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ON THE SPACES OF EULER ALMOST NULL AND EULER
ALMOST CONVERGENT SEQUENCES*

MURAT KIRISCI

ABSTRACT. Let E" denotes the Euler means of order r. The Euler sequence
spaces e, e; and ep, eg, consisting of all sequences whose E"-transforms are
in the spaces co, ¢ and £p, oo are introduced by Altay and Bagar [2], Altay et
al. [3], and Mursaleen et al. [22]. Recently, Polat and Basar have studied the
Euler spaces of difference sequences of order m, in [24].

The concept almost convergence of a bounded sequence introduced by
Lorentz [19]. Quite recently, Bagsar and Kirigci have worked the domain of
the generalized difference matrix B(r,s) in the sequence spaces fo and f of
almost null and almost convergent sequences, in [8]. In this paper, following
Bagar and Kirigci [8], we essentially deal with the domains (fo)gr and fgr of
the Euler means of order r in the spaces fo and f. Therefore, we add two new
spaces to the Euler sequence spaces.

1. INTRODUCTION

By a sequence space, we understand a linear subspace of the space w = CV of
all complex sequences which contains ¢, the set of all finitely non-zero sequences,
where C denotes the complex field and N = {0,1,2,...}. We write £, ¢ and ¢
for the classical spaces of all bounded, convergent and null sequences, respectively.
Also by bs, cs, £1 and ¢,,, we denote the space of all bounded, convergent, absolutely
and p-absolutely convergent series, respectively.

Let A and p be two sequence spaces, and A = (ayx) be an infinite matrix of
complex numbers a,x, where k,n € N. Then, we say that A defines a matrix
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mapping from A into u, and we denote it by writing A : A — p if for every sequence
x = (x) € A\. The sequence Az = {(Ax),}, the A-transform of z, is in p; where

(Ax), = Zankxk for each n € N. (L.1)
k

For simplicity in notation, here and in what follows, the summation without limits
runs from 0 to co. By (A : p), we denote the class of all matrices A such that
A: X — p. Thus, A € (A: p) if and only if the series on the right side of (1.1)
converges for each n € N and each z € X and we have Ax = {(Ax), }nen € p for
all z € A\. A sequence z is said to be A-summable to [ if Az converges to [ which is
called the A-limit of x. If there is some notion of limit or sum in A and p, then we
write (A, u;p) to denote the subclass of (A : ), which preserves the limit or sum.
Further, A € (X : ¢) is said to be strongly-multiplicative s, if lim Az = s(f —lim xy)
for each = (x) € A, where A € {f, f(E)}. By (XA : p)s, we denote the class of
all such matrices. It is now trivial in the case s = 1 that the class (X, )5 coincides
with the class (A, p; p) and thus it is immediate that (A, u;p) C (A, p)s C (A, p).

The matrix domain A4 of an infinite matrix A in a sequence space A is defined
by

Aa={z=(ap) Ew: Az € \} (1.2)

which is a sequence space. If A = (a,) is triangle, i.e., an, # 0 and a,g = 0 for all
k > n, then one can easily observe that the sequence spaces A4 and A are linearly
isomorphic, i.e., Ag & .

The main purpose of present paper is to introduce the spaces fo(F) and f(FE)
of Euler almost null and Euler almost convergent sequences, and to determine the
(- and - duals of these spaces. Furthermore, some classes of matrix mappings on
the space of Euler almost convergent sequences are characterized.

