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TIMELIKE ROTATIONAL SURFACES WITH LIGHTLIKE
PROFILE CURVE

ERHAN GULER AND H. HILMI HACISALIHOGLU

ABSTRACT. In this work, some geometric properties of the timelike rotational
surfaces with lightlike profile curve of (S,L), (T,L) and (L, L) — types are
shown in Minkowski 3—space.

1. Introduction

Rotational surfaces in Euclidean 3—space have been studied for a long time
and many examples of such surfaces have been discovered. On the other hand,
Minkowski 3—space has more complicated geometric structures compared to Euclid-
ean 3—space. In particular, Minkowski 3—space has distinguished axes of rotation,
namely, spacelike, timelike and lightlike (or null) azes. About the semi (proper)
Riemannian geometry, many nice books have been done such as [4], [5] and [9].

If we focus on the ruled (helicoid) and rotational characters, we have Bour’s
theorem in [2].

Tkawa determined pairs of surfaces by Bour’s theorem with the additional con-
dition that they have the same Gauss map in Euclidean 3—space in [6]. Ikawa
classified the spacelike and timelike surfaces as (axis, profile curve)—type in [7].
He proved an isometric relation between a spacelike (timelike) generalized heli-
coid and a spacelike (timelike) rotational surface of spacelike (timelike) axis of
(S,9),(8,17),(T,S) and (T,T) — types by Bour’s theorem in Minkowski 3—space.

Giiler [3] showed that a generalized helicoid and a rotational surface with lightlike
profile curve have an isometric relation by Bour’s theorem in Minkowski 3—space.
He classified the spacelike (and timelike) helicoidal (and rotational) surfaces with
lightlike profile curve of (S, L), (T, L) and (L, L) — types.

Consider a smooth surface M in R} is described locally by an isometric immersion
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where (u,v) are local coordintes on the simply connected and bounded domain D.
Let N = N(u,v) be the unit normal vector field on M.

In local coordinates (z1,z2) for a surface M furnished with pseudo-Riemannian
metric say g given by its matrix (g;;) with inverse matrix (¢/), the Laplacian A of
M is

_ 1 9 N a)
=i o (Ve )l 5

in [8]. Moreover, the Laplace-Beltrami operator of a function ¢ = ¢(u,v) |p with
respect to the first fundamental form of M is defined by [1] as follow

- VEG-F? |\VEG-F?), \VEG-F2)/, '
where (u,v) are local coordintes on D.

Let F(u,v) = (f1(u,v), fa(u,v), f3(u,v)) be a vector function defined on the
domain D, then we set

AF (u,v) = (Afi(u,v), Afa(u,v), Afs(u,v)). (1.2)

In this paper, we give some geometric relations of the timelike rotational sur faces
(T'RS) with lightlike profile curve (LPC) of (S, L), (T,L) and (L, L) — types in
Minkowski 3—space. In section 2, we recall some basic notions of the Lorentzian
geometry and give the definition of the rotational surfaces. TRS with LPC are
given to find some geometric properties in section 3. In section 4, we study some
relations between Gauss maps and Laplace-Beltrami operator of the Gauss maps,
the curvatures of the TRS with LPC.

2. Preliminaries

In this section, we will obtain some rotational surfaces with lightlike profile curve
in Minkowski 3—space. In the rest of this paper we shall identify a vector (a,b, c)
with its transpose (a, b, c)t.
The Minkowski 3—space R? is the Euclidean space E? provided with the inner
product
— —
(P q) =p1q1 +P2g2 — p3gs
where D = (p1,p2,03), ¢ = (q1,q2,q3) € R®. We say that a Lorentzian vector p’
in R} is spacelike (resp. lightlike and timelike) if " = 0 or (P, ), > 0 (re;sp.
P #0;(P,Pp), =0and (p,p), < 0). The norm of the vector p € R} is
defined by || P'|| = \/|{P, P) |- Lorentzian vector product p x ¢ of P and ¢ is
defined as follows:
€1 €9 —e3
—
pXxXqg=|pP1 P2 D3
Q1 92 g3
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Now we define a non-degenerate rotational surface in R} . For an open interval
I CR,let v: 1 —1II be a curve in a plane II in R}, and let £ be a straight line
in IT which does not intersect the curve v. A rotational surface in R} is defined
as a non degenerate surface rotating a curve -y around a line ¢ (these are called the
profile curve and the azis, respectively).

