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C∗-ALGEBRA-VALUED RECTANGULAR b-METRIC SPACES
AND SOME FIXED POINT THEOREMS

G. KALPANA AND Z. SUMAIYA TASNEEM

Abstract. The concept of C∗-algebra-valued rectangular b-metric spaces is
introduced as a generalization of C∗-algebra-valued b-metric spaces. An ana-
logue of Banach contraction principle and Kannan’s fixed point theorem is
proved in this space. As applications, existence and uniqueness results for a
type of operator equation is given.

1. Introduction

It is well known that the Banach contraction mapping principle is a very useful,
simple and classical tool in modern analysis and it has many applications in applied
mathematics. In particular, it is an important tool for solving existence problems
in many branches of mathematics and physics.
In 1989, Backhtin introduced the concept of b-metric spaces. Later, Czerwik [4]

extended the results of b-metric spaces. Using this idea many researcher presented
generalization of the renowned Banach fixed point theorem in the b-metric spaces.
In 2000, Branciari [3] introduced the notion of a rectangular metric spaces where
the triangle inequality of a metric spaces was replaced by another inequality, the
so-called rectangular inequality. In [6], George. et. al established the concept of rec-
tangular b-metric space which generalizes the concept of metric space, rectangular
metric space and b-metric space.
Now, we recall some necessary concepts and results in C∗-algebra. Suppose that

A is an unital algebra with the unit I. An involution on A is a conjugate-linear
map a 7→ a∗ on A such that a∗∗ = a and (ab)∗ = b∗a∗ for all a, b ∈ A. The pair
(A, ∗) is called a ∗-algebra. A Banach ∗-algebra is a ∗-algebra A together with a
complete sub multiplicative norm such that ‖a∗‖ = ‖a‖(∀a ∈ A). A C∗-algebra
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is a Banach ∗-algebra such that ‖a∗a‖ = ‖a‖2 [10]. Notice that the seeming mild
requirement on a C∗-algebra above is in fact very strong. It is clear that under the
norm topology, L(H), the set of all bounded linear operators on a Hilbert space H
is a C∗-algebra.
In [8], Ma established the notion of C∗-algebra-valued metric spaces and proved

some fixed point theorems for self maps with contractive or expansive mappings.
The main idea consists in using the set of all positive elements of a unital C∗-
algebra instead of the set of real numbers. Further in [9], Ma introduced a concept
of C∗-algebra-valued b-metric spaces which generalizes the concept of C∗-algebra
valued metric spaces.
Batul and Kamran [2] generalized the notion of C∗-valued contraction mappings

and established a fixed point theorem for such mappings. In [11], Caristi’s fixed
point theorem was given for C∗-algebra-valued metric spaces. Kamran et al. [7]
proved the Banach contraction principle in C∗-algebra-valued b-metric spaces with
application. Bai [1] presented coupled fixed point theorems in C∗-algebra-valued b-
metric spaces. In [5], Meltem and Alaca presented the concept of C∗-algebra-valued
S-metric spaces and proved Banach contraction principle in such spaces.
In this paper, we introduce the new type of metric spaces namely C∗-algebra-

valued rectangular b-metric spaces and we give some fixed point theorems for self
maps with contractive conditions. As applications, existence and uniqueness results
for a type of operator equation is given.

2. Preliminaries

Throughout this paper, A denotes an unital C∗-algebra. Set Ah = {a ∈ A : a =
a∗}. We call an element a ∈ A a positive element, denote it by θ � a, if a = a∗ and
σ(a) ⊆ [0, ∞), where θ is a zero element in A and σ(a) is the spectrum of a. There is
a natural partial ordering on Ah given by a � b if and only if θ � b−a. From now on,
A+ and A

′
will denote the set {a ∈ A : θ � a} and the set {a ∈ A : ab = ba, ∀b ∈ A}

and |x| = (x∗x) 12 respectively.

Lemma 2.1. [10] Suppose that A is a unital C∗-algebra with a unit I.

(1) For any x ∈ A+ we have x � I ⇔ ‖x‖ ≤ 1.
(2) If a ∈ A+ with ‖a‖ < 1

2 , then I − a is invertible and ‖a(1− a)
−1‖ < 1.

