-, =
{ t,m,b } Frenet vector fields are calculated as follows ([2])

? = a/(s)a

7 o= e
a” ()]l

b o= ©xT.
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—

Strip vector fields of a strip which belong to the curve « are {?, 7, ¢ } These
vector fields are;

Strip tangent vector field is
Strip normal vector field is ,
Strip binormal vector field is 7 = Z)A? ([6])-

ol
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Figure 3 Strip and curve vector fields in E>

- 7 _ = - . . .
Let a beacurvein M C E3. If of(s) = t (t = &) and ( is a unit strip vector

field of a surface M at the point a(s), than we have 7] |4 (5= Z) la(s) A? las) ([6])-
That is 7" |q(s)is perpendicular ¢ [4(s)and also & |4 -So we obtain ¢ £,7, ¢
orthonormal vector fields system is called strip three-bundle ([6]).
2.4. Curvatures of a Strip. Let k,, = —b, k; = ¢, t, = a be the normal curvature,
the geodesic curvature, the geodesic torsion of the strip ([6]).

Let {?, 7, Z)} be the strip vector fields on «. Then we have

& 0 ¢ -b 19
7l l=]—-c 0 a n
¢ b —a O ¢
or,
¢ = en—iC

3
|
o>
I
|
IS
3
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2.5. Some Relations between Frenet Vector Fields of a Curve and Strip

Vector Fields of a Strip. Let {

— — —
£,7,¢ }, {?,W, b } and ¢ be the unit strip

vector fields, the unit Frenet vector fields and the angle between 77 and 7 on o

L

Il
e 4
4

Figure 4 Strip and curve vector fields and the angle ¢ between 7 and 7 in E*

- = = . .
We can see that 77, (, 7, b vectors are in the same surface from the Figure 4.
then we obtain the following equations

<?,Z’> -0

t,n> =0

{
<7,?> -0
<?,7> _—

2.5.1. The Equations of the Strip Vector Fields in type of the Frenet vector Fields.
— ., - ., = .
Let { t,m,b }, { &, C } and ¢ be the Frenet Vector fields, strip vector fields

and the angle between 77 and 7.
Figure 4.

~] s o]

We can write the following equations by the

N
t
— . -
cosp n —sinp b
N —
sinp n +cosp b
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or in matrix form

— —
13 1 0 0 t
= . —
7 =] 0 cosp —sing 7
? 0 sing cosep ?

2.5.2. The Equations of the Frenet Vector Fields in type of the Strip Vector Fields.
By the help of the Figure 4 we can write

T o= ¢

n o= cosgoﬁ—ksingp?
— . N —
b = —sinp  +cosp ¢

or in matrix form

— —
t 1 0 0 13
— . —
nw | =0 cosey sing n
— . —
b 0 —sing cosyp ¢

2.5.3. Some Relations between a,b,c invariants (Curvatures of a Strip) and k, T
invariants (Curvatures of a Curve). We know that a curve a has two curvatures k
and 7. A curve has a strip and a strip has three curvatures k,, k,; and t,.

k, = -=b
kg = ¢
t, = a

([4], [6]).From the derivative equations we can write

§=cn—10C.

. - — . . .
If we substitude & = ¢ in last equation, we obtain

f’:/-in
and
b = —ksing
¢ = KCosp

([4],[8])- From last two equations we obtain,
K2 =b* + 2
This equation is a relation between the curvature x of a curve o and normal cur-
vature and geodesic curvature of a strip ([6], [10]).
By using similar operations, we obtain a new equation as follows
bc — bc

TSt e
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([6], [10]). This equation is a relation between 7 (torsion or second curvature of a)
and a, b, ¢ curvatures of a strip that belongs to the curve a.
And also we can write
a= go’—l— T.
The special case: 1f ¢ =constant, then ¢ = 0. So the equation is @ = 7. That
is, if the angle is constant, then torsion of the strip is equal to torsion of the curve.

Definition 2.6. Let a be a curve in M C E3. If the geodesic curvature (torsion) of
the curve « is equal to zero, then the curve-surface pair (o, M) is called a curvature

strip ([6]).
3. GENERAL HELIX

Definition 3.1. Let a be a curve in E3 and V; be the first Frenet vector field of
a.U € x(E®) be a constant unit vector field. If

(V1,U) = cos¢ (constant)
a, ¢ and Sp{U} is called an general helix, the slope angle and the slope axis ([1], [2]).

Definition 3.2. A regular curve is called a general helix if its first and second
curvatures x, T are not constant but Z is constant ([1],[7]).