We shall write throughout for brevity that

o0

Ank = Z <é) (r—1)~Fr~ia,;,

=k

a(n, k) = Z @ik
j=0

1 m
a(n,k,m) = mi—l—l ZanJrj,kv
=0

Aank: = Qpk — Qn k+1,
Aa(n, k,m) = a(n,k,m) —a(n,k + 1,m)

for all k,m,n € N.
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2. EULER SEQUENCE SPACES

Firstly, we give the definitions of some sequence spaces in the existing literature.
The Euler sequence spaces ejj and el were defined by Altay and Basar [2] and
the spaces e, and e, were defined by Altay et al. [3], as follows:

ey = {x = (z) €Ew: lim Z (Z)(l — r)”*krkxk = 0} ,
. " /n ek .
{ w: nILH;oZ <k> (1 —r)"Frkay ex1sts} ,
k=0
e; = { :Z

] i: (Z) (1 — r)" kb, |

p
<oo}, (1<p<o0),
k=0

T - n n—
e, = w: iug Z (k>(1 — )" Rk < oo
N k=0
where E” = (e!,) denotes the Euler means of order r defined by
o (Z)(l —r)" ke (0< k< n),
nk 0 , (k>n)

for all k,n € N. It is known that the method E" is regular for 0 < r < 1 and E" is
invertible such that (E7)~' = E'/" with r # 0. We assume unless stated otherwise
that 0 <r < 1.

Altay and Bagar [2] gave the inclusion relations between the sequence spaces e
and e with the classical sequence spaces, determined the Schauder basis for these
spaces. They also calculated the alpha-, beta-, gamma- and continuous duals of the
Euler sequence spaces, and characterized some matrix mappings on ej and e.

Altay et al. [3] calculated the dual spaces of the sequence spaces e, and e,
and constructed the Schauder basis of the sequence space €. In [22], Mursaleen et
al. characterized the classes (e}, : £), (€] : £,) and (e}, : f) of infinite matrices for
1 < p < oo and gave the characterizations of some other matrix mappings from the
space e, to the Euler, Riesz, difference, etc., sequence spaces, also Mursaleen et al.
[22] emphasized on some geometric properties such as Banach—Saks property, weak
Banach-Saks property, fixed point property, Banach-Saks type p of the space ej,.

Kara et al. [15] introduced the Euler sequence spaces e (p) of nonabsolute type
and proved that the spaces e”(p) and £(p) are linearly isomorphic. Also the alpha-
beta- and gamma-duals of the Euler sequence spaces e"(p) of nonabsolute type
are computed in [15]. Kara et al. [15] defined a modular on the generalized Euler
sequence spaces e” (p) and considered it equipped with the Luxemburg norm. There-
fore, they gave some relationships between the modular and Luxemburg norm on
the space e (p) has property (H) but is not rotund (R).
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Let m be a positive integer. We define the operators A(™) E(m) ‘w — w by
(1) k
(A(l)x)k =Tp— Tk_1, Zx = z;)xj for all k£ €N,
k7T

(m) (1) (m-1)

AMg =AM 4 Zx— Z Z z for all m > 2.

The following equalities hold for m > 1 and k£ =0,1,2,...

(a2), = (s

Jj=0
(m) m .
B m+k—j—1\
> k_¥< )

(m) (m)

Alm) o Z Z oAM=,

where [ is the identity on w. We write A and ¥ for the matrices with A, =
(AW (e®) and Y, = (32(e®))  for all n,k € N. So the operators A) and

Z(l) are given by the matrices A and Y. Similarly, the operators A(™) and Z(m)
are given by the composition of A and ) with themselves m times.

Altay and Polat [4] defined the Euler sequence spaces with difference operator
A as follows:

ep(d) = {x = (zp) Ew: nh_)rr;oz (Z) (1 — )" Frk Az, = 0} 7

k=0

e(A) = {gc = (2f) Ew: lim Z (Z) (1 —7r)"Frk Any, exists} )
k=0
" (n
e (A) = (z=(rx) €Ew:su L—r)""FrkAzy| < oo b,
@) { ) € omp |32 (1)1 -yt }

where Az, = xp — x,—1. Following Altay and Polat [4], Polat and Basar [24]
gave the new sequence spaces efj(A™), e (A™)) and e”_(A(™)) consisting of all
sequences = (z,) such that their A(™ —transforms are in Euler the spaces e, €
and el_, respectively, that is,

e (A(m)) = {x = (z3) Ew: AMg ¢ 68} ,

e, (A(m)) = {33 = (zx) €w: Az € eZ},
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(A(m)) {x = (z) €w: AMg e ¢l }

The sequence spaces €] (A(’”)), er (A(’”)) and e’ (A™) are reduced in the case
=1 to the spaces €j(A), eL(A) and e/ (A) of Altay and Polat[4].