(3) Suppose that a, b ∈ A with a, b � θ and ab = ba, then ab � θ.
(4) Let a ∈ A′ , if b, c ∈ A with b � c � θ, and I − a ∈ A′+ is an invertible

operator, then (I − a)−1b � (I − a)−1c.

Definition 2.2. [8] Let X be a nonempty set. Suppose the mapping d : X×X → A
satisfies:
(1) θ � d(x, y) for all x, y ∈ X and d(x, y) = θ iff x = y;
(2) d(x, y) = d(y, x) for all x, y ∈ X;
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(3) d(x, y) � [d(x, z) + d(z, y)] for all x, y, z ∈ X.
Then d is called a C∗-algebra-valued metric on X and (X,A, d) is called a C∗-
algebra-valued metric space.

It is obvious that C∗-algebra-valued metric spaces generalize the concept of met-
ric spaces, replacing the set of real numbers by A+.

Definition 2.3. [9] Let X be a nonempty set and A ∈ A′ such that A � I. Suppose
the mapping d : X ×X → A satisfies:
(1) θ � d(x, y) for all x, y ∈ X and d(x, y) = θ iff x = y;
(2) d(x, y) = d(y, x) for all x, y ∈ X;
(3) d(x, y) � A[d(x, z) + d(z, y)] for all x, y, z ∈ X.

Then d is called a C∗-algebra-valued b-metric on X and (X,A, d) is called a C∗-
algebra-valued b-metric space.

We now introduce the definition of a C∗-algebra-valued rectangular b-metric
spaces and give an example to show that this concept is more general than that of
C∗-algebra-valued b-metric spaces and C∗-algebra-valued rectangular metric spaces.

Definition 2.4. Let X be a nonempty set and A ∈ A′ such that A � I. Suppose
the mapping d : X ×X → A satisfies:
(1) θ � d(x, y) for all x, y ∈ X and d(x, y) = θ iff x = y;
(2) d(x, y) = d(y, x) for all x, y ∈ X;
(3) d(x, y) � A[d(x, u)+d(u, v)+d(v, y)] for all x, y, u, v ∈ X and for all distinct

points u, v ∈ X − {x, y}.
Then d is called a C∗-algebra-valued rectangular b-metric on X and (X,A, d) is

called a C∗-algebra-valued rectangular b-metric space.

Remark 2.5. If A = I, then the ordinary rectangular inequality condition in a C∗-
algebra-valued rectangular metric space is satisfied. Thus a C∗-algebra-valued rec-
tangular b-metric space is an ordinary C∗-algebra-valued rectangular metric space.
The following example illustrates that, in general, a C∗-algebra-valued rectangular
b-metric space is not necessarily a C∗-algebra-valued rectangular metric space.

Example 2.6. Let X = A ∪ B where A = { 1n : n ∈ N} and B is the set of all
positive integers. Let A =M2(R) of all 2×2 matrices with the usual addition, scalar
multiplication and multiplication. Define partial ordering on A as(

a1 a2
a3 a4

)
�
(
b1 b2
b3 b4

)
⇔ ai ≥ bi for i = 1, 2, 3, 4.
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For any A ∈ A we define its norm as, ‖A‖ = max1≤≤i≤4 |ai|. Define d : X×X → A
such that d(x, y) = d(y, x) for all x, y ∈ X and

d(x, y) =



(
0 0

0 0

)
, if x = y(

2α 0

0 2α

)
, if x, y ∈ A(

α
2n 0

0 α
2n

)
, if x ∈ A, y ∈ {2, 3}(

α 0

0 α

)
, Otherwise

where α > 0 is a constant. Then (X,A, d) is a C∗-algebra-valued rectangular b-

metric space with coeffi cient A =
(
2 2
2 2

)
and ‖A‖ = 2 > 1.

(1) (X,A, d) is not a C∗-algebra-valued rectangular metric space. Since

d(
1

2
,
1

3
) =

(
2α 0
0 2α

)
�
(
17α
12 0
0 17α

12

)
= d(

1

2
, 2) + d(2, 3) + d(3,

1

3
)

(2) There does not exist A � I satisfying d(x, y) � A[d(x, z)+d(z, y)] for all x, y, z ∈
X. So (X,A, d) is not a C∗-algebra-valued b-metric space.