Definition 3.3. A curve is called a general helix or cylindrical helix if its tangent
makes a constant angle with a fixed line in space. A curve is a general helix if and
only if the ratio Z is constant ([8]).

Definition 3.4. A helix is a curve in 3-dimensional space. The following para-
metrisation in Cartesian coordinates defines a helix ([12]).

xz(t) = cost
y(t) = sint
z2(t) = t.

As the parameter ¢ increases, the point (z(t),y(t), z(t)) traces a right-handed helix
of pitch 27 and radius 1 about the z-axis, in a right-handed coordinate system.In
cylindrical coordinates (r, 6, h), the same helix is parametrised by

r(t) = 1
0(t) = t
h(t) = t.

Definition 3.5. If the curve « is a general helix, the ratio of the first curvature of
the curve to the torsion of the curve must be constant. The ratio = is called first

Harmonic Curvature of the curve and is denoted by H; or H.

Theorem 3.6. A regular curve o« C E® is a general heliz if and only if H(s) =

% =constant for Vs € I ([2]).
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Proof. ( =) Let a be a general helix. The slope axis of the curve « is shown as
Sp{U}. Note that

{a(s),U) = cos p = constant.
If the Frenet trehold is {Vi(s), Va(s), V3(s)} at the point a(s), then we have

(Vi(s),U) = cos .
If we take derivative of the both sides of the last equation, then we have
(k1(s)Va(s),U) =0 = (Va(s),U) = 0.
Hence
U € Sp{Vi(s), Va(s)}-

Therefore

U = cosp Vi(s) +sinp Vs(s).
U is the linear combination of Vi(s) and V3(s). By differentiating the equation
(Va(s),U) = 0, we obtain

(=k1(s)Vi(s) + ka2(s)V3(s),U) =
—k1(s) (Vi(s),U) + ka(s) (Vs(s),U)
—k1(s)cosp + ka(s)sinp =
By using the last equation, we see that

H = constant.

(<) Let H(s) be constant for Vs € I, and A = tan ¢, then we obtain
U = cosp Vi(s) +sinp V3(s).

1) If U is a constant vector,then we have
DU = (ki(s) cos o — sinp ka(s))Va(s).
By substituting H(s) = tan ¢ is in the last equation, we see that
k1(s) cosp — ka(s)sing =0,

and so
U = constant.

2) If « is an inclined curve with slope axis Sp{U}. Since
(a(s),U) = (Vi(s),cosp Vi(s)+sing V3(s))
cosp (Vi(s), Vi(s)) +sing (Vi(s), Vs(s))

we obtain
{(a(s),U) = cos ¢ = constant.
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O

Definition 3.7. Let « be a helix that lie on the cylinder. A helix which lies on
the cylinder is called cylindrical helix.

Figure 5 Cylindrical helix

Definition 3.8. Let M be a cylinder in E3, and « be a helix on M. We define
a surface element of M as the part of a tangent plane at the neighbourhood of a
point of the cylindrical helix. The locus of the surface element along the cylindrical
helix is called a helix strip.

Definition 3.9. Let M be a cylinder in E3, and « be a helix on M. The part
of the tangent plane on the cylindrical helix is called the surface element of the
cylinder. The locus of the surface element along the cylindrical helix is called a
strip of cylindrical helix.

Theorem 3.10. Suppose that k)0.Then « is a strip of cylindrical heliz if and only

if the ratio % is constant.

Proof. Let 6 be the angle between the tangent vector field £ and slope vector u of
a strip of cylindrical helix. Since £.u = cos# is constant, we have

0=(Eu) = fu=r.u
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Because )0 and .u = 0, we see that u is perpendicular to ¢ and so
u = cos 0.£ 4 sin 0.1.
By differentiating the last equation,
(kcosf —Tsinf)¢ =0
or .
tanf = —.
T

Since tan 6 is constant, £ is also constant ([9]). O

Theorem 3.11. (Terquem Theorem) Let My, My be two different surfaces in
E3.Let « and B be nonplanar curve in My and a curve on M.

t. The points of the curves o and [ corresponds to each other 1:1 on a plane €
which rolls on the My ve Ms, such that the distance is constant between correspond-
ing points.

. (a, M1) is a curvature strip.

41.(8, Ma) is a curvature strip ([6]).

Claim: Two of the three lemmas gives third ([6]).

Figure 6
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By applying the similar way in the proof of Theorem I1.3.11 in [6] to the strip
of cylindric helix strip, we give the following theorem.

Theorem 3.12. Let L and M be be a cylindrical heliz and a surface in E3. Sup-
pose that L and M have common tangent plane along 5 and cylindrical helix o. If
the curve-surface pair (8, M) is a curvature strip, then the curve 8 is a a heliz strip.

