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A NEIGHBOURHOOD SYSTEM OF FUZZY NUMBERS AND ITS
TOPOLOGY*

SALIH AYTAR

ABSTRACT. The neighbourhood system obtained by the neighbourhoods (whose
radii are positive fuzzy numbers) in a fuzzy number-valued metric space is a
basis of a topology for the set of all fuzzy numbers. In this paper, the conver-
gence with respect to this topology is introduced and its basic properties are
studied.

1. INTRODUCTION

In most of the situations in real world problems, the data obtained for decision
making are only approximately known. To meet such problems, Zadeh [24] intro-
duced the concept of fuzzy set in 1965. Later, Chang and Zadeh [3] defined the
concept of a fuzzy number as a fuzzy subset of the real line. A fuzzy number is a
quantity whose value is imprecise, rather than exact as in the case of crisp, single-
valued numbers. Any fuzzy number can be thought of as a function whose domain
is a specified set (usually the set of real numbers).

In fact, there is a wide range of possibilities to define a fuzzy number. However,
many of these definitions are not particularly amenable to practical manipulations.
In many cases, exact computations or comparisons of fuzzy numbers, and repre-
sentation of ill-defined magnitudes are difficult by using those definitions of fuzzy
numbers. With this in mind, in this paper, we adopt a widely accepted and practical
definition of a fuzzy number encountered in the literature of fuzzy set theory.

Fuzzy numbers allow us to make the mathematical models of linguistic quantities
and fuzzy environments. In many respects, fuzzy numbers depict the physical
world more realistically than the real numbers do. Fuzzy numbers are used in
statistics, computer programming, engineering (especially in communications), and
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experimental science. They are also important for the study of fuzzy integrals,
fuzzy control problems and fuzzy optimization problems which are widely used in
fuzzy information theory and fuzzy signal systems (see [5, 8, 23]). Therefore, a
careful and scientific mathematical analysis of fuzzy numbers is very important for
the theoretical background of applied studies. In this context, the distance between
two fuzzy numbers and the convergence of a sequence of fuzzy numbers with respect
to this distance plays a key role in the analysis of fuzzy numbers.

In 1991 Fuller [9] calculated the membership function of the product-sum of
triangular fuzzy numbers. Later Hong and Hwang [13] determined the exact mem-
bership function of the t-norm-based sum of fuzzy numbers. In 1997 Hwang and
Hong [14] have studied the membership function of the ¢-norm-based sum of fuzzy
numbers on Banach spaces, which generalizes earlier results Fuller [9] and Hong and
Hwang [13]. These papers are important ones related to the theory of convergence.

Recently, many authors have discussed the convergence of a sequence of fuzzy
numbers and obtained many important results (see [1, 2, 7, 12, 22]). The first
steps towards constructing such convergence theories go back to Matloka’s [16]
and Kaleva’s [15] works. To this end, they used the supremum metric that gives
a real (crisp) value for the distance between two fuzzy numbers. On the other
hand, via positive fuzzy numbers, it is also possible to define a fuzzy (non-crisp)
distance between two fuzzy numbers (as is exemplified by Guangquan [10]), because
it is more natural that the distance between two fuzzy numbers is a fuzzy number
rather than this distance is a real number. Nevertheless, although a fuzzy distance
is used in Guangquan’s studies [10, 11], the convergence of a sequence of fuzzy
numbers discussed in these studies somehow depends on the supremum metric, since
characteristic functions of positive numbers are used as radii of open neighborhoods
of fuzzy numbers. In this case, the convergence with respect to the supremum metric
and the convergence with respect to the fuzzy distance turn out to be equivalent.

We think that it will be a good step to examine the convergence of a sequence of
fuzzy numbers from different perspectives to explore the boundaries of these con-
vergence theories related to fuzzy numbers. In this context, we introduce a new
type of convergence by using more positive fuzzy numbers, instead of just the posi-
tive characteristic functions used in Guangquan’s [10, 11] definition of convergence.
We note that this convergence should not be perceived as a generalization of ordi-
nary convergence. Throughout the text, we also compare these different types of
convergences of a sequence of fuzzy numbers.