Bagarir and Kayiket [10] defined the matrix B(™) = (bg:,:)) by

b = { (m)rm ks =k (max{0,n —m} < k <n),
nk 0 , (0<k <max{0,n—m}ork >n)
for all k, n € N which is reduced to the mth order difference matrix A" in case r =
1, s = —1, where A(™ = A(A(™=1) and m € N. Kara and Basarir [16] introduced
the B™—Euler difference sequence spaces efj(B™)), e7(B(™)) and €% (B™) as the
set of all sequences whose B" —transforms are in the Euler spaces e, e and el_,
respectively, that is,

€5 (B(m)) ={z = () Ew:B"z € ey},
el (B(m)) ={zx=(2) €ew:B"xce.},

ess (B(m)) ={x=(zp) €w:B"x e, }.

Karakaya and Polat [17] defined the new paranormed Euler sequence spaces with
difference operator A as follows:

n Pn
0 ; n n—k_k

eo(A,p) = {x_(xk)ew:n}er;o kz()(k)(l—r) " Az _0},

n Pn
ec(A,p) = {m:(xk) Ew:NeC> lim Z <Z'>(1_T)n—krk(A$k_l) 20}7

k=0

n Pn

: = - . n _oyn—k_k
eo(A,p) = {m(mk)Ew.ilég k2_0<k>(1 )"t Ay, <oo}.

The new sequence spaces ej(A,p), eL(A,p) and el (A, p) are reduced to some
sequence spaces corresponding to special cases of (pg). For instance, in the case
pr = 1forall k € N, the sequence spaces e (A, p), el (A, p) and el (A, p) are reduced
to the sequence spaces efj(A), e’ (A) and e, (A) defined by Altay and Polat [4].

Demiriz and Cakan [11] introduced the sequence spaces ef(u,p) and e’ (u,p) of
nonabsolute type, as the sets of all sequences such that their E™"—transforms are
in the spaces cy(p) and ¢(p), respectively, that is,

n Pn
eo(u,p) = {x = (o) Ew: nlin;o ; (Z) (1- r)n—krkukwk _ O} 7
n Pn
ec(u,p) = {x =(zx) Ew:F€C> lim Z <Z> (1-— T)nikrk(ukxk | = 0} ’
k=0




90 MURAT KIRISCI

where u = (uy) is the sequence of non-zero reals. In the case (ur) = (pr) = e =
(1,1,1,...), the sequence spaces ejj(u,p) and el (u,p) are, respectively, reduced to
the sequence spaces ef, and e/, introduced by Altay and Basar [2].

Djolovi¢ and Malkowsky [12] added a new supplementary aspect to research
of Polat and Bagar [24] by characterizing classes of compact operators on those
spaces. In [12], the spaces are treated as the matrix domains of a triangle in the
classical sequence spaces cg, c and .. The main tool for their characterizations is
the Hausdorff measure of noncompactness.

3. SPACES OF EULER ALMOST NULL AND EULER ALMOST CONVERGENT
SEQUENCES

In this section, we study some properties of the spaces of the almost null and
almost convergent Euler sequences.