If the axis [ is spacelike (resp. timelike and lightlike) in Minkowski 3—space R3,
then we may suppose that [ is the line spanned by the vector (1,0, 0), (resp. (0,0,1)
and. (0,1,1)). The semi—orthogonal matrices given as follow is the subgroup of
the Lorentzian group that fixes the above vectors as invariant

1 0 0 cos(v) —sin(v) 0
S(w)=| 0 cosh(v) sinh(v) |, T(v)= ] sin(v) cos(v) 0 |,
0 sinh(v) cosh(v) 0 0 1
1 —v v
Lv)=| v 1- v % , vER

(M)

2
v? v?
v 145

The matrices X = {S,T, L} can be found by solving the following equations
simultaneously

i. X-0=1{,

ii. X'eX = ¢ where € = diag(1,1, 1),

75, det X = 1.

A rotational surface in Minkowski 3—space with the spacelike (resp. timelike and
lightlike) axis which is spanned by the vector (1,0,0) (resp. (0,0,1) and. (0,1,1))
as follow

R(u,v) = X(v) - /(u).

A surface in R? is timelike surface if the D = EG — F? < 0 where E, F, G are
the coefficients of the first fundamental form.

Parametrization of the profile curve « is given by vy(u) = (f(u), g(u), h(u)) where
f(u), g(u) and h(u) are differentiable functions for all w € R\ {0}. If v(u) lightlike
curve then < '(u),~' (u) >1= f2+ g% —W>=0and h = [ \/f? + g"2du.
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Figure 1. a-b A lightlike profile curve.

An example of a lightlike profile curve in Minkowski 3—space (see Fig.1) is
given by

Y(u) = (u27u7/\/4u2 + 1du). (2.1)
where [ vA4u? + Idu = tuv/4u2 + 1+ Lsinh ™" (2u) + ¢ (c = const.).

3. TRS with LPC and the Gauss map

We classify a rotational surface by types of axis and profile curve, and we write
it as (axis’s type, profile curve’s type)—type; for example, (S, L) — type mean that
the surface has a spacelike axis and a lightlike profile curve. We give rotational
surfaces with lightlike profile curve that are used to obtain the main theorems in
this paper. If the profile curve, v, is a lightlike (LPC), then the rotational surface
is a timelike (TRS) with spacelike, timelike or lightlike axis and they are (S, L),
(T, L) and (L, L) —types respectively.

When the axis ¢ is spacelike, there is a Lorentz transformation by which the axis
£ is transformed to the pj-axis of R3. If the profile curve is v(u) = (u?,u, h(u)),
then a TRS R(u,v) can be written as

U2

R(u,v) = | wcosh(v) + h(u)sinh(v) | . (3.1)
usinh(v) + h(u) cosh(v)



TIMELIKE ROTATIONAL SURFACES WITH LIGHTLIKE PROFILE CURVE 31

Figure 2. a-b TRS with LPC of (S,L)-type.

Proposition 1. A TRS with LPC of (S,L)—type is as follows (see Fig. 2)

2

u
R(u,v) = | wcosh(v) + (2uv4u2 + 1+ % sinh ™" (2u)) sinh(v) (3.2)
usinh(v) + (Fuv4u? + 1+ %sinh_1(2u)) cosh(v)

where u,v € R\ {0}.