2. PRELIMINARIES

First we recall some of the basic concepts and notations in the theory of fuzzy
numbers, and we refer to [4, 6, 11, 15, 16, 17, 18, 19, 20, 21] for more details.
A fuzzy number is a function X from R to [0, 1], satisfying:

(i) X is normal, i.e., there exists an zp € R such that X (z¢) = 1;



A NEIGHBOURHOOD SYSTEM OF FUZZY NUMBERS 75

(ii) X is fuzzy convexz, i.e., for any z,y € R and A € [0,1], XAz + (1 — N)y) >
min{X (z), X(y)};

(iii) X is upper semi-continuous;

(iv) the closure of {x € R: X (z) > 0}, denoted by X°, is compact.

These properties imply that, for each a € (0,1], the a— level set X* := {z €
R: X(z) > a} = [&a,ya} is a non-empty compact convex subset of R, as is
the support X°. We denote the set of all fuzzy numbers by F(R). Note that the
function a; defined by

a1 (@) == 1 , ifz=a,
! "1 0 , otherwise,
where a € R, is a fuzzy number. By the decomposition theorem of fuzzy sets, we
have
X = sup X[ xo X
agl0,1]

for every X € F(R), where each X[xe,X°] denotes the characteristic function of the

subinterval | X, X" .

Now we recall the partial order relation on the set of fuzzy numbers. For XY €
F(R), we write X =Y, if for every « € [0, 1], the inequalities

X*<Yy® and X <Y©
hold. We write X <Y, if X <Y and there exists an ag € [0, 1] such that
X <Y®™ o X <Y™.

If X XY and Y < X, then X =Y. Two fuzzy numbers X and Y are said to be
incomparable and denoted by X ~ Y, if neither X <Y nor Y < X holds. When
X »Y or X » Y, then we can write X A Y.

Now let us briefly review the operations of summation and subtraction on the
set of fuzzy numbers. For XY, Z € F (R), the fuzzy number Z is called the sum

of X and Y, and we write Z = X + Y, if Z% = {Zo‘,fa} = X4+ Y for every

« € [0, 1]. Similarly, we write Z = X - Y, if Z% = [ZO‘,ZQ] = X% - Y for every

a € [0,1].
We define the set of positive fuzzy numbers by

FHR) = {X EFR):X =0, and X > o}.

A subset E of F(R) is said to be bounded from above if there exists a fuzzy number
u, called an wupper bound of E, such that X =< u for every X € E. pu is called
the least upper bound (sup) of E if p is an upper bound and p =< p’ for all upper
bounds p'. A lower bound and the greatest lower bound (inf) are defined similarly.
E is said to be bounded if it is both bounded from above and below. A sequence
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of fuzzy numbers (briefly, SEN henceforth) X = {X,,} is said to be bounded if the
set {X,, : n € N} of fuzzy numbers is bounded.

If X,, X X417 for all m € N, then X = {X,,} is said to be a monotone increasing
SFN. A monotone decreasing SFN can be defined similarly.

Definition 2.1. The map dy; : F (R) x F(R) — RT U {0} defined as
ya _ ?a }

An SFN X = {X,,} is said to be M —convergent to the fuzzy number Xy, written
as M —limX,, = Xy, if for every € > 0 there exists a positive integer ng = ng (&)

such that

dy (X,Y) := sup max{|£a—za|,
a€l0,1]

is called the supremum metric on F (R).

dp(Xn, Xo) <e  for every n > ny.

A fuzzy number X is called an M —Ilimit point of the SFN X = {X,,} provided
that there is a subsequence of X that M —converges to A. We will denote the set
of all M—limit points of X = {X,,} by LY.

3. Tp—CONVERGENCE OF A SEQUENCE OF FUZZY NUMBERS

Guangquan [10] introduced the concept of fuzzy distance between two fuzzy
numbers as in Definition 3.1, and thus presented a concrete fuzzy metric in (3.1),
which is very similar to an ordinary metric.