The shift operator P is defined on w by (Px),, = x,+1 for all n € N. A Banach
limit L is defined on £, as a non-negative linear functional, such that L(Px) = L(x)
and L(e) = 1. A sequence x = (z1) € {x is said to be almost convergent to the
generalized limit [ if all Banach limits of z is [ [19], and is denoted by f—lim xj = I.
Let P be the composition of P with itself 7 times and write for a sequence x = ()

1

tmn () 1= o (P'z), forall m,n € N. (3.1)
=0

m

Lorentz [19] proved that f —lim zj = [ if and only if lim,, oo tymn(2) = [ uniformly
in n. It is well-known that a convergent sequence is almost convergent such that
its ordinary and generalized limits are equal. By f and fs, we denote the space of
all almost convergent sequences and series, respectively, i.e.,

f = {az=(x) Ew:NeC> lim E xniﬂlzluniformlyinn ,
mHOOjZO m +
m n+k 2
fs = (z=(23)€w:Te€C> lim E g j_l:luniformlyinn
m— oo m
k=0 j=0

It is proved in [8] that f is a Banach space with the norm

”‘THf = sup [tmn ()],
m,neN
where t,,, () is defined as in (3.1).

Bagar and Kirigci [8] have defined the sequence spaces fo and f derived by the
domain of generalized difference matrix B(r,s) in the sequence spaces fo and f,
that is

fo = {z=(zx) €w:B(r,s)x € fo},

~

f = {z=(xx) Ew:B(r,s)x € f},



ON THE SPACES OF ALMOST CONVERGENT SEQUENCES 91

where the generalized difference matrix B(r, s) = {b,x(r, s)} is defined by

r o, (k:n)ﬂ
bok(r,s) =4 s , (k=n-—-1),
0, 0<k<n—1lork>n)

for all k,n € N.
We introduce the sequence spaces fo(E) and f(FE) as the sets of all sequences
whose E"-transforms are in the spaces fo and f, that is

m n+j (n+4j 1— n+j—k, .k
I D e
=0 k=0

m n+j (n+j 1— n+j—k, k
f(E) = {m_(xk)ewzﬂle(ca lim Zz(k)( ") L unif.inn}.

, m+1
7=0 k=0
With the notation of (1.2), we can redefine the spaces fo(F) and f(E) as follows:

F(E)= (e and  fo(E) = (fo)er

It is trivial that fo(E) C f(E).
Define the sequence y = {yx(r)} by the E"—transform of a sequence = = (xy),
i.e.,

k
Yr(r) = Z (f) (1 —r)*=dpig; forall ke N.
§=0

It is trivial that || - || z(z) is @ norm on the spaces fo(E) and f(E), where ||z||¢g) =

Supm,nEN |tm7‘b (y)|
Now we give some inclusion relations between the sequence spaces fo(E), f(E),
cand {.

Theorem 3.1. The inclusion f(E) C {y, is strict.

Proof. It is clear that f(E) C fs. Now, we should show that this inclusion is strict.
Define the sequence x = E'/"y with the sequence y in the set £o \ f given by Miller
and Orhan [21] as y ={0,...,0,1,...,1,0,...,0,1,...,1,...}, where the blocks of
0’s are increasing by factors of 100 and blocks of 1’s are increasing by factors of 10.
Then, the sequence x is not in f(E) but in the space £, as desired. (I

Theorem 3.2. The inclusion ¢ C f(E) strictly holds.

Proof. Tt is clear that ¢ C f(F). Now we show that this inclusion is strict.
Now we consider the sequence x = (x,) defined by x4 (r) = (=)~ for all k € N.
The sequence is not convergent but is in the space f(FE). [

Theorem 3.3. The spaces fo(F) and f(E) are linearly isomorphic to the spaces
fo and f, respectively, i.c., fo(E) = fo and f(FE) = f.
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Proof. To prove this theorem, we should show the existence of a linear bijection
between the spaces f(E) and f. Consider the transformation T from f(F) to f
by y = Tx = E"x. The linearity of T is clear. Further, it is obvious that x = 6
whenever T'r = 6 and hence T is injective.

Let us take any y € f and define the sequence x = {x(r)} by

k
zg(r) = Z <I;> (r—1)*=Ir=ky, for all k€ N.

Then, one can see that

(E"z), = Zn: <Z) (1 — )k zk: (’“) (r—1)*ir~ky| =y, forall neN

k=0 =0 M

which shows that E"z € f, i.e., z € f(F). Consequently, we see from here that T
is surjective. Hence T is a linear bijection which therefore says us that the spaces
f(E) and f are linearly isomorphic, as was desired.