Figure 3. a-b Gauss map of the TRS with LPC of (S,L)-type.
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Proposition 2. If an (S,L)—type a TRS with LPC is as above, then the Gauss
map 1is (see Fig. 3)

1 u— hh'
N=—— | —2u(ucosh(v)+ hsinh(v)) (3.3)
V1D —2u(usinh(v) + h cosh(v))
where D = —(h — uh/)?, h = h(u) = “V472‘2+1 + Sinhz(?u), h(u) < cu, c,u,v €
R\ {0}.
When the axis £ is timelike, there is a Lorentz transformation by which the axis

¢ is transformed to the ps-axis of R3. If the profile curve is v(u) = (u2,u, h(u)),
then a TRS R(u,v) can be written as

u? cos(v) — usin(v)
R(u,v) = | u? sin(v})l(—o—)u cos(v) | . (3.4)

Figure 4. a-b TRS with LPC of (T,L)-type.

Proposition 3. A TRS with LPC of (T,L)—type is as follows (see Fig. 4)
u? cos(v) — usin(v)
R(u,v) = u? sin(v) + u cos(v) (3.5)
tuv4u? +1 + 4 sinh™"(2u)
where u,v € R\ {0}.



TIMELIKE ROTATIONAL SURFACES WITH LIGHTLIKE PROFILE CURVE 33

Proposition 4. If an (T,L)—type a TRS with LPC is as above, then the Gauss
map 1is (see Fig. 5)
1 —uh/sin(v) — u?h/ cos(v)
N=——| —uh/cos(v) — u?h'sin(v) (3.6)

VID| —2u3 +u

where D = _u4, h = h(u) _ u\/4g2+1 + sinh—41(2u)7 w,v € R\{O}

Figure 5. a-b Gauss map of a TRS with LPC of (T,L)-type.

When the axis £ is lightlike, there is a Lorentz transformation by which the axis
{ is transformed into the paps-axis of R3. If the profile curve is y(u) = (u?, u, h(u)),
then a TRS R(u,v) can be written as

u? —uv + hv
'U2 'U2
R(u,v) = u2v+(—7)U+7h . (3.7)
u%—%u—l—(l%—%)h

Proposition 5. A TRS with LPC of (L,L)—type is as follows (see Fig. 6)

w2 — o + uv\/42u7+1 + vsinh;l(Qu)
2 -1
R(u,v) _ u2v—|— (1 _ %2 u+ uvi’,/iu2+1 + v smh8 (2u) (38)
U2'U _ %U‘i‘ (1+ %) (u\/élgzﬁ + Sinh741(2u)>

where u,v € R\ {0}.
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Figure 6. a-b TRS with LPC of (L,L)-type.

Proposition 6. If an (L,L)—type TRS with LPC is as above, then the Gauss map
is (see Fig. 7)

(—u2 + uv — hv) h +vh+ (U2 - UU)
N= | (cutot Sh—ush) W+ h -2t - (3.9)

2
D
1Dl (7u2v+§h71}2)h'+(gfl)h72u3+u2vf“7”2

where D = — (—u?h + 2uh — u2)2 b= h(u) = WA +Sinh_4l(2u), h(u) < u?+u,
u,v € R\ {0}.
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Figure 7. a-b Gauss map of a TRS with LPC of (L,L)-type.

4. Curvatures and Laplacian

In this section, we study mean curvature, Gaussian curvature and Laplace-
Beltrami operators of the geometric objects of a TRS with LPC as (axis’s type,
profile curve’s type)—type.

Case 1. A timelike rotational surface of (S, L) — type.

In this case, we assume that the axis [ is spacelike (1,0,0) vector, vy(u) =
(u?,u, h(u)) profile curve is a lightlike curve and h = h(u) = 2 tuv4u2 +1 +
2-2sinh ! (2u), u € R\ {0}.

Theorem 4.1. The mean curvature and the Gaussian curvature of a TRS with
LPC of (S,L)—type are related as

H?>=9 K (4.1)

in Minkowski 3— space, where
o(u) = —4u=2[—=2u (h — uh')* — (—u® + h2)(u — i + uh'h")]?,
D = —(h— uh!)2, h(u) = AT | sinh 1)

and

u € R\ {0}.