Definition 3.1. [10] A map d : F(R) x F(R) — F(R) is called a fuzzy metric on
F(R) provided that the conditions
(i) d(X,Y) = 04,
(ii) d(X,Y) =0, if and only if X =Y,
(i) d(X,Y) = d(Y, X),
(iv) d(X.Y) =< d(X,Z)+d(Z,Y)
are satisfied for all XY, Z € F(R).

If d is a fuzzy metric on the set of fuzzy numbers, then we call the triple
(R, F(R),d) a fuzzy metric space. Guangquan [10] presented an example of a
fuzzy metric space via the function dg defined by

de (X,Y) := sup ay

a€f0,1]  ||X'-Y'|, sup max{|X+-YF|,
pela,1]

—

~— —

o] (3.1)

Here the map dg satisfies the conditions (i)-(iv) in Definition 3.1.
Now we present a practical example for the fuzzy metric dg. Define two fuzzy
numbers X and Y by
r , w€l0,1] =3z €35
X():=} 2—z , z€[l,2] and Y(z):=S 25%2+1 , z€[57]
0 , otherwise 0 , otherwise
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Then the fuzzy distance between the fuzzy numbers X and Y is

[ 5—x , xze4,5
de (X,Y) (z) = { 0 , otherwise

Remark 3.2. Let
Br :={K(X,P): X € F(R), Pc F*(R)} C P(F([R)),
where P(F(R)) is the power set of F(R) and
K(X,P):={ZeF(R):dg(X,2) <P, P F* (R)}.

Then the set Br forms a basis of a natural topology on F(R) , denoted by 7p.
Thus, the pair (F(R),7F) is a topological space.

Now we investigate the properties of the convergence of a sequence in this topo-
logical space. Since this convergence is in the topology 7r, we will denote it by
T p—convergence.

Definition 3.3 (7p—Convergence). Let X = {X,,} ¢ F(R) and Xy € F(R).
Then {X,,} is Tp—convergent to Xy and we denote this by
7r —lim X, = Xg or {X,} 55 Xy (n — o0),
provided that for any P € FT(R) there exists an ng = ng (P) € N such that
de (Xn, Xo) < P as n > ng.
Example 3.4. Define the sequence {X,,} by

1—52  ze(0,2— 1]
pp— 2n—1 ? ’ n
Xo (@) ; { 0 , otherwise

and the fuzzy number X by

Xo(m)::{ Y

It is easy to see that dg (X, Xo) = sup aX[o,1]: Then we have dg (X, Xo)* =0
a€l0,1] o -

and dg (X, Xo) = L for every a € [0,1] and each n € N. Take P € F(R). Then
we have P® > 0 and P > 0 for every a € [0,1]. Hence we get dg (X,, Xo)* =
0 < P” and there exists an ng = ng (P) € N such that dg (Xn,Xo)a =1 <P for

n

every n > ng. Consequently, we get dg (X, Xo) < P for each n > ng, which proves
that 7p — lim X,, = Xj.

, z€l0,2]
, otherwise

NI

Now our first step is to compare 7p—convergence with M — convergence.

Theorem 3.5. Let X = {X,,} C F(R) and Xo € F(R). If rp —1limX,, = Xo
then M — lim X,, = Xj.
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Proof. Assume that 7p — lim X,, = Xy. By Definition 3.3, for every e; € FT(R)
there exists an ng = ng (1) € N such that dg (X,,, Xo) < €1 for all n > ng. Then
we have

} <é1

[T

X}
for every « € [0,1] and n > ng. Thus we get

sup max{’Xn" — XO"| ,
nE[a,1] - T

Tn“_fo“\}<aa.

Since sup max{|Xna — Xoa| ,
ael0,1] - -
< g for all n > ng and for every € > 0. Consequently, we have M —lim X,, = Xo,. O

X" = X" |} = dar (X, Xo), we have day (X, Xo)

The converse of the theorem above does not hold in general as can be seen in
the following example.

