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TIMELIKE ROTATIONAL SURFACES WITH LIGHTLIKE
PROFILE CURVE

ERHAN GÜLER AND H. HILMI HACISALIHOĞLU

A�������. In this work, some geometric properties of the timelike rotational
surfaces with lightlike profile curve of (S,L), (T, L) and (L,L) − types are
shown in Minkowski 3−space.

1. Introduction

Rotational surfaces in Euclidean 3−space have been studied for a long time
and many examples of such surfaces have been discovered. On the other hand,
Minkowski 3−space has more complicated geometric structures compared to Euclid-
ean 3−space. In particular, Minkowski 3−space has distinguished axes of rotation,
namely, spacelike, timelike and lightlike (or null) axes. About the semi (proper)
Riemannian geometry, many nice books have been done such as [4], [5] and [9].
If we focus on the ruled (helicoid) and rotational characters, we have Bour’s

theorem in [2].
Ikawa determined pairs of surfaces by Bour’s theorem with the additional con-

dition that they have the same Gauss map in Euclidean 3−space in [6]. Ikawa
classified the spacelike and timelike surfaces as ( axis, profile curve)−type in [7].
He proved an isometric relation between a spacelike (timelike) generalized heli-
coid and a spacelike (timelike) rotational surface of spacelike (timelike) axis of
(S, S), (S, T ), (T, S) and (T, T )− types by Bour’s theorem in Minkowski 3−space.
Güler [3] showed that a generalized helicoid and a rotational surface with lightlike

profile curve have an isometric relation by Bour’s theorem in Minkowski 3−space.
He classified the spacelike (and timelike) helicoidal (and rotational) surfaces with
lightlike profile curve of (S,L), (T, L) and (L,L)− types.
Consider a smooth surfaceM in R31 is described locally by an isometric immersion

R : D ⊂ R2 −→ R31
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where (u, v) are local coordintes on the simply connected and bounded domain D.
Let N = N(u, v) be the unit normal vector field on M.
In local coordinates (x1, x2) for a surfaceM furnished with pseudo-Riemannian

metric say g given by its matrix (gij) with inverse matrix (gij), the Laplacian Δ of
M is

Δ = − 1√|det (gij)|∑ ∂

∂xi

(√
|det (gij)|gij ∂

∂xj

)
in [8]. Moreover, the Laplace-Beltrami operator of a function φ = φ(u, v) |D with
respect to the first fundamental form of M is defined by [1] as follow

Δφ = − 1√
EG− F 2

[(
Gφu − Fφv√
EG− F 2

)
u

−
(
Fφu − Eφv√
EG− F 2

)
v

]
(1.1)

where (u, v) are local coordintes on D.
Let F(u, v) = (f1(u, v), f2(u, v), f3(u, v)) be a vector function defined on the

domain D, then we set

ΔF(u, v) = (Δf1(u, v),Δf2(u, v),Δf3(u, v)). (1.2)

In this paper, we give some geometric relations of the timelike rotational surfaces
(TRS) with lightlike profile curve (LPC) of (S,L), (T, L) and (L,L) − types in
Minkowski 3−space. In section 2, we recall some basic notions of the Lorentzian
geometry and give the definition of the rotational surfaces. TRS with LPC are
given to find some geometric properties in section 3. In section 4, we study some
relations between Gauss maps and Laplace-Beltrami operator of the Gauss maps,
the curvatures of the TRS with LPC.

2. Preliminaries

In this section, we will obtain some rotational surfaces with lightlike profile curve
in Minkowski 3−space. In the rest of this paper we shall identify a vector (a, b, c)
with its transpose (a, b, c)t.
The Minkowski 3−space R31 is the Euclidean space E3 provided with the inner

product
〈−→p ,−→q 〉L = p1q1 + p2q2 − p3q3

where −→p = (p1, p2, p3), −→q = (q1, q2, q3) ∈ R3. We say that a Lorentzian vector −→p
in R31 is spacelike (resp. lightlike and timelike) if

−→p = 0 or 〈−→p ,−→p 〉L > 0 (resp.−→p �= 0; 〈−→p ,−→p 〉L = 0 and 〈−→p ,−→p 〉L < 0 ). The norm of the vector −→p ∈ R31 is
defined by ‖−→p ‖ =√|〈−→p ,−→p 〉L|. Lorentzian vector product −→p ×−→q of −→p and −→q is
defined as follows:

−→p ×−→q =
∣∣∣∣∣∣
e1 e2 −e3
p1 p2 p3
q1 q2 q3

∣∣∣∣∣∣ .