Definition 2.7. Suppose that (X,A, d) is a C∗-algebra-valued rectangular b-metric
space. Let {xn} be a sequence in X and x ∈ X. If d(xn, x)→ θ(n→∞), then it is
said that {xn} converges to x with respect to A, and we denote it by lim

n→∞
xn = x.

If for any p ∈ N, d(xn+p, xn) → θ(n → ∞), then {xn} is called a Cauchy se-
quence with respect to A.
We say (X,A, d) is a complete C∗-algebra-valued rectangular b-metric space if

every Cauchy sequence is convergent in X with respect to A.

Definition 2.8. Suppose that (X,A, d) is a C∗-algebra-valued rectangular b-metric
spaces. We call a mapping T : X → X a C∗-algebra-valued contractive mapping on
X, if there exists an element B ∈ A with ‖B‖ < 1 such that

d(Tx, Ty) � B∗d(x, y)B, ∀x, y ∈ X.

3. Main Results

Theorem 3.1. If (X,A, d) is a complete C∗-algebra-valued rectangular b-metric
spaces and T : X → X is a contractive mapping, then there exists a unique fixed
point in X.
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Proof. It is clear that if B = θ, then T maps the X into a single point. Thus with-
out loss of generality, one can suppose that B 6= θ.

Choose an x0 ∈ X and set xn+1 = Txn = . . . = Tn+1x0, n = 1, 2, . . . For con-
venience, by B0 we denote the element d(x1, x0) in A. Notice that in C∗-algebra, if
a, b ∈ A+ and a � b, then for any x ∈ A both x∗ax and x∗bx are positive elements
and x∗ax � x∗bx [10].

d(xn+1, xn) = d(Txn, Txn−1) � B∗d(xn, xn−1)B
� (B∗)2d(xn−1, xn−2)B2

� . . .
� (B∗)nd(x1, x0)Bn

= (Bn)∗B0B
n.

(1)

For m ≥ 1 and p ≥ 1, it follows that

d(xm+p, xm) � A[d(xm+p, xm+p−1) + d(xm+p−1, xm+p−2) + d(xm+p−2, xm)]

� Ad(xm+p, xm+p−1) +Ad(xm+p−1, xm+p−2)

+A [A [d(xm+p−2, xm+p−3) + d(xm+p−3, xm+p−4) + d(xm+p−4, xm)]]

= Ad(xm+p, xm+p−1) +Ad(xm+p−1, xm+p−2)

+A2 d(xm+p−2, xm+p−3) +A
2 d(xm+p−3, xm+p−4) +A

2 d(xm+p−4, xm)

� Ad(xm+p, xm+p−1) +Ad(xm+p−1, xm+p−2)

+A2 d(xm+p−2, xm+p−3) +A
2 d(xm+p−3, xm+p−4) + · · ·

+A
p−1
2 d(xm+3, xm+2) +A

p−1
2 d(xm+2, xm+1) +A

p−1
2 d(xm+1, xm)

� A[(Bm+p−1)∗B0(Bm+p−1) + (Bm+p−2)∗B0(Bm+p−2)]

+A2[(Bm+p−3)∗B0(B
m+p−3) + (Bm+p−4)∗B0(B

m+p−4)] + · · ·

+A
p−1
2 [(Bm+2)∗B0(B

m+2) + (Bm+1)∗B0(B
m+1)] +A

p−1
2 (Bm)∗B0B

m

= A[(B∗)m+p−1B0(B
m+p−1) + (B∗)m+p−2B0(B

m+p−2)]

+A2[(B∗)m+p−3B0(B
m+p−3) + (B∗)m+p−4B0(B

m+p−4)] + · · ·

+A
p−1
2 [(B∗)m+2B0(B

m+2) + (B∗)m+1B0(B
m+1)] +A

p−1
2 (B∗)mB0B

m
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= A(B∗)m+p−1B0(B
m+p−1) +A2(B∗)m+p−3B0(B

m+p−3) + · · ·

+A
p−1
2 (B∗)m+2B0(B

m+2)