Example 3.6. Define the SFN {X,,} for every z € R by

0 , xe(—oo,3—;1l]u[5—%,oo)
Xnp(z) =X 2-(3-2%) , 2e(3-14-1) ,
( — %) —x , otherwise
and let
0 , z€(—00,3]U[b,00)
Xo(z):=¢ z—3 , z€(3,4)
5—x , otherwise

Then M —1limX,, = Xo. Now we show that 7p — lim X,, # Xy. Let P € F(R) be
defined as

0 , z€(—00,0]U[2,00)
P(z):= x , x€(0,1]
2—1x , otherwise
We have
de (Xn,X0) = sup ay -
a€l0,1] “&I*Xﬂv sup ]maX{ Xt —XoH|,| 30" =X0" |}
— ' p€la,l

= sup « 1 1
20 OX]| (4 1)-a 4]

1
= Sup OZX[L L] = () .
a€l0,1] non njq

In this case P ~ (%)1 ,l.e., (%)1 A P for every n € N. Consequently, 7p—lim X,, #
Xo.
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Remark 3.7. We should note that if we define
BG = {K(X,El) : X € f(R),E > 0} C P(f(R)),

where K (X,e1) :={Z € FR):dg(X,Z) <e1, ¢ >0}. It is easy to show that
the set B form basis for a topology 7¢ on F (R). Note that the topology 7F is
finer than 74 so that the convergences with respect to these topologies are not
equivalent. In Definition 3.3, if we introduce a new type of convergence by using
more positive fuzzy numbers, instead of just the positive characteristic functions
used in Guangquan’s [10, 11] definition of convergence. We note that this conver-
gence should not be perceived as a generalization of ordinary convergence. If we
replace the set of positive fuzzy numbers with the set of characteristic functions
of positive real numbers, we obtain the G—convergence (namely, 74 —convergence)
defined by Guangquan [10].

Definition 3.8 (G—Convergence). [10] Let X = {X,,} C F(R) and Xy € F(R).
{X,} is said to be G— convergent to Xy, which is denoted by
G —limX, = Xo or {X,} 2 Xo (n— 00),
provided that for any € > 0, there exists an ng = ng (¢) € N such that
de (Xn, Xo) < €1 as n > ny.

In this case, G—convergence is equivalent to M —convergence as can be seen by
the following lemma. The first version of this lemma was obtained by Wen-yi Zeng
[25].

Lemma 3.9. Let X = {X,,} C F(R) and Xy € F(R) . Then G —limX,, = X,
if, and only if, M —lim X,, = Xj.

Proof. Necessity. Let G —lim X,, = X(y. By Definition 3.8, for every ¢ > 0 there
exists an ng = ng (¢) € N such that dg (X, Xo) < €1 for all n > ng. We have

Xnh—Xo"|,

<X =é€1
oo

X7L17-X01|, sup max{
— = uela,1)
for every « € [0,1] and n > ng. Therefore we have

XTJ‘—YJ“}<5

)

sup max { ’Xn“ — X"
peEla,l] T T

for every a € [0,1], i.e.,

sup Inax{|Xn“ — Xo“} ,
1€l0,1] -

X! - X0} = dur (X, Xo) <

for every n > ng. Consequently, M — lim X,, = Xj.
Sufficiency. Let M — lim X,, = Xo. Then for each ¢ > 0 there exists an ng =
ng (€) € N such that dys (X,,, Xo) < € for every n > ng. We have
sup max{|&“ f&ﬂ L1 ffoﬂ‘} <e
pE[a,1]
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for every « € [0, 1] and n > ng. Therefore

X i —ny] Xl =1
Xn'=Xo'|, sup max{|Xn"—Xo#|,|Xn"-Xo"|}
T T pElaa] -

v, 1
for every a € [0,1] and n > ng. Hence dg (X, Xo) < &1 for every n > ng. So,
G —lim X, = X,. O

)

Now we present sufficient conditions for an M —convergent SEN to be 7p—con-
vergent.

Theorem 3.10. Let X = {X,,} C F(R) and Xy € F(R). If M-lim X,, = X, and
there exists ann € N such that &1 = Xi(} for everyn > n, then 7p—lim X, = Xj.