TIMELIKE ROTATIONAL SURFACES WITH LIGHTLIKE PROFILE CURVE 29

Now we define a non-degenerate rotational surface in R31 . For an open interval
I ⊂ R, let γ : I −→ Π be a curve in a plane Π in R31, and let � be a straight line
in Π which does not intersect the curve γ. A rotational surface in R31 is defined
as a non degenerate surface rotating a curve γ around a line � (these are called the
profile curve and the axis, respectively).
If the axis l is spacelike (resp. timelike and lightlike) in Minkowski 3−space R31,

then we may suppose that l is the line spanned by the vector (1, 0, 0), (resp. (0, 0, 1)
and. (0, 1, 1)). The semi−orthogonal matrices given as follow is the subgroup of
the Lorentzian group that fixes the above vectors as invariant

S(v) =

⎛⎝ 1 0 0
0 cosh(v) sinh(v)
0 sinh(v) cosh(v)

⎞⎠ , T (v) =
⎛⎝ cos(v) − sin(v) 0
sin(v) cos(v) 0
0 0 1

⎞⎠ ,

L(v) =

⎛⎝ 1 −v v

v 1− v2

2
v2

2

v −v2

2 1 + v2

2

⎞⎠ , v ∈ R.

The matrices X = {S, T, L} can be found by solving the following equations
simultaneously
i. X · � = �,
ii. XtεX = ε where ε = diag(1, 1,−1),
iii. detX = 1.
A rotational surface in Minkowski 3−space with the spacelike (resp. timelike and

lightlike) axis which is spanned by the vector (1, 0, 0) (resp. (0, 0, 1) and. (0, 1, 1))
as follow

R(u, v) = X(v) · γ(u).

A surface in R31 is timelike surface if the D = EG− F 2 < 0 where E,F,G are
the coefficients of the first fundamental form.
Parametrization of the profile curve γ is given by γ(u) = (f(u), g(u), h(u)) where

f(u), g(u) and h(u) are differentiable functions for all u ∈ R \ {0}. If γ(u) lightlike
curve then < γ′(u), γ′(u) >L= f

′2 + g′2 − h′2 = 0 and h = ∫ √
f ′2 + g′2du.
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Figure 1. a-b A lightlike profile curve.

An example of a lightlike profile curve in Minkowski 3−space (see Fig.1) is
given by

γ(u) = (u2, u,

∫ √
4u2 + 1du). (2.1)

where
∫ √

4u2 + 1du = 1
2u
√
4u2 + 1 + 1

4 sinh
−1(2u) + c (c = const.).

3. TRS with LPC and the Gauss map

We classify a rotational surface by types of axis and profile curve, and we write
it as (axis’s type, profile curve’s type)−type; for example, (S,L)− type mean that
the surface has a spacelike axis and a lightlike profile curve. We give rotational
surfaces with lightlike profile curve that are used to obtain the main theorems in
this paper. If the profile curve, γ, is a lightlike (LPC), then the rotational surface
is a timelike (TRS) with spacelike, timelike or lightlike axis and they are (S,L),
(T,L) and (L,L) −types respectively.
When the axis � is spacelike, there is a Lorentz transformation by which the axis

� is transformed to the p1-axis of R31. If the profile curve is γ(u) = (u2, u, h(u)),
then a TRS R(u, v) can be written as

R(u, v) =

⎛⎝ u2

u cosh(v) + h(u) sinh(v)
u sinh(v) + h(u) cosh(v)

⎞⎠ . (3.1)
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Figure 2. a-b TRS with LPC of (S,L)-type.

Proposition 1. A TRS with LPC of (S,L)−type is as follows (see Fig. 2)

R(u, v) =

⎛⎝ u2

u cosh(v) + ( 12u
√
4u2 + 1 + 1

4 sinh
−1(2u)) sinh(v)

u sinh(v) + ( 12u
√
4u2 + 1 + 1

4 sinh
−1(2u)) cosh(v)

⎞⎠ (3.2)

where u, v ∈ R \ {0}.

Figure 3. a-b Gauss map of the TRS with LPC of (S,L)-type.
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Proposition 2. If an (S,L)−type a TRS with LPC is as above, then the Gauss
map is (see Fig. 3)

N =
1√|D|

⎛⎝ u− hh′
−2u(u cosh(v) + h sinh(v))
−2u(u sinh(v) + h cosh(v))

⎞⎠ (3.3)

where D = −(h − uh′)2, h = h(u) = u
√
4u2+1
2 + sinh−1(2u)

4 , h(u) < cu, c, u, v ∈
R \ {0}.
When the axis � is timelike, there is a Lorentz transformation by which the axis

� is transformed to the p3-axis of R31. If the profile curve is γ(u) = (u2, u, h(u)),
then a TRS R(u, v) can be written as

R(u, v) =

⎛⎝ u2 cos(v)− u sin(v)
u2 sin(v) + u cos(v)

h(u)

⎞⎠ . (3.4)

Figure 4. a-b TRS with LPC of (T,L)-type.