Proof. 'We consider a rotational surface (4). Components of the first fundamental
form are

E=0, F=h—ul/, G=—-u®>+h?
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and the second fundamental form are

2(u — hbh/ +uh'h” —2u(uh’ — h
O L S T et R
(h —uh')? (h — uh’)?
Since D = — (h — uh/)*> < 0 then R(u,v) is a timelike surface. The mean curvature

and the Gaussian curvature of a TRS with LPC of (S, L)—type are given as follows,
respectively,

—2u(h—u —(—u”+ U — +u
h B 2 24 p2 hh' W h)2

H= T (4.2)
4a2
j—" (4.3)
(h —uh’)?
where u € R\ {0}. Hence, we get the results. O O

Theorem 4.2. The Gauss map and its Laplacian of a TRS with LPC of (S, L)—type
are related as

AN=0+N (4.4)
in Minkowski 3—space, where N = N(u,v) = D~1/2(N; N3, N3) in (6),

1 01(u,v)
0 =0(u,v) = _W g;gz, Z; ,

31 (u,v) = (2DGy — FuG)[2D(N1)y — N1 D]
+{[D(N1)uy — Dy(N1),]4D — 2N1 DD, — Nng}G +4D3Ny,

da(u,v) = (2DG, — F,G)[2D(N3), — NaD,
+{[D(N2)yy — Du(N2),]4D — 2N2DD,,, — N2 D2}G
—2[2(N2)uyD — (N3),Dy|DY? + 4D3Nj,

63(114, ’U) = (QDGU — FuG)[QD(Ng)u — N3Du]
+{[D(N3)yy — Dy(N3),]4D — 2N3DD,,, — N3gD2}G
—2[2(N3)uwD — (N3),D,]DY? + 4D3N3,

D= —(h—uh')?
=  h—uh,
G= —-u?+h?
u,v € R\ {0}.

Proof. We use the Gauss map of a TRS with LPC of (S, L)—type in (6).Hence,

2D(Ny), — DyNy . 0
N,=——+ [ 2D(N2),—D,N2 |, N, =—— | —2u(usinh(v) + hcosh(v))
3/2 D
2D3/ 2D(Ng3), — D,Nj3 Dl —2u(u cosh(v) 4+ hsinh(v))

)
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2D(N1)uu — 2Dy (N1)y — ((2D) "' D2 4+ Dy, ) Ng

1 _
Nuu - W 2D(N2)uu - 2D’U.(N2)’U. - (2D) ! Di + Duu N2 )
2D(N3)uy — 2D, (N3), — ((2D)"' D2 + Dy, ) N3

1 0

Nuv = W 2D(N2)uv - D'LL(N2)’U 5
2D(N3)uv - Du(N3)v

1 0

Ny, = —— | —2u(ucosh(v)+ hsinh(v))
VD —2u(usinh(v) + hcosh(v))

Therefore, from (1) we get

{2[(G, - F,)N, — F,N, + GN,, — 2FN,,]D — (GN, — FN,,)D,, + FD,N,}

AN = —
2D?

where D = —(h — uh’)? and u,v € R\ {0}. Using (1), (2) and (6), we can see the
components of the Laplacian of the Gauss map (AN7, ANy, AN3) of a TRS with
LPC of (S, L)—type. O

Theorem 4.3. A TRS with LPC of (S, L)—type and its Laplacian are related as
(see Fig. 8)