Proof. Assume that M — lim X,, = Xy. Then for every € > 0 there exists an
ng = ng (¢) € N such that dys (X, Xo) < € for all n > ng. Define N = N (¢) :=
max {ng,n}. Now we show that dg (X,,Xo) < P for all P € FT(R) and n > N.
To the contrary, suppose that there exists a P € FT(R) such that dg (X,,, Xo) #
P for infinitely many n € N. In this case, we have either dg (X,,Xo) = P
or dg (X,,Xo) = P. First assume that there exists a P € FT (R) such that
dg (X, Xo) = P for infinitely many n. Then we have dg (X,, Xo)® > P and

da (Xn,Xo)a > P” for every o € [0,1].Since P € F*(R), we have P* >
0 for all a € [0,1]. Define ¢ := P Hence, by definitions of dg and dj;, we have
dg (Xn,Xo)0 > e, i.e., dy (Xn, Xo) > ¢ for infinitely many n. This contradicts to

M —lim X,, = Xy. Now we assume that dg (X,,, Xo) » P for infinitely many n.
Then the following two cases are possible: There exists an «q € [0, 1] such that
(i) dg (Xn, X0)* > P, or
(i) dg (Xn, Xo) > P™.
Since we have X,,' = X , we can write dg (X,,, Xo)*® = 0, by the definition of
da, except ﬁnitelﬁnany? Hence the case (i) is not valid because P € F* (R). In
the case (ii), we have

sup_ max { | X, — Xo"
pE[ao,1]

,(XT“_YO“]}>?Q°

for infinitely many n € N. Define ¢ := P". By definition of dj;, we have dy (X, Xo)
> ¢ for infinitely many n € N. However, this contradicts the fact that M —lim X,, =
Xo. O

Throughout the rest of paper, we will present fuzzy analogues of some results in
classical mathematical analysis, in the context of 7p— convergence.

Theorem 3.11. [f7p —limX,, = Xy and 7p — lim X,, = Yj, then Xy = Yj.

Proof. Assume that 7p — lim X,, = Xy and 7p — limX,, = Y. Then for each
P € F*(R) there exists an n; = ny (P) € N such that dg (X, Xo) < P for all
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n > ny. Similarly, there exists an ny = ng (P) € N such that dg (X,,,Yy) < P for
all n > na. Define N := max{ni,ns}. Then we have

da (X0, Yo) = da (Xn, Xo) +da (X, Yo) < P+ P =2P
for every P € FT(R) and n > N. Hence we have X, = Yj. O

Now we introduce the concept of 7p—limit point of an SFN, and compare it with
the concept of M —limit point.

Definition 3.12 (7p—limit point). A fuzzy number A is a Tp—limit point of the
SFN X = {X,} provided that there is a subsequence of X that Tp— converges to
A. We denote the set of all Tr— limit points of X = {X,,} by L%.

Corollary 1. LL c LY for every X = {X,,} C F(R).
Proof. 1f X\ € L% then there is a subsequence {X,,, } such that 77 — klim Xn, = A
By Theorem 3.5, we have M — klim X, =\, so X e LY.

Remark 3.13. In Example 3.6, LY = (), but LY = {X,}, i.e., the inclusion relation
given in Corollary 1 is strict.

4. CONCLUSION

In order to introduce a more general convergence in Guangquan’s fuzzy metric
space, we have defined a new neigbourhood of a fuzzy number using positive fuzzy
numbers, and thus we have obtained 7p—convergence of a sequence of fuzzy num-
bers with respect to the topology generated by such neigbourhoods. This new type
of convergence is a natural extension of Guangquan’s definition of convergence in
a fuzzy metric space. Even though ours is a simple idea, it puts forward a new
concept of convergence which is equivalent neither to the convergence with respect
to the supremum metric nor to the convergence in the sense of Guangquan.

Furthermore, we point out that the definitions and results presented here signifi-
cantly differ from those in classical analysis. For instance, in Example 3.6, we have
shown that a monotone increasing and bounded sequence of fuzzy numbers is not
necessarily 7p—convergent. In detail, although {X,,} is an SFN where a—cuts of its
terms are close to the a—cuts of X, the sequence {X,, } may not be 7 p—convergent
to Xo, unless X} = X!} except for a finite number of terms. Thus, the theory of
T p—convergence requires extra conditions.

Finally, it should be noted that one may obtain some results that are just parallel
to those in classical analysis by modifying the metric dg in a more general context.
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