Proposition 3. A TRS with LPC of (T,L)−type is as follows (see Fig. 4)

R(u, v) =

⎛⎝ u2 cos(v)− u sin(v)
u2 sin(v) + u cos(v)

1
2u
√
4u2 + 1 + 1

4 sinh
−1(2u)

⎞⎠ (3.5)

where u, v ∈ R \ {0}.
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Proposition 4. If an (T,L)−type a TRS with LPC is as above, then the Gauss
map is (see Fig. 5)

N =
1√|D|

⎛⎝ −uh′ sin(v)− u2h′ cos(v)
−uh′ cos(v)− u2h′ sin(v)

−2u3 + u

⎞⎠ (3.6)

where D = −u4, h = h(u) = u
√
4u2+1
2 + sinh−1(2u)

4 , u, v ∈ R \ {0}.

Figure 5. a-b Gauss map of a TRS with LPC of (T,L)-type.

When the axis � is lightlike, there is a Lorentz transformation by which the axis
� is transformed into the p2p3-axis of R31. If the profile curve is γ(u) = (u

2, u, h(u)),
then a TRS R(u, v) can be written as

R(u, v) =

⎛⎜⎜⎝
u2 − uv + hv

u2v +
(
1− v2

2

)
u+ v2

2 h

u2v − v2

2 u+
(
1 + v2

2

)
h

⎞⎟⎟⎠ . (3.7)

Proposition 5. A TRS with LPC of (L,L)−type is as follows (see Fig. 6)

R(u, v) =

⎛⎜⎜⎝
u2 − uv + uv

√
4u2+1
2 + v sinh−1(2u)

4

u2v +
(
1− v2

2

)
u+ uv2

√
4u2+1
4 + v2 sinh−1(2u)

8

u2v − v2

2 u+
(
1 + v2

2

)(
u
√
4u2+1
2 + sinh−1(2u)

4

)
⎞⎟⎟⎠ (3.8)

where u, v ∈ R \ {0}.
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Figure 6. a-b TRS with LPC of (L,L)-type.

Proposition 6. If an (L,L)−type TRS with LPC is as above, then the Gauss map
is (see Fig. 7)

N =
1√|D|

⎛⎜⎜⎝
(−u2 + uv − hv)h′ + vh+ (

u2 − uv)(
−u2v + v2

2 h− u+ h
)
h′ + v2

2 h− 2u3 + u2v − uv2

2(
−u2v + v2

2 h− v2
)
h′ +

(
v2

2 − 1
)
h− 2u3 + u2v − uv2

2

⎞⎟⎟⎠ (3.9)

where D = − (−u2h′ + 2uh− u2)2 , h = h(u) = u
√
4u2+1
2 + sinh−1(2u)

4 , h(u) < u2+u,
u, v ∈ R \ {0}.
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Figure 7. a-b Gauss map of a TRS with LPC of (L,L)-type.

4. Curvatures and Laplacian

In this section, we study mean curvature, Gaussian curvature and Laplace-
Beltrami operators of the geometric objects of a TRS with LPC as (axis’s type,
profile curve’s type)−type.
Case 1. A timelike rotational surface of (S,L)− type.
In this case, we assume that the axis l is spacelike (1, 0, 0) vector, γ(u) =

(u2, u, h(u)) profile curve is a lightlike curve and h = h(u) = 2−1u
√
4u2 + 1 +

2−2 sinh−1(2u), u ∈ R \ {0}.
Theorem 4.1. The mean curvature and the Gaussian curvature of a TRS with
LPC of (S,L)−type are related as

H2 = � ·K (4.1)

in Minkowski 3−space, where
�(u) = −4u−2[−2u (h− uh′)2 − (−u2 + h2)(u− hh′ + uh′h′′)]2,
D = −(h− uh′)2, h(u) = u

√
4u2+1
2 + sinh−1(2u)

4
and
u ∈ R \ {0}.

Proof. We consider a rotational surface (4). Components of the first fundamental
form are

E = 0, F = h− uh′, G = −u2 + h2
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and the second fundamental form are

e =
2(u− hh′ + uh′h′′)√

(h− uh′)2
, f =

−2u(uh′ − h)√
(h− uh′)2

, g = 0.