+A(B∗)m+p−2B0(B
m+p−2) +A2(B∗)m+p−4B0(B

m+p−4) + · · ·

+A
p−1
2 (B∗)m+1B0(B

m+1) +A
p−1
2 (B∗)mB0B

m

=

p−1
2∑

k=1

Ak(B∗)m+p−(2k−1)B0B
m+p−(2k−1) +

p−1
2∑

k=1

Ak(B∗)m+p−2kB0B
m+p−2k

+A
p−1
2 (B∗)mB0B

m

=

p−1
2∑

k=1

(
B

1
2
0 A

k
2Bm+p−(2k−1)

)∗(
B

1
2
0 A

k
2Bm+p−(2k−1)

)
+

p−1
2∑

k=1

(
B

1
2
0 A

k
2Bm+p−2k

)∗(
B

1
2
0 A

k
2Bm+p−2k

)
+
(
B

1
2
0 A

p−1
4 Bm

)∗(
B

1
2
0 A

p−1
4 Bm

)

=

p−1
2∑

k=1

|B
1
2
0 A

k
2Bm+p−(2k−1)|2 +

p−1
2∑

k=1

|B
1
2
0 A

k
2Bm+p−2k|2

+ |B
1
2
0 A

p−1
4 Bm|2

�
p−1
2∑

k=1

‖B
1
2
0 A

k
2Bm+p−(2k−1)‖2I +

p−1
2∑

k=1

‖B
1
2
0 A

k
2Bm+p−2k‖2I

+ ‖B
1
2
0 A

p−1
4 Bm‖2I

� ‖B0‖
p−1
2∑

k=1

‖A‖ k2 ‖B‖2(m+p−(2k−1))I + ‖B0‖
p−1
2∑

k=1

‖A‖ k2 ‖B‖2(m+p−2k)I

+ ‖B0‖‖A‖
p−1
2 ‖B‖2mI

= ‖B0‖‖A‖‖B‖2(m+p−1)
[‖A‖ p−12 ‖B‖2(−p+1) − 1

‖A‖‖B‖−4 − 1

]
I+

‖B0‖‖A‖‖B‖2(m+p−2)
[‖A‖ p−12 ‖B‖2(−p+1) − 1

‖A‖‖B‖−4 − 1

]
I + ‖B0‖‖A‖

p−1
2 ‖B‖2mI

� ‖B0‖‖A‖
p+1
2 ‖B‖2(m+2)

‖A‖ − ‖B‖4 +
‖B0‖‖A‖

p+1
2 ‖B‖2(m+1)

‖A‖ − ‖B‖4 + ‖B0‖‖A‖
p−1
2 ‖B‖2mI

→ θ (m→∞).
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Therefore {xn} is a Cauchy sequence with respect to A. By the completeness of
(X,A, d) there exists an x ∈ X such that

lim
n→∞

xn = lim
n→∞

Txn−1 = x.

θ � d(Tx, x) � A[d(Tx, Txn) + d(Txn, Txn+1) + d(Txn+1, x)]
� A[B∗ d(x, xn)B +B∗ d(xn, xn+1)B + d(xn+2, x)]
→ θ as n→∞.

Therefore d(Tx, x) = 0 which implies Tx = x, i.e. x is a fixed point of T . Now
suppose that y(6= x) is another fixed point of T . Since θ � d(x, y) = d(Tx, Ty) �
B∗d(x, y)B, we have

0 ≤ ‖d(x, y)‖ = ‖d(Tx, Ty)‖
≤ ‖B∗d(x, y)B‖
≤ ‖B∗‖‖d(x, y)‖‖B‖
= ‖B‖2‖d(x, y)‖
< ‖d(x, y)‖, which is a contradiction.

Hence d(x, y) = θ and x = y, which implies that the fixed point is unique. �
Theorem 3.2. (Kannan-type) Let (X,A, d) be a complete C∗-algebra-valued rec-
tangular b-metric spaces. Suppose the mapping T : X → X satisfies

d(Tx, Ty) � B(d(Tx, x) + d(Ty, y))(∀x, y ∈ X)
where B ∈ A′+ and ‖B‖ < 1

2 . Then there exists a unique fixed point in X.