Since one can show in the similar way that fo(E) 2 fo, we omit the detail. O

Bagar and Kirigci [8] proved that sequence space f is a BK —space with the norm
Il - lloo and non-separable closed subspace of (oo, || - [|loo). SO, the sequence space f
has no Schauder basis. Jarrah and Malkowsky [1] showed that the matrix domain
A4 of a normed sequence space A has a basis if and only if A has a basis whenever
A = (any) is triangle. Then;

The sequence spaces fo(F) and f(FE) have no Schauder basis.

4. DUALS OF THE SPACES OF EULER ALMOST NULL AND EULER ALMOST
CONVERGENT SEQUENCES

The set S(A, u) defined by
S\ p)={z2=(z) Ew:zz = (x2;) €Ep forall z=(xx)€ A} (4.1)

is called the multiplier space of the sequence spaces A and p. One can eaisly observe
for a sequence space v with A\ D v D p that the inclusions

S\ p) C S(v,p) and  S(A p) C S\ )

hold. With the notation of (4.1), the alpha-, beta- and gamma-duals of a sequence
space A, which are respectively denoted by A%, A and )7 are defined by

A =8\ 6), N =S8\es) and X = S()\bs).

The alpha-, beta- and gamma-duals of a sequence space are also referred as Kothe-
Toeplitz dual, generalized Kéthe-Toeplitz dual and Garling dual of a sequence space,
respectively.

We give the beta- and gamma-duals of the sequence spaces fo(E) and f(F). For
this, we need the following lemmas:
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Lemma 4.1. Let A = (ank) be an infinite matriz. Then, the following statements

hold:
(i) A€ (f:4) if and only if

supz |ank| < oo
neN ©

(i) (cf. [25]). A € (f :¢) if and only if (4.2) holds and

lim a,r = ap for each fixed k € N,

n—oo
lim Zank = q,
n—oo
k
lim > " [A(ank — )] = 0.
n—oo k

(iii) (cf. [13]). A€ (f : f) if and only if (4.2) holds and
f— lim a,r = ap for each fixed k €N,

n—oo
f— lim E ank = Q,
n—oo &

lim Z [Ala(n, k,m) — ax]] =0 uniformly in n.
k
(iv) (cf. [13]). A € ({s : f) if and only if (4.2), (4.6) and (4.8) hold.
Theorem 4.2. Define the sets di, d, di, dj, di defined as follows:

n n

a=(a)ewisup> > (i) (r— 1Y *ra;| < 00 b,

neN k=0 |j=k

n .
— T TN — 1Y *r—dg, e
a—(ak)EW.nILIr;O Ek<k>(r 1) =%r a; exists p,
Jj=

Jj=

_ _ i SOUS (7 —kp—iq.| =
d, = “_(a’“)ewy}lﬂ;z Z(k>(r_1)f raj| =07y,
k=0 |j=Fk
ro_ _ NRH T —
di = Sa=(ap) €w: nl;n;o Z Z (A —ax)| =0

k=n+1 |[j=n+1

Then, the B—dual of the sequence space f(E) is ﬂ5 dr

n=1"n-"

& = {a —(ap) € w: T}LH;O; [z: (i) (r— l)j_kr_j]ak cxists b |
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Proof. Let a = (ax) € w and consider the equality

n n [ k k . T
D ow = > |2 (j)w—l)“rkyj a (4.8)
k=0 k=0 | j=0 |
n n j L )
= (r—1)""r a, = (T"y)n,

where T" = (¢7,) is defined by

n (N (= 1) k=g, n
:-Lk:{ ik () 01) j : EZii)’S ) (4.9)

for all k,n € N. Thus, we deduce from Part (ii) of Lemma 4.1 with (4.9) that
ax = (agxy) € cs whenever x = (z) € f(E) if and only if Ty = {(T"y)n} € ¢
whenever y = (yx) € f, where T" = (¢ ) is defined by (4.10). Therefore, we derive
from (4.2), (4.3), (4.4) and (4.5) that

NE

(i) (r— 1)j_k7"_jaj < 00,

sup Z

neN k |i=k

nlin;oz ( )(r — 1) Fr~ia; = a, for each fixed k €N,
=k
(i) (r—17"*ra; = a,

PSR EYIp—
k

=k

I .