Since D = − (h− uh′)2 < 0 then R(u, v) is a timelike surface. The mean curvature
and the Gaussian curvature of a TRS with LPC of (S,L)−type are given as follows,
respectively,

H =
[−2u (h− uh′)2 − (−u2 + h2)(u− hh′ + uh′h′′)]2

(h− uh′)3/2
, (4.2)

K =
−4u2

(h− uh′)2 (4.3)

where u ∈ R \ {0}. Hence, we get the results. � �

Theorem 4.2. The Gauss map and its Laplacian of a TRS with LPC of (S,L)−type
are related as

ΔN = ð+N (4.4)

in Minkowski 3−space, where N = N(u, v) = D−1/2(N1 N2,N3) in (6),

ð = ð(u, v) = − 1

4(D)7/2

⎛⎝ ð1(u, v)
ð2(u, v)
ð3(u, v)

⎞⎠ ,
ð1(u, v) = (2DGu − FuG)[2D(N1)u −N1Du]

+{[D(N1)uu −Du(N1)u]4D − 2N1DDuu −N1D
2
u}G+ 4D3N1,

ð2(u, v) = (2DGu − FuG)[2D(N2)u −N2Du]
+{[D(N2)uu −Du(N2)u]4D − 2N2DDuu −N2D

2
u}G

−2[2(N2)uvD − (N2)vDu]D
1/2 + 4D3N2,

ð3(u, v) = (2DGu − FuG)[2D(N3)u −N3Du]
+{[D(N3)uu −Du(N3)u]4D − 2N3DDuu −N3D

2
u}G

−2[2(N3)uvD − (N3)vDu]D
1/2 + 4D3N3,

D = −(h− uh′)2,
F = h− uh′,
G = −u2 + h2,

u, v ∈ R \ {0}.
Proof. We use the Gauss map of a TRS with LPC of (S,L)−type in (6).Hence,

Nu =
1

2D3/2

⎛⎝ 2D(N1)u −DuN1

2D(N2)u −DuN2

2D(N3)u −DuN3

⎞⎠ , Nv =
1√|D|

⎛⎝ 0
−2u(u sinh(v) + h cosh(v))
−2u(u cosh(v) + h sinh(v))

⎞⎠ ,
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Nuu =
1

2D3/2

⎛⎜⎜⎜⎝
2D(N1)uu − 2Du(N1)u −

(
(2D)

−1
D2
u +Duu

)
N1

2D(N2)uu − 2Du(N2)u −
(
(2D)

−1
D2
u +Duu

)
N2

2D(N3)uu − 2Du(N3)u −
(
(2D)

−1
D2
u +Duu

)
N3

⎞⎟⎟⎟⎠ ,

Nuv =
1

2D3/2

⎛⎝ 0
2D(N2)uv −Du(N2)v
2D(N3)uv −Du(N3)v

⎞⎠ ,
Nvv =

1√|D|
⎛⎝ 0
−2u(u cosh(v) + h sinh(v))
−2u(u sinh(v) + h cosh(v))

⎞⎠ .
Therefore, from (1) we get

ΔN = −{2[(Gu − Fv)Nu − FuNv +GNuu − 2FNuv]D − (GNu − FNv)Du + FDvNu}
2D2

where D = −(h − uh′)2 and u, v ∈ R \ {0}. Using (1), (2) and (6), we can see the
components of the Laplacian of the Gauss map (ΔN1,ΔN2,ΔN3) of a TRS with
LPC of (S,L)−type. �

Theorem 4.3. A TRS with LPC of (S,L)−type and its Laplacian are related as
(see Fig. 8)

ΔR = ε+R (4.5)

in Minkowski 3−space, where R = R(u, v) in (4),

ε = ε(u, v) =
1

(h− uh′)3

⎛⎝ k1(u)
k2(u) cosh(v) + k3(u) sinh(v)
k2(u) sinh(v) + k3(u) cosh(v)

⎞⎠ ,
k1(u) = −4u2h− u2h3 + u(4u2 + 4h2 − 3u2h2)h′

+u2(−4− 3u2)hh′2 + u5h′3 − 2u2(u2 − h2)h′′,

k2(u) = −2uh− u3h3 + (2u2 + 2h2 − u2h+ h3 − 2h+ 3u4h2)h′
+(−2uh+ u3 − uh2 + 2u− 3u5h)h′2 + u6h′3 − u(u2 − h2)h′′,

k3(u) = −(u2 − 2)h+ h3 − u2h4 + u(u2 − h2 + 2− 2h+ 3u2h3)h′
+(2u2 + 2h2 − 3u4h2)h′2 + u(−2 + u4)hh′3 − u(u2 − h2)h′′,

and
h(u) = u

√
4u2+1
2 + sinh−1(2u)

4 , u, v ∈ R \ {0}.
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Figure 8. a-b ΔR of a TRS with LPC of (S,L)-type.