Proof. Without loss of generality, one can suppose that B 6= θ. Notice that B ∈ A′+,
B(d(Tx, x) + d(Ty, y)) is also a positive element.
Choose an x0 ∈ X and set xn+1 = Txn = . . . = Tn+1x0, n = 1, 2, . . ., by B0 we

denote the element d(x1, x0) in A. Then
d(xn+1, xn) = d(Txn, Txn−1)

� B(d(Txn, xn) + d(Txn−1, xn−1))
= B(d(xn+1, xn) + d(xn, xn−1))

Since B ∈ A′+ with ‖B‖ < 1
2 , using Lemma 2.1, I −B is invertible. Thus

d(xn+1, xn) � (I −B)−1Bd(xn, xn−1) = t d(xn, xn−1)

where t = (I −B)−1B. Therefore
d(xn+1, xn) � td(xn, xn−1)

� t2d(xn−1, xn−2)
...

� tnd(x1, x0) = tnB0

(2)
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For any m ≥ 1, p ≥ 1
d(xm+p, xm) � A[d(xm+p, xm+p−1) + d(xm+p−1, xm+p−2) + d(xm+p−2, xm)]

� Ad(xm+p, xm+p−1) +Ad(xm+p−1, xm+p−2)

+A [A [d(xm+p−2, xm+p−3) + d(xm+p−3, xm+p−4) + d(xm+p−4, xm)]]

= Ad(xm+p, xm+p−1) +Ad(xm+p−1, xm+p−2)

+A2 d(xm+p−2, xm+p−3) +A
2 d(xm+p−3, xm+p−4) +A

2 d(xm+p−4, xm)

� Ad(xm+p, xm+p−1) +Ad(xm+p−1, xm+p−2)

+A2 d(xm+p−2, xm+p−3) +A
2 d(xm+p−3, xm+p−4) + · · ·

+A
p−1
2 d(xm+3, xm+2) +A

p−1
2 d(xm+2, xm+1) +A

p−1
2 d(xm+1, xm)

� A[tm+p−1B0 + tm+p−2B0] +A
2[tm+p−3B0 + t

m+p−4B0] + · · ·

+A
p−1
2 [tm+2B0 + t

m+1B0] +A
p−1
2 tmB0

= A tm+p−1B0 +A
2 tm+p−3B0 + . . .+A

p−1
2 tm+2B0+

A tm+p−2B0 +A
2 tm+p−4B0 + . . .+A

p−1
2 tm+1B0+

A
p−1
2 tmB0

=

p−1
2∑

k=1

Aktm+p−(2k−1)B0 +

p−1
2∑

k=1

Ak tm+p−2k B0 +A
p−1
2 tmB0

=

p−1
2∑

k=1

|B
1
2
0 t

m+p−(2k−1)
2 A

k
2 |2 +

p−1
2∑

k=1

|B
1
2
0 t

m+p−2k
2 A

k
2 |2 + |B

1
2
0 t

m
2 A

p−1
4 |2

�
p−1
2∑

k=1

‖B
1
2
0 t

m+p−(2k−1)
2 A

k
2 ‖2 I +

p−1
2∑

k=1

‖B
1
2
0 t

m+p−2k
2 A

k
2 ‖2 I + ‖B

1
2
0 t

m
2 A

p−1
4 ‖2I

� ‖B0‖
p−1
2∑

k=1

‖A‖k‖t‖m+p−(2k−1)I + ‖B0‖
p−1
2∑

k=1

‖A‖k‖t‖m+p−2kI+

‖B0‖‖A‖
p−1
2 ‖t‖mI

= ‖B0‖‖A‖‖t‖m+p−1
[‖A‖ p−12 ‖t‖−p+1 − 1
‖A‖‖t‖−2 − 1

]
I+

‖B0‖‖A‖‖t‖m+p−2
[‖A‖ p−12 ‖t‖−p+1 − 1
‖A‖‖t‖−2 − 1

]
I + ‖B0‖‖A‖

p−1
2 ‖t‖mI
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� ‖B0‖‖A‖‖t‖m+p−1
[‖A‖ p−12 ‖t‖−p+1
‖A‖ − ‖t‖2