AR=€¢+R (4.5)

in Minkowski 3—space, where R = R(u,v) in (4),

1) = — [ k() cosboy 1 Ma(usinho)
€=¢€u,v) = — 2(u) cosh(v) + ks (u) sinh(v ,
(h —ul’)? ko (u) sinh(v) 4+ k3 (u) cosh(v)

ki(u) = —4u®h —u?h? + u(4u® + 4h* — 3uh?)K

+u?(—4 — 3u?)hh'? + uPh"® — 2u?(u? — K2,

ko(u) = —2uh —u?h3 + (2u? + 2h% — u?h + h3 — 2h + 3u*h?)R’
+(—2uh + u? — uh? + 2u — 3uPh)h'? + uSh — u(u?® — h2)h",

ks(u) = —(u® —2)h+h® —u?h? +u(u® — h? +2 — 2h + 3u?h3)R/
+(2u? + 2h? — 3u*h?)W'? + u(—2 + u*)hh' — u(u? — K2)h",
and

h(u) = wAZEL | sinh T Qu) e R {0}
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A
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Figure 8. a-b AR of a TRS with LPC of (S,L)-type.
Proof. Using (1), (2) and (4), we get (AR;1, ARy, AR3) easily. O

Case 2. A timelike rotational surface of (T, L) — type.

In this case, we assume that the axis [ is timelike (0,0, 1) vector,
v(u) = (u?,u, h(u)) profile curve is a lightlike curve and
h(u) = 2~ un/4u2 + 1+ 272 sinh ™ (2u), u € R\ {0}.

Theorem 4.4. The mean curvature and the Gausssian curvature of a TRS with
LPC of (T, L)—type are related as

H*=7T-K (4.6)
i Minkowski 3— space, where
2
T= Tuv) =7,
x=x(u,v)=[2(u?+u—1)sin(v) cos(v) + 4ucos®(v) + u + u? — 3u]k’,

9= I(u,v) = {[2ucos?(v) — 4cos?(v) + 2u3 — u + 3]4usin(v) cos(v)
+[4u? cos?(v) — 2u3 cos?(v) — cos?(v) + 3u> — 6u? + 1]4 cos?(v)
+2u’ — 2u® + 9u?}h'?,

D= —u!
and Y(u,v) # 0, u,v € R\ {0}.

Proof. We consider a rotational surface (7). Components of the first and second
fundamental forms are given as follows, respectively,

E=0, F=—u? G=u*+u%
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e = (—4sin(v) cos(v) + 2u) u 'R/,
f = [—2u (cos?(v) — sin®(v)) + 2sin(v) cos(v) +u] u™'H’
and
g = [(cos?(v) — sin®(v)) u + 2u? sin(v) cos(v) + u®] u™'H/.
Since D = —u* < 0 then R(u,v) is a timelike surface. Then, the mean curvature
and the Gaussian curvature of a TRS with LPC of (T, L)—type are

_ X(u,v)
H=252 (4.7)
K= ﬁ(ZéU) (4.8)
where
x(u,v) = [2 (u® + u — 1) sin(v) cos(v) + ducos®(v) + u* + u® — 3u] W/,
I(u,v) = {4u[2ucos®(v) — 4cos®(v) + 2u® — u + 3] sin(v) cos(v)

+4[4u? cos? (v) — 2u® cos? (v) — cos?(v) + 3u® — 6u? + 1] cos?(v)
+2u® — 2u® + Ju?}h’?,
u,v € R\ {0}. Then we can easily see the results. O
Theorem 4.5. The Gauss map and its Laplacian of a TRS with LPC of (T, L)—type
are related as (see Fig. 9)
AN=0+N (4.9)
in Minkowski 3—space, where N = N(u,v) in (9),
p1(u) sin(v) + @y (u) cos(v)
o1(u) cos(v) + o2 (u) sin(v) ,
2u® + 2u* + 9u® + 3u? + 8u + 1
o1(w) = (¥ +u)h” + (—u® — 2u* + 3u)h”
+(—2u® +ud +u? +du+ 1)K,

(C) :@(U,U) = W

oo(u) = (—u® —u)h" + (—u® — 5u* — u® — 3u? — 4u)h”
+(2u® +ut — 2u + 4)R/,

o1(u) = (W +u)h" + (—u® — 2u? — 5u)h”
+(2u® +u? +u? + 1)K,

oa(u) = (—ud —ud)h" + (—u® — 5ut — u3 — 3u? + 4u)n”
+(=2u® +ut + 2u — 41/,

D = —u?t

and u,v € R\ {0}.
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Proof. We assume that the profile curve is y(u) = (u?, u, h(u)). Using (1), (2) and
(9), we get the components of the Laplacian of the Gauss map of a TRS with LPC
of (T, L)—type are