J
JLH;OZi
k=

J

ko

which shows that {f(E)}® = N°_, d" O

n=1"n"
Theorem 4.3. The y—dual of the sequence spaces fo(E) and f(E) is the set d.

Proof. This is similar to the proof of Theorem 4.2 with Part (i) of Lemma 4.1
instead of Part (ii) of Lemma 4.1. So, we omit the detail. O

5. MATRIX TRANSFORMATIONS RELATED TO THE SEQUENCE SPACE f(F)

In the present section, we characterize the matrix transformations from f(FE)
into any given sequence space fi.

Since f(E) 2 f, it is trivial that the equivalence "z € f(F) if and only if y € f"
holds.
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Theorem 5.1. Suppose that the entries of the infinite matrices A = (ank) and
D = (dx) are connected with the relation

dnk = Gnk

for all k,n € N and p be any given sequence space. Then A € (f(E) : p) if and
only if {ank Yren € f(E)? for allm € N and D € (f : p).

Proof. Let pu be any given sequence space. Suppose that (5.1) holds between A =
(ank) and D = (dn1), and take into account that the spaces f(F) and f are linearly
isomorphic.

Let A € (f(EF): p) and take any y = (y) € f. Then DE" exists and {ank }ren €
ﬂ?:l d? which yields that {d,x }ren € ¢1 for each n € N. Hence, Dy exists and thus

D dnkye =Y ankak
k p

for all m € N. We have that Dy = Ax which leads us to the consequence D € (f : p).
Conversely, let {ani}xen € {f(E)}? for each n € N and D € (f : p) hold, and
take any @ = (xy) € f(F). Then, Ax exists. Therefore, we obtain from the equality

m m m j )
];)ankxk => 1> (k) (r =17 r ag; |y

k=0 |j=k

for all n € N, as m — oo that Dy = Az and this shows that A € (f(F) : u). This
completes the proof. O

By changing the roles of the spaces f(E) with p in Theorem 5.1, we have:
Theorem 5.2. Suppose that the elements of the infinite matrices A = (ani) and

B = (bni) are connected with the relation

n

bpie = Z (?) (1-— T)"_jrjajk for all k,n € N.

§=0

Let i be any given sequence space. Then, A = (anr) € (p: f(E)) if and only if
Be(u:f)

Proof. Let z = (2;) € p and consider the following equality

n

m n o m
ke = ( ) (1—=r)" 7 ajgzi | forall m,n €N,

Jj=0

which yields as m — oo that (Bz), = {E"(Az2)}, for all n € N. Therefore, one can
observe from here that Az € f(E) whenever z € p if and only if Bz € f whenever
z € p. This completes the proof. [l
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Of course, Theorems 5.1 and 5.2 have several consequences depending on the
choice of the sequence space . Whence by Theorem 5.1 and Theorem 5.2, the
necessary and sufficient conditions for (f(E) : ) and (u : f(E)) may be derived by
replacing the entries of C and A by those of the entries of D = CE'Y" and B = E" A,
respectively; where the necessary and sufficient conditions on the matrices D and
B are read from the concerning results in the existing literature.