]
‖t‖2I+

‖B0‖‖A‖‖t‖m+p−2
[‖A‖ p−12 ‖t‖−p+1
‖A‖ − ‖t‖2

]
‖t‖2I + ‖B0‖‖A‖

p−1
2 ‖t‖mI

=
‖B0‖‖A‖

p+1
2 ‖t‖m+2

‖A‖ − ‖t‖2 I +
‖B0‖‖A‖

p+1
2 ‖t‖m+1

‖A‖ − ‖t‖2 I+

‖B0‖‖A‖
p−1
2 ‖t‖mI

→ θ (m→∞).
Therefore {xn} is a Cauchy sequence with respect to A. By the completeness of
(X,A, d) there exists an x ∈ X such that

lim
n→∞

xn = lim
n→∞

Txn−1 = x.

Since

θ � d(Tx, x) � A[d(Tx, Txn) + d(Txn, Txn+1) + d(Txn+1, x)]
� A[B d(Tx, x) +B d(Txn, xn)) + d(Txn, Txn+1) + d(Txn+1, x)]

This is equivalent to

d(Tx, x) � (I −AB)−1AB d(Txn, Txn−1) + (I −AB)−1Ad(Txn, Txn+1)+

(I −AB)−1Ad(Txn+1, x)

Then
‖d(Tx, x)‖ ≤ ‖(I −AB)−1AB‖ ‖d(Txn, Txn−1)‖+

‖(I −AB)−1A‖ ‖d(Txn, Txn+1)‖+

‖(I −AB)−1A‖ ‖d(Txn+1, x)‖
→ 0 as n→∞.

This implies that Tx = x that x is a fixed point of T. Now if y( 6= x) is another
fixed point of T, then

θ � d(x, y) = d(Tx, Ty) � B
(
d(Tx, x) + d(Ty, y)) = θ.

Hence x = y. Therefore the fixed point is unique and the proof is complete. �

4. Applications

As applications of contractive mapping theorem on complete C∗-algebra-valued
rectangular b-metric spaces, existence and uniqueness results for a type of operator
equation is given.
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Example 4.1. Suppose that H is a Hilbert space, L(H) is the set of linear bounded

operators on H. Let A1, A2, . . . An, . . . ∈ L(H) which satisfy
∞∑
n=1
‖An‖ < 1 and

Q ∈ L(H)+. Then the operator equation

X −
∞∑
n=1

A∗nXAn = Q

has a unique solution in L(H).

Proof. Set α =
( ∞∑
n=1
‖An‖

)p
with p ≥ 1, then ‖α‖ < 1. Without loss of general-

ity, one can suppose that α > 0.
Choose a positive operator T ∈ L(H). For X,Y ∈ L(H) and p ≥ 1, set

d(X,Y ) = ‖X − Y ‖pT.

Then d(X,Y ) is a C∗-algebra-valued rectangular b-metric and (L(H), d) is complete
since L(H) is a Banach space. Indeed it suffi ces to check the third condition of
Definition 2.4 as follows:
Suppose that X,Y, U, V ∈ L(H) and set L = X − U, M = U − V, N =

V − Y . Using the well known inequality

(a+ b+ c)p ≤ (3max {a, b, c})p ≤ 3p(ap + bp + cp) for all a, b, c ≥ 0,

we have
‖X − Y ‖p = ‖L+M +N‖p ≤ 3p(‖L‖p + ‖M‖p + ‖N‖p)

= 3p(‖X − U‖p + ‖U − V ‖p + ‖V − Y ‖p)
which implies that

d(X,Y ) ≤ A[d(X,U) + d(U, V ) + d(V, Y )]

where A = 3pI. Consider the map T : L(H)→ L(H) defined by

F =

∞∑
n=1

A∗nXAn +Q.

Then
d(F (X), F (Y )) = ‖F (X)− F (Y )‖pT

= ‖
∞∑
n=1

A∗n(X − Y )An‖pT

�
∞∑
n=1

‖An‖2p‖X − Y ‖pT

� α2 d(X,Y )
= (αI)∗d(X,Y )(αI).
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Using Theorem 3.1, there exists a unique fixed point X in L(H). Furthermore, since
∞∑
n=1

A∗nXAn +Q is a positive operator, the solution is a Hermitian operator. �
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