ANy = [(u+u DR 4+ (—u— 2+ 3u~ A"
+(=2u? + 1+ 4u™t + u=2)h/] sin(v)
+[(—u® —uw)h" + (—ud — 5u? —u—3 —4u~ )"
+2(u® —u=t + 2u=2)h'] cos(v),

ANy = [(u+u DR + (—u—2 - 5u~ A"
+(2u® + 1+ u=2)h] cos(v)
+[(—u® —uw)h" + (—ud — 5u? —u— 3+ 4u")n”
+2(—ud +ut — 2u=2)h/] sin(v)

and

ANz = 2u?+10u+3+8u~!t +u~2 u,v € R\ {0}.

Then, we can easily see the results. O

Figure 9. a-b AN of a TRS with LPC of (T,L)-type.

Theorem 4.6. A TRS with LPC of (T, L)—type and its Laplacian are related as
(see Fig. 10)

AR=Q+R (4.10)
in Minkowski 3—space, where R = R(u,v) in (7),

(6 + 2% — u?) cos(v) + usin(v)
Q=Qu,v)=| (6+ % —u?)sin(v) —ucos(v) |,
(1+5)h" + 20 —h
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h(u) = w/REEL 4 b 2@ Ly e R {0}

Figure 10. a-b AR of a TRS with LPC of (T,L)-type.

Proof. Using (1), (2) and (7) then, we get AR; = 3 (Q—I—u_z) cos(v), ARy = 3
(2+u™?)sin(v), ARz = (1 4+ u™?) h” + 2u~'h where u,v € R\ {0}. O

Case 3. A timelike rotational surface of (L, L) — type.

In this case, we assume that the axis [ is lightlike (0, 1,1) vector,
y(u) = (u?,u, h(u)) profile curve is a lightlike curve and
h(u) = 27 'uy/4u? + 1+ 27 2sinh ' (2u), u € R\ {0}.

Theorem 4.7. The mean curvature and the Gaussian curvature of a TRS with
LPC of (L, L)—type are related as

H*=0.K (4.11)

in Minkowski 3— space, where

2(uv
U= Uluv)= 4332(1“)})
and
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(h3 + u?h + 4udvh + utoh 4+ utvh! — 2udvhh’ — wothb/

3 3 1
+§u3v2 — 3u%v?h + iuv2h2 — 2u%vh? — §u3v2h

. 1 . . . 1

—2udvh? — §uv2h3 + w?vh® + 202R3K + §v4h2h' —
1 11

+5u2v4h' + 5uv?hh — ?uUQth/ + w?vh?h — 2uh® — 2utv
+u?0?h?)h" + (—4u 4+ 12u3h + 4uvh — Suvh? — 10u>h?
+4uPhh! + 203h2% — 2uBvh! + 4uBv? + 4uPohh — 8utv?h
—2u*h + 4uBhE — 4urdhh — 2utRh? — 20203 + 4BV
+2uv3h 4 2023 W + (8u® — 4u* + 4vh? — 2uvh
—8u?h + 2uPh)h + 2u® — 2u*,

§u?"uzhl
2

(R — uh? + 2uPvh 4 B3R + u?hh' — 2uh®h — 2utvl/
3
—uv?hh' 4 3udvhh + wohh + utvhh — §u21}2h

3 1
+§uv2h2 — 2u?vh?® — uwdvh? — §u1)2h3 + w?vh® + v2h2hE,
1 1 3 3
+20%R3K + §h2v4h’ + iv%h'z + §u3v2h’ — §u2v4h’

1 3
+2u303R + utoh? — §u’u6h'2 — §u2'02hh' — 2uv?h?h
1
—u2uh?h — 2u203hh — 2uvhh'? — §u3v2hh' — 2udvh?h