Now, we list the following conditions on an infinite matrix A = (a,;) transform-
ing the sequences from/in the sequence space f:

su Aani| < o0, 5.1
negz | Aan] (5.1)
khm apk =0 for each fixed n € N, (5.2)
lim Z |A2an| = a, (5.3)
n—oo k

lim Z la(n,k,m) —ag| =0 uniformly in n , (5.4)
m—0o0

q

qlg)(f)lo Z P ZO a(n+1i,k) —ag)]| =0 uniformly inn, (5.5)
supz |Aa(n, k)| < oo, (5.6)
neN"/

f—lma(n, k) = a) exists for each fixed k € N | (5.7)

1 q
qli_}rgo Z m’ Z A?la(n+i,k) —ag]| =0 uniformly inn, (5.8)

SupZ\an k)| < oo, (5.9)
neN
Zank =qy, for each fixed k € N, (5.10)
k
S amk =a, (5.11)
n k
lim Y " |Afa(n, k) — ax]| = 0. (5.12)
k

Lemma 5.3. Let A = (anx) be an infinite matriz. Then,

U @ f) if and only if (4.2), (4.6) and (5.5) hold, [13].

f: f) if and only if (4.2), (4.6),(4.7) and (4.8) hold, [13].
fs:ls) if and only if (5.2) and (5.3) hold.

fs:c) if and only if (4.3) and (5.2)-(5.4) hold, [23].

c: f) if and only if (4.2), (4.6) and (4.7) hold, [18]

a,nk)E(
€ (
€ (
€ (
€ (

)
)
ank)
)
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(vi) A= (ank) € (bs: f) if and only if (4.6), (5.2), (5.3) and (5.9) hold, [9].
(vii) A = (ank) € (fs: f) if and only if (4.6), (4.8), (5.3) and (5.6) hold, [5].
(viii) A = (ank) € (cs: f) if and only if (4.6) and (5.2) hold, [7].

(ix) A= (ank) € (bs: fs) if and only if (5.3) and (5.6)-(5.8) hold, [9].

(x) A= (ank) € (fs: fs) if and only if (5.6)-(5.9) hold, [5].

(xi) A= (ank) € (cs: fs) if and only if (5.7) and (5.8) hold, [7].

(xii) A = (ank) € (f : ¢s) if and only if (5.10)-(5.13) hold, [5]

Now, we can give the following results:
Corollary 1. Let A = (ank) be an infinite matriz. The following statements hold:

(1) A€ (f(E): ) if and only if {ank}tren € {f(E)}? for all n € N and (4.2)
holds with @, instead of a,-

(i) A € (f(E) : ¢) if and only if {an}ren € {f(E)}? for all n € N and
(4.2)-(4.5) hold with @, instead of a,.

(i) A € (f(E) : co) if and only if {an tren € {f(E)}? for all n € N and (4.2)
holds, (4.3) and (4.5) hold with ay = 0, and (4.4) holds and & = 0 as Gy,
instead of a,.

(iv) A € (f(E): f) if and only if {ank }ren € {f(E)}? for all n € N and (4.2),
(4.6)-(4.8) hold with @, instead of a,.

(v) A€ (f(E):bs) if and only if {an }ren € {f(E)}? for all n € N and (5.10)
holds.

(vi) A € (f(E) : cs) if and only if {ank}ren € {f(E)}? for all n € N and
(5.10)-(5.13) hold with @, instead of any.

Corollary 2. Let A = (ani) be an infinite matriz and by be defined by (5.2).
Then, following statements hold:

(i) A= (ank) € (lso : f(E)) if and only if (4.2), (4.6) and (5.5) hold with by
instead of a,.

(ii) A= (ank) € (f: f(F)) if and only if (4.2), (4.6), (4.7) and (4.8) hold with
bnr instead of a,p.

(i) A = (ank) € (c: f(E)) if and only if (4.2), (4.6) and (4.7) hold with by
instead of a,.

(iv) A= (ank) € (bs: f(E)) if and only if (5.2), (5.3), (4.6) and (5.6) hold with
bni instead of a,y.

(v) A= (ank) € (fs: f(E)) if and only if (5.3), (4.6), (4.8) and (5.6) hold with
b,k instead of a,.

(vi) A= (ank) € (cs: f(F)) if and only if (5.2) and (4.6) hold with b, instead
of ang.