Proof. Using (1), (2) and (4), we get (ΔR1, ΔR2, ΔR3) easily. �

Case 2. A timelike rotational surface of (T, L)− type.
In this case, we assume that the axis l is timelike (0, 0, 1) vector,

γ(u) = (u2, u, h(u)) profile curve is a lightlike curve and
h(u) = 2−1u

√
4u2 + 1 + 2−2 sinh−1(2u), u ∈ R \ {0}.

Theorem 4.4. The mean curvature and the Gausssian curvature of a TRS with
LPC of (T,L)−type are related as

H2 = Υ ·K (4.6)

in Minkowski 3−space, where
Υ = Υ(u, v) = χ2

ϑ ,

χ = χ(u, v) = [2
(
u3 + u− 1) sin(v) cos(v) + 4u cos2(v) + u4 + u2 − 3u]h′,

ϑ = ϑ(u, v) = {[2u cos2(v)− 4 cos2(v) + 2u3 − u+ 3]4u sin(v) cos(v)
+[4u2 cos2(v)− 2u3 cos2(v)− cos2(v) + 3u3 − 6u2 + 1]4 cos2(v)
+2u5 − 2u3 + 9u2}h′2,

D = −u4
and ϑ(u, v) �= 0, u, v ∈ R \ {0}.

Proof. We consider a rotational surface (7). Components of the first and second
fundamental forms are given as follows, respectively,

E = 0, F = −u2, G = u4 + u2,
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e = (−4 sin(v) cos(v) + 2u)u−1h′,
f =

[−2u (cos2(v)− sin2(v))+ 2 sin(v) cos(v) + u]u−1h′
and

g =
[(
cos2(v)− sin2(v))u+ 2u2 sin(v) cos(v) + u3]u−1h′.

Since D = −u4 < 0 then R(u, v) is a timelike surface. Then, the mean curvature
and the Gaussian curvature of a TRS with LPC of (T, L)−type are

H =
χ(u, v)

u4
, (4.7)

K =
ϑ(u, v)

u8
(4.8)

where

χ(u, v) =
[
2
(
u3 + u− 1) sin(v) cos(v) + 4u cos2(v) + u4 + u2 − 3u]h′,

ϑ(u, v) = {4u [2u cos2(v)− 4 cos2(v) + 2u3 − u+ 3] sin(v) cos(v)
+4[4u2 cos2(v)− 2u3 cos2(v)− cos2(v) + 3u3 − 6u2 + 1] cos2(v)
+2u5 − 2u3 + 9u2}h′2,

u, v ∈ R \ {0}. Then we can easily see the results. �
Theorem 4.5. The Gauss map and its Laplacian of a TRS with LPC of (T, L)−type
are related as (see Fig. 9)

ΔN = Θ+N (4.9)
in Minkowski 3−space, where N = N(u, v) in (9),

Θ = Θ(u, v) =
1

|D|

⎛⎝ ϕ1(u) sin(v) + ϕ2(u) cos(v)
σ1(u) cos(v) + σ2(u) sin(v)

2u5 + 2u4 + 9u3 + 3u2 + 8u+ 1

⎞⎠ ,
ϕ1(u) = (u3 + u)h′′′ + (−u3 − 2u2 + 3u)h′′

+(−2u5 + u3 + u2 + 4u+ 1)h′,

ϕ2(u) = (−u5 − u3)h′′′ + (−u5 − 5u4 − u3 − 3u2 − 4u)h′′
+(2u5 + u4 − 2u+ 4)h′,

σ1(u) = (u3 + u)h′′′ + (−u3 − 2u2 − 5u)h′′
+(2u5 + u3 + u2 + 1)h′,

σ2(u) = (−u5 − u3)h′′′ + (−u5 − 5u4 − u3 − 3u2 + 4u)h′′
+(−2u5 + u4 + 2u− 4)h′,

D = −u4

and u, v ∈ R \ {0}.
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Proof. We assume that the profile curve is γ(u) = (u2, u, h(u)). Using (1), (2) and
(9), we get the components of the Laplacian of the Gauss map of a TRS with LPC
of (T,L)−type are