1 9 1
f§uv2h3h’ + w?vh3h — Euv4hh’2 + §u2v4hh/ — u33hi

1 1 5 3
7§U'U4h2h/ + 51112’02]7,2 + 2U2h3h/2 + §U4h2h/2 o §u3,U2h/2
+2(20h? — u® + u?v — 3uvh + u?h + 2u® + 2uv? — 4uPv + duvh

—2u%h — 20°h — 202h)h — ut + 2uPv — u0?,

11
+2u27)4h/2 o U3U3h/2 + 5u2’u2hh/2 - ?'U/Ugth/Q + u2vh2h/2
+uv?h?h + u?o3hh? + w3 R2W )R + (2ut — 2hud
+4vh® — 2030 + 8u?vh — 10uvh? — 8uvdh — 2u*h’
+4uBhh! + 6v3h2 + 20°hR + 20?0 — 2uiv? — 2uV®H
+2u%0?h — duvdhh — 202Kh2H + 203 K2R + 20203 H
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+2u2v?h — duvdhh — 2u?h2KW + 203K%H + 203K

+2uB0?h — 2u20%hE + 4uPh — 40t h — 20 + 2uvt — 8uv?h
+4uvh 4 12uv3h — 8u?h? + 8v%h? + 4vthh! + 2u20v?

—00h — 6u?0® + 4uPv? — 2uvth + dudh + 4w kb + duvhh/
—8u?v%h — Suvh®h/ — duvd3hh' — 2uh — uth/® — 5h3
+4uPhh + 4vthh! + 2uBoh) — 2uvth — 4uPohh — duvhh/
+20°02 + 4udhh'? + 2uvth'? — 4w h'? + 4uPvhh/? — duv3hh'
—4u?h2h — 40thh? — 2uPoh'* — W20 + 4P h — 4ot
—8uv?hh + 2uv3h + 2uP03h? — 203K + 4uPv? R R

&(u,v) #0,
D = — (—u’h + 2uh — u2)2,
u,v € R\ {0}

Proof. We consider a rotational surface (10). Coefficients of the first and the second
fundamental forms are

E=0, F=—u*W +2uh—u? G=(—u+h)?,

[(—2u?v + 3 - 27 uw?)h” + 20°hh'D/

3-

uw?v — 327 uw? + 27 YRR + (uPu — 27 uw® + 1)hA
+2(—u? 4+ v*)h + 4vh + 2u(u — v)],

x

f = \/%[(—ug + 03?4 2(u + v)hh + (—uv + 2uv? — v3)R
+2(u —v)h + u(v — u)],
1
g = [(u? — wv®)R' + h2h + (—2u +v*)hh + h? — uh].

=

Since D = — (—u?h/ 4 2uh — u2)2 < 0 then R(u,v) is a timelike surface. The mean
curvature and the Gaussian curvature of a TRS with LPC of (L, L)—type are given
as follows, respectively,

¢(u,v)

H=550 (4.12)
£(u,v)
K = 3 (4.13)
where D = — (—th' + 2uh — u2)2, u,v € R\ {0}. Hence, we can easily see the

relation between H and K.
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Figure 11. a-b AN of a TRS with LPC of (L,L)-type.

Theorem 4.8. The Gauss map and its Laplacian (see Fig. 11) of a TRS with
LPC of (L, L)—type are related as

AN=T+N (4.14)
in Minkowski 3—space, where N = N(u,v) in (12),

I = T(uv)=2D"%*{-2[(G, — F,)N, — F,N, + GN,,, — 2FN,,] D
+(GN, — FN,) D, — FN,,D,, — 2D*?N},

D= — (—u2l + 2uh —u?)*, u,v € R\ {0}.

Proof. We use the Gauss map of a TRS with LPC of (L, L)—type in (12). There-
fore, from (1) and using the same methods in theorem 4.2 and 4.5.we get easily
AN. O
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Figure 12. a-b AR of a TRS with LPC of (L,L)-type.