(vii) A = (ank) € (bs : fs(F)) if and only if (5.3), (5.6)-(5.8) hold with by
instead of a,y, where fs(E) denotes the domain of the matrix E” in the
sequence space fs.

(viii) A = (ank) € (fs: fs(F)) if and only if (5.6)-(5.9) hold with b, instead of

Ank-
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(ix) A= (ank) € (cs: fs(F)) if and only if (5.7) and (5.8) hold with by, instead
of Ank-
Now, we can give some consequences, below:

Corollary 3. A € (f(E): ¢)s if and only if (4.2) holds, (4.3) and (4.5) hold with
ay =0 for each k € N and (4.4) also holds with o« = s with Gy, instead of any.

Corollary 4. A € (f(E): f)s if and only if (4.2), (4.6) and (4.8) hold with oy, = 0
and (4.7) also holds with o = s with Gy, instead of any.

Now, we may mention about Steinhaus type theorems which were formulated
by Maddox [20], as follows: Consider the class (A : 1)1 of 1-multiplicative matrices
and v be a sequence space such that v D A. Then a result of the form (A : p)1 (v :
u) = 0, where () denotes the empty set, is called a theorem of the Steinhaus type.
Now, we can give the next Steinhaus type theorem concerning with the strongly-
multiplicative and coercive matrix classes:

Theorem 5.4. The classes (f(E): ¢)s and ({ : ¢) are disjoint.

Proof. Suppose that the converse of this is true, that is (f(E) : ¢)s [l : ¢) # 0.
Then there exists at least one infinite matrix A satisfying the conditions of Corollary
5.6 and Schur’s theorem. Then, we can easily see that lim, .. @,x = 0 which
contradicts the condition lim,, Zk i = s of Corollary 5.4. This completes the
proof. O

Theorem 5.5. The classes (f(E) : f)s and (b : f) are disjoint.
Proof. This is similar to the proof of Theorem 5.8. So, we omit the detail. O

6. CONCLUSION

The construction of new sequence spaces with the Euler mean were studied by
Altay and Bagar [2], Altay et al. [3] and Mursaleen et al. [22]. After Altay and
Polat [4], Polat and Bagar [24] studied the Euler difference sequence spaces of or-
der m. Also, Karakaya and Polat [17] extended the Euler sequence spaces efj(A),
eh(A) and el (A) defined by Altay and Polat [4] to the paranormed case. Kara
et al. [15] studied some topological and geometrical properties of the generalized
Euler spaces. Further Bagarir and Kayikgi[10] defined Euler B(™)-difference se-
quence spaces. Demiriz and Cakan [11] introduced the sequence spaces efj(u, p) and
el (u, p) of nonabsolute type, as the sets of all sequences such that E™%-transforms
of them are in the spaces ¢y(p) and ¢(p). Djolovi¢ and Malkowsky [12] added a new
supplementary aspect to research of Polat and Bagar [24] by characterizing classes
of compact operators on those spaces.

The concept of almost convergence has been employed many mathematicians
since 1948. Bagar and Kirigci [8] established new almost convergent sequence spaces
with the generalized difference matrix B(r, s) and Sénmez [26] studied the concept
of almost convergence with the triple band matrix B(r, s,t). Basar and Kirisci [8]
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proved that the space f is a BK —space with the sup-norm, and is a non-seperable
closed subspace of ({uo, || - [lco). Since the space f is non-seperable, this space and
the spaces isomorphic to the space f have no Schauder basis.

In this paper, we combine the almost convergence with the Euler means. Since
the domain of generalized difference matrix B(r, s) in the space f is studied by
Bagar and Kirigci [8], the present paper is its natural continuation.

Finally, we should note from now on that the investigation of the domain of some
particular limitation matrices, namely the composition of Euler means with the
mt" order difference matrix or generalized weighted mean, the matrix A, etc., in the
space f will lead us to new results. Also it can study various matrix transformations,
such as sequence-to-sequence, sequence-to-series, series-to-sequences and series-to-
series, between the new almost Euler sequence spaces and other spaces.
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