ΔN1 = [(u+ u−1)h′′′ + (−u− 2 + 3u−1)h′′
+(−2u3 + 1 + 4u−1 + u−2)h′] sin(v)
+[(−u3 − u)h′′′ + (−u3 − 5u2 − u− 3− 4u−1)h′′
+2(u3 − u−1 + 2u−2)h′] cos(v),

ΔN2 = [(u+ u−1)h′′′ + (−u− 2− 5u−1)h′′
+(2u3 + 1 + u−2)h′] cos(v)
+[(−u3 − u)h′′′ + (−u3 − 5u2 − u− 3 + 4u−1)h′′
+2(−u3 + u−1 − 2u−2)h′] sin(v)

and
ΔN3 = 2u2 + 10u+ 3 + 8u−1 + u−2, u, v ∈ R \ {0}.

Then, we can easily see the results. �

Figure 9. a-b ΔN of a TRS with LPC of (T,L)-type.

Theorem 4.6. A TRS with LPC of (T, L)−type and its Laplacian are related as
(see Fig. 10)

ΔR = Ω+R (4.10)

in Minkowski 3−space, where R = R(u, v) in (7),

Ω = Ω(u, v) =

⎛⎝ (
6 + 3

u2 − u2
)
cos(v) + u sin(v)(

6 + 3
u2 − u2

)
sin(v)− u cos(v)(

1 + 1
u2

)
h′′ + 2

uh
′ − h

⎞⎠ ,
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h(u) = u
√
4u2+1
2 + sinh−1(2u)

4 , u, v ∈ R \ {0}.

Figure 10. a-b ΔR of a TRS with LPC of (T,L)-type.

Proof. Using (1), (2) and (7) then, we get ΔR1 = 3
(
2 + u−2

)
cos(v), ΔR2 = 3(

2 + u−2
)
sin(v), ΔR3 =

(
1 + u−2

)
h′′ + 2u−1h′ where u, v ∈ R \ {0}. �

Case 3. A timelike rotational surface of (L,L)− type.
In this case, we assume that the axis l is lightlike (0, 1, 1) vector,

γ(u) = (u2, u, h(u)) profile curve is a lightlike curve and
h(u) = 2−1u

√
4u2 + 1 + 2−2 sinh−1(2u), u ∈ R \ {0}.

Theorem 4.7. The mean curvature and the Gaussian curvature of a TRS with
LPC of (L,L)−type are related as

H2 = Ψ ·K (4.11)

in Minkowski 3−space, where
Ψ = Ψ(u, v) = ς2(u,v)

4Dξ(u,v)

and
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ς(u, v) = (h3 + u2h+ 4u3vh+ u4vh+ u4vh′ − 2u3vhh′ − uv4hh′

+
3

2
u3v2 − 3u2v2h+ 3

2
uv2h2 − 2u2vh2 − 1

2
u3v2h

−2u3vh2 − 1
2
uv2h3 + u2vh3 + 2v2h3h′ +

1

2
v4h2h′ − 3

2
u3v2h′

+
1

2
u2v4h′ + 5u2v2hh′ − 11

2
uv2h2h′ + u2vh2h′ − 2uh2 − 2u4v

+u2v2h2)h′′ + (−4u4 + 12u3h+ 4u2vh− 8uvh2 − 10u2h2
+4u3hh′ + 2v3h2 − 2u3vh′ + 4u3v2 + 4u2vhh′ − 8u2v2h
−2u4h′ + 4u3hh′ − 4uv3hh′ − 2u4h′2 − 2u2v3h′ + 4u3v2h′
+2u2v3h′ + 2u2v3h′2)h′ + (8u3 − 4u4 + 4vh2 − 2uvh
−8u2h+ 2u3h)h+ 2u5 − 2u4,

ξ(u, v) = (h3 − uh2 + 2u3vh+ h3h′ + u2hh′ − 2uh2h′ − 2u4vh′

−uv2hh′ + 3u3vhh′ + uv4hh′ + u4vhh′ − 3
2
u2v2h

+
3

2
uv2h2 − 2u2vh2 − u3vh2 − 1

2
uv2h3 + u2vh3 + v2h2hh′

+2v2h3h′ +
1

2
h2v4h′ +

1

2
v6hh′2 +

3

2
u3v2h′ − 3

2
u2v4h′

+2u3v3h′ + u4vh′2 − 1
2
uv6h′2 − 3

2
u2v2hh′ − 2uv2h2h′

−u2vh2h′ − 2u2v3hh′ − 2u3vhh′2 − 1
2
u3v2hh′ − 2u3vh2h′

−1
2
uv2h3h′ + u2vh3h′ − 9

2
uv4hh′2 +

1

2
u2v4hh′ − u3v3hh′

−1
2
uv4h2h′ +

1

2
u2v2h2 + 2v2h3h′2 +

5

2
v4h2h′2 − 3

2
u3v2h′2

+2(2vh2 − u3 + u2v − 3uvh+ u2h+ 2u3 + 2uv2 − 4u2v + 4uvh
−2u2h− 2v2h− 2v2h)h− u4 + 2u3v − u2v2,
+2u2v4h′2 − u3v3h′2 + 5u2v2hh′2 − 11