Theorem 4.9. A TRS with LPC of (L,L)—type and its Laplacian (see Fig. 12)
are related as

AR=A+R (4.15)
in Minkowski 3—space, where R = R(u,v) in (10),

A(u’ U): (Ala Ala A3)7

Ay = 2u(ut —u® — 2uh + u?h? + 3uPvh — 3uh® + vh®)R”
+u? (ub — wPv + utvh 4 2u? + 2u — 20R)W + u(3u”
—6hu’® — 3uSv + 9uPvh — 6utvh? + 6u® — 2u?v — 12u*h
—2uvh + 4vh?)h'? + (3u® — 12u"h — 3u"v + 15u’vh
+12u°h? — 24h*u’v + 12u*vh® — 4u* — 4uPh + 14u”R°
+4uPvh — 2uvh?® — 20h3)A — Sudvh* 4 (—8u® + 20utv
+20R*)h3 + 2u(6u® — Jutv — Tu — v)h? 4w (Tuv — 6u?
+16)h + ut (u* — uPv — 4),

Ay = u(2utv +ud —udv? — 4udvh + 3u*0?h — 2u2h + 2uPvh?
—3uv’h® + uh® + V2R3 + 47 + uPu(—vh + w? + 2uv

1 1
+ub + §u4vh — Eusv)h’?’ +u(+3u"v + 3u® — 6ulvh

3 9
—Zu%0? — 6uPh + —udv?h — 3utv?h® + dut + 6ulv

—u?v? + 2u? — 12uvh — wv®h — 2uh + 20%h?)h'?
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+(3ubv — 12u"vh — gu7v2 + 3u” — 12uSh + 12uSvh?
15

+?u6v2h + 12u°h? — 12050R% + 8u® — 16u*h

—dutv + 6uto®h® — 4udvh + 14u?vh? — 4k + 20%0%h

—uv?h? + duh® — v?h3)N — 4B h? + [2ut (—4uw + 50°
—4) 4+ v* = 2]h3 + u(12uv + 12u* — Ju'v? + 16u°

7
—lduv — vH)h? + ud(—6utv — 6u® + §u302 — 16u

1
+16v)h + ut (utv + u® — §u3v2 + 4u — 4v),

A = u(—u3 + 4uh — 4uPvh — 3uv?h® + 2u2oh? — uB0? + 20t
1
—5uh? 4+ 213 + 3uv?h 4+ V2R3 + u? (uSv — §u5v2

1
—|—§u41)2h +uth + 2uv + 2u + ww® — v2h — 2R)A"

3 9 .
+u(3u"v — 6uSvh — §u6v2 + 3u’h + 5u°v2h — 3utv?h?
—6uth? + 4ut + 6udv — uv? — 12uvh — ww’h — duh

3
+202h? + 4h*)h'? + (3ubv — 12u"vh — §u7v2
15

+?u6v2h + 3u®h + 12u®vh? — 12u°h? — 12u°v?h?
+8u® + 6utv?h® + 12u*h® — 16u*h — 4u'v — 4uPvh
+14u?vh? 4 2u?v?h — uv®h? + 2uh® — 203 — V2 R3)K
+(—4uv? — 8ud)ht + (=8uPv + 12u* + 10uv? + v?)A?
+u(12u8v — 9utv? — 6u’ + 16u? — 14uv — v*)h?
Hu? (—6utv + u? + gu3v2 — 16u + 16v)h + u* (utv

1
—§u3112 + 4u — 4v),

u,v € R\ {0} and D = — (—u?h/ + 2uh — u2)2,

Proof. Using Eq. (1), (2) and (10), then we can easily see the Laplacian of a TRS
with LPC of (L, L)—type. O
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OZET: Bu calismada, (S, L), (T, L) ve (L, L) —tiiriinde olan light-
like iireteg egrili timelike donel yiizeylerin baz1 geometrik ¢zelikleri
Minkowski 3—uzayinda gosterildi.
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