Proof.

/

&(s)

L
Figure 7 The cylinder L and the surface M.

If the curve « is a helix on L, then it provides %
Ko

that £ is a helix strip on M, that is, 72~ =constant.
By the Figure 7, we have

is constant. We have to show

B(s1) = a(s1) + A(s1) 0 (s1) (2)
where
a(s1) =t +1 (i (s1). 3)
By differentiating both side of (3), we see that
— da d?l
£ = disl =T dsy .
By (1),

— —
E1=r(br &1 —ariy),

we obtain a; = 0 and b, = 1.

Let r be the distance between gravity center of the cylinder and «(s1). We denote
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r = 1. If m is a position vector of the gravity center of cylinder, then 777 must be a
constant vector.
Since a1 = 0, («, L) is a curvature strip. By the strips (a, L) and (8, M) are
curvature strips and by Theorem 17, we see that X is non-zero constant. Let v (s)
be a vector in Sp{?l, 17_{} , and let ¢ be the angle between ?1 and ¥’ (s1). Then
we write
N
v (s1) = cos & 1 + sin o7
By substituting (3) and (4) in (2), and differentiating both sides, we obtain (5).
N —
g dni  d¢; | dA

d(cosp €1 +sinp iT;)
- . — cosp £1+sinyp ny
L 1 A

d81 d81 + dSl + d81 (COSQO f ! +Sln§0 771) + (51) d81

Since the vector 7 and A are constant, we obtain the following equation

. (5)

— — . _
46 _dG (g, Heose € sing i)
dsy  dsy ! dsy
or
g dc, d A€, d iy
B ) (-2 ing T o 99 o s 1)
s, s, + A(s1)( s, singp &1 4 cosp st )+ s, cosp 1 +sinp dsl)
By (1), we see that
dj _ dy . - dp — —
Isi 1 )\(d—Sl —|—cl)smap} &1+ )\(d—s1 +ecp)cospn; —Acosply.  (6)

Since the cylindric helix and the surface M have the same tangent plane along the

curves o and ﬁ, we can write
g —
LY=o
<d81 ) <1>

By subsitituting (6) in the last equation, we obtain cos ¢ = 0. By using that equa-
tion in (6), we have

g —
— =(1FA 7
dst (LF Acr) €1 (7)
If we calculate the second and third derivatives of the curve 3, then we get
d? ;= N
TSE = :F)\lel+(1:|:)\01)6177_>1—(1:F)\81)C1
1
dSB r 2 —- ’ ’ /
a8 [:FAQ —(AFAer)er = (1F )\Cl):| §1+ |::F>\8161 FFrae +(1F )\cl)cl}
1

/ AN
H(FAeL F Ae)) (-
Since the same result is obtained by using the other form of (7), we use the form

;—Sﬁl =(1- )\cl)?l of (7) in the rest of our proof. By differentiating both sides of

—

M1
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(7), we obtain

d —

Ti = (1 — )\Cl) f 1

d2ﬁ and s —

el Ay §1+ (1= Aer)erny — (1= Aer)Gy

d3 ’r — ’ 1] 4

d—sg = |=X —(1=Xey)ed — (1 — )\cl)} E1+ {—3)\0101 + cl} N1+ 2)\015;.
1

By applying Gram-Schmidt to the {B/, 6”, BW} , then we have

N
F1 = (1 — )\01) f 1
N —
F = (1-Xa)an — (1= )¢,
(1=Xe)e; — (1= Xep)ejer—
F3; = .
3 a+1 N + a+1 !
By [6], we have
Ki=b1+ct, b =1 (8)
and , ,
byc1_bic
2 161 161
Tl al + b%+0% 9 a/l ( )
By (8) and (9), we see that
—c
T1 = T% (10)

By using (10) in F3, we obtain
N —
F3=—(1—Xe1)Tim; — (1= Aer)ermi(y-
If we calculate ko and 75, then we have
K1
Ky = ————
2 ‘1 — )\Cl‘
and
T1
T T e—
2 |1 — /\Cl|

Dividing by k2 to 7o, we obtain
K2 _ ﬂ_ (11)
T2 T1

We obtain the proof of theorem from last equation. O

OZET:Bu calismada silindirik helis seridleri incelendi. Yeni bir
tanim ve bir karekterizayon verildi. Genel helis ve Terquem teorem-
lerinin (herhangi iki yiizey arasindaki uzakligin sabit olmasiyla ilgili
Joachimsthal teoremlerinden biri) karekterizasyonlarindan yarar-
lanildi.
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