2
uv2h2h′2 + u2vh2h′2

+u2v2h2h′ + u2v3hh′2 + u2v3h2h′)h′′ + (2u4 − 2hu3
+4vh3 − 2u3v + 8u2vh− 10uvh2 − 8uv3h− 2u4h′
+4u3hh′ + 6v3h2 + 2v5hh′ + 2u2v3 − 2u3v2 − 2uv5h′
+2u2v2h− 4uv3hh′ − 2u2h2h′ + 2v3h2h′ + 2u2v3h′
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+2u2v2h− 4uv3hh′ − 2u2h2h′ + 2v3h2h′ + 2u2v3h′
+2u3v2h′ − 2u2v2hh′ + 4u3h− 4v4h− 2u3v + 2uv4 − 8uv2h
+4u2vh+ 12uv3h− 8u2h2 + 8v2h2 + 4v4hh′ + 2u2v2
−v6h′ − 6u2v3 + 4u3v2 − 2uv4h′ + 4uv5h′ + 4uv2hh′ + 4u2vhh′
−8u2v2h− 8uvh2h′ − 4uv3hh′ − 2u4h′ − u4h′3 − v6h′3
+4u3hh′ + 4v4hh′ + 2u3vh′ − 2uv4h′ − 4u2vhh′ − 4uv3hh′
+2v6h′2 + 4u3hh′2 + 2uv4h′2 − 4uv5h′2 + 4u2vhh′2 − 4uv3hh′2
−4u2h2h′ − 4v4hh′2 − 2u3vh′4 − u2v2h′ + 4u2v3h′ − 4u2v4h′
−8u2v2hh′ + 2u2v3h′ + 2u2v3h′3 − 2u2v3h′2 + 4u3v2h′2)h′

ξ(u, v) �= 0,
D = − (−u2h′ + 2uh− u2)2 ,

u, v ∈ R \ {0}
Proof. We consider a rotational surface (10). Coefficients of the first and the second
fundamental forms are

E = 0, F = −u2h′ + 2uh− u2, G = (−u+ h)2 ,

e =
1√|D| [(−2u2v + 3 · 2−1uv2)h′′ + 2v2hh′h′′

+(u2v − 3 · 2−1uv2 + 2−1v4)h′h′′ + (u2v − 2−1uv2 + 1)hh′′
+2(−u2 + v3)h′ + 4vh+ 2u(u− v)],

f =
1√|D| [(−u2 + v3)h′2 + 2(u+ v)hh′ + (−uv + 2uv2 − v3)h′

+2(u− v)h+ u(v − u)],
g =

1√|D| [(u2 − uv2)h′ + h2h′ + (−2u+ v2)hh′ + h2 − uh].
Since D = − (−u2h′ + 2uh− u2)2 < 0 then R(u, v) is a timelike surface. The mean
curvature and the Gaussian curvature of a TRS with LPC of (L,L)−type are given
as follows, respectively,

H =
ς(u, v)

2D3/2
(4.12)

K =
ξ(u, v)

D2
(4.13)

where D = − (−u2h′ + 2uh− u2)2 , u, v ∈ R \ {0}. Hence, we can easily see the
relation between H and K.
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�

Figure 11. a-b ΔN of a TRS with LPC of (L,L)-type.

Theorem 4.8. The Gauss map and its Laplacian (see Fig. 11) of a TRS with
LPC of (L,L)−type are related as

ΔN = Γ +N (4.14)

in Minkowski 3−space, where N = N(u, v) in (12),

Γ = Γ(u, v) = 2D−2{−2 [(Gu − Fv)Nu − FuNv +GNuu − 2FNuv]D

+(GNu − FNv)Du − FNuDv − 2D3/2N},

D = − (−u2h′ + 2uh− u2)2 , u, v ∈ R \ {0}.
Proof. We use the Gauss map of a TRS with LPC of (L,L)−type in (12). There-
fore, from (1) and using the same methods in theorem 4.2 and 4.5.we get easily
ΔN. �
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Figure 12. a-b ΔR of a TRS with LPC of (L,L)-type.

Theorem 4.9. A TRS with LPC of (L,L)−type and its Laplacian (see Fig. 12)
are related as

ΔR = Λ+R (4.15)

in Minkowski 3−space, where R = R(u, v) in (10),

Λ(u, v)= (Λ1,Λ1,Λ3),

Λ1 = 2u(u4 − u3 − 2u3h+ u2h2 + 3u2vh− 3uh2 + vh3)h′′
+u2(u6 − u5v + u4vh+ 2u2 + 2u− 2vh)h′3 + u(3u7
−6hu6 − 3u6v + 9u5vh− 6u4vh2 + 6u3 − 2u2v − 12u2h
−2uvh+ 4vh2)h′2 + (3u8 − 12u7h− 3u7v + 15u6vh
+12u6h2 − 24h2u5v + 12u4vh3 − 4u4 − 4u3h+ 14u2h2
+4u2vh− 2uvh2 − 2vh3)h′ − 8u3vh4 + (−8u5 + 20u4v
+2vh3)h3 + 2u(6u5 − 9u4v − 7u− v)h2 + u3(7u3v − 6u2
+16)h+ u4(u4 − u3v − 4),

Λ2 = u(2u4v + u3 − u3v2 − 4u3vh+ 3u2v2h− 2u2h+ 2u2vh2
−3uv2h2 + uh2 + v2h3)h′′ + u7 + u2v(−vh+ uv2 + 2u2v
+u6 +

1

2
u4vh− 1

2
u5v)h′3 + u(+3u7v + 3u6 − 6u6vh

−3
2
u6v2 − 6u5h+ 9

2
u5v2h− 3u4v2h2 + 4u4 + 6u3v

−u2v2 + 2u2 − 12u2vh− uv2h− 2uh+ 2v2h2)h′2
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+(3u8v − 12u7vh− 3
2
u7v2 + 3u7 − 12u6h+ 12u6vh2

+
15

2
u6v2h+ 12u5h2 − 12u5v2h2 + 8u5 − 16u4h

−4u4v + 6u4v2h3 − 4u3vh+ 14u2vh2 − 4u2h+ 2u2v2h
−uv2h2 + 4uh2 − v2h3)h′ − 4u3v2h4 + [2u4(−4uv + 5v2
−4) + v2 − 2]h3 + u(12u5v + 12u4 − 9u4v2 + 16u2

−14uv − v2)h2 + u3(−6u4v − 6u3 + 7
2
u3v2 − 16u

+16v)h+ u4(u4v + u3 − 1
2
u3v2 + 4u− 4v),

Λ3 = u(−u3 + 4u2h− 4u3vh− 3uv2h2 + 2u2vh2 − u3v2 + 2u4v
−5uh2 + 2h3 + 3u2v2h+ v2h3)h′′ + u2(u6v − 1

2
u5v2

+
1

2
u4v2h+ u4h+ 2u2v + 2u+ uv2 − v2h− 2h)h′3

+u(3u7v − 6u6vh− 3
2
u6v2 + 3u5h+

9

2
u5v2h− 3u4v2h2

−6u4h2 + 4u4 + 6u3v − u2v2 − 12u2vh− uv2h− 4uh
+2v2h2 + 4h2)h′2 + (3u8v − 12u7vh− 3

2
u7v2

+
15

2
u6v2h+ 3u6h+ 12u6vh2 − 12u5h2 − 12u5v2h2

+8u5 + 6u4v2h3 + 12u4h3 − 16u4h− 4u4v − 4u3vh
+14u2vh2 + 2u2v2h− uv2h2 + 2uh2 − 2h3 − v2h3)h′
+(−4u3v2 − 8u3)h4 + (−8u5v + 12u4 + 10u4v2 + v2)h3
+u(12u5v − 9u4v2 − 6u4 + 16u2 − 14uv − v2)h2

+u3(−6u4v + u3 + 7
2
u3v2 − 16u+ 16v)h+ u4(u4v

−1
2
u3v2 + 4u− 4v),

u, v ∈ R \ {0} and D = − (−u2h′ + 2uh− u2)2.
Proof. Using Eq. (1), (2) and (10), then we can easily see the Laplacian of a TRS
with LPC of (L,L)−type. �
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ÖZET: Bu çalı̧smada, (S,L), (T, L) ve (L,L)−türünde olan light-
like üreteç eğrili timelike dönel yüzeylerin bazı geometrik özelikleri
Minkowski 3−uzayında gösterildi.
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