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GENERAL DUAL BOOSTS IN LORENTZIAN DUAL PLANE D2
1

HESNA KABADAYI

Abstract. In this paper we obtained the equations of dual boosts (rotations
in the Lorentzian dual plane D2

1) about an arbitrary point (H,K) and showed
that the set of all dual translations and dual boosts is a group and the set of
all dual boosts is not a group.

1. Introduction

The set D =
{
a+ εb : ε 6= 0, ε2 = 0, a, b ∈ R

}
is a commutative ring with a unit.

Elements of D is called as dual numbers.
Clifford [5], introduced the Dual numbers in 1873. A. P. Koltelnikov [13] applied

them to describe rigid body motions in three dimension. The notion of dual angle
is defined by Study [18] and Yaglom [20] described geometrical objects in three
dimensional space using these numbers.
There has been many applications of dual numbers in recent years, such as; in

robotics, dynamics, and kinematics ([17], [7], [16]), in computer aided geometrical
design and modelling of rigid bodies, mechanism design ( [2], [4], [3], [14]), in field
theory ( [6],[19], [1]), and in group theory ([9], [10], [11]).
Gans’([8]) work which is on - the equations of general rotations about an arbi-

trary point (h, k) and the theorems about resultant of translations and rotations in
the Euclidean plane- is generalized to Lorentzian plane E2

1 in [12].
The dual plane D2 = {(A1, A2) : A1, A2 ∈ D} is a 2-dimensiaonal modul on D.

In this paper we obtain the equations of general dual boosts about an arbitrary
point (H,K) in Lorentzian dual plane D2

1 = (D2, (+,−)) and show that the set of
all dual translations and dual boosts is a group and the set of all dual boosts is not
a group.
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2. Equations of General Dual Boosts

There are four kinds of isometries in two-dimensional Dual Lorentzian plane D2
1.

They are the following :(
cosh Φ sinh Φ
sinh Φ cosh Φ

)
,

(
cosh Φ sinh Φ
− sinh Φ − cosh Φ

)
(
− cosh Φ sinh Φ
− sinh Φ cosh Φ

)
,

(
− cosh Φ sinh Φ
sinh Φ − cosh Φ

)
.

where Φ = ϕ+ εϕ∗ is the dual angle.
The ones whose determinants are +1 are dual boosts, the ones whose determi-

nants are −1 are dual reflections (See [15]). Hence the dual boosts about the origin
are given by the matrices

RΦ =

(
cosh Φ sinh Φ
sinh Φ cosh Φ

)
,

(
− cosh Φ sinh Φ
sinh Φ − cosh Φ

)
= BΦ.

Let O1 = (H,K), H = h + εh∗, K = k + εk∗ be an arbitrary point, Φ be the
angle of rotation, and let
P1 = (X1, Y1) , denote the image of P = (X,Y ) , where X = x+ εx∗, Y = y + εy∗,
X1 = x1 + εx∗1, Y1 = y1 + εy∗1 .

We express the rotation in terms of an auxiliary X̂, Ŷ−coordinate system, with
origin O1, whose axis are parallel to X,Y axis and similarly directed.

If the coordinats of P and P1 in the auxiliary system are
(
X̂, Ŷ

)
and

(
X̂1, Ŷ1

)
,

then we have(
X̂1, Ŷ1

)
=
(
X̂ cosh Φ + Ŷ sinh Φ, X̂ sinh Φ + Ŷ cosh Φ

)
. (1)

Denote this dual boost by

f : D2
1 → D2

1(
X̂, Ŷ

)
→ f

(
X̂, Ŷ

)
=

(
X̂1, Ŷ1

)
and (respectively denote the second dual boosts by

g : D2
1 → D2

1(
X̂, Ŷ

)
→ g

(
X̂, Ŷ

)
=

(
X̂1, Ŷ1

)
where in this case(

X̂1, Ŷ1

)
=
(
−X̂ cosh Φ + Ŷ sinh Φ, X̂ sinh Φ− Ŷ cosh Φ

)
). (1

′
)

The relations between the original and the auxiliary coordinates of P, P1 are

(X,Y ) =
(
X̂ +H, Ŷ +K

)
and (X1, Y1) =

(
X̂1 +H, Ŷ1 +K

)
(2)
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substituting the values of X̂, Ŷ , X̂1, Ŷ1 into (1) (respectively into (1
′
)) we obtain

the equations we have been seeking. Thus the dual boosts through the angle Φ
about the point (H,K) has the equations

(X1 −H,Y1 −K) = ((X −H) cosh Φ + (Y −K) sinh Φ, (X −H) sinh Φ + (Y −K) cosh Φ)
(3)

(respectively

(X1 −H,Y1 −K) = (−(X −H) cosh Φ + (Y −K) sinh Φ, (X −H) sinh Φ− (Y −K) cosh Φ) ).
(3

′
)

Hence  (X1, Y1) = (X cosh Φ + Y sinh Φ +A,X sinh Φ + Y cosh Φ +B)
where A = H(1− cosh Φ)−K sinh Φ

B = K(1− cosh Φ)−H sinh Φ
(4)

(respectively from (3
′
) (X1, Y1) = (−X cosh Φ + Y sinh Φ + C,X sinh Φ− Y cosh Φ +D)

where C = H(1 + cosh Φ)−K sinh Φ
D = K(1 + cosh Φ)−H sinh Φ ).

(4
′
)

Equation (4) (respectively equation (4
′
)) are seen to be the resultant TRΦ (re-

spectively SBΦ) of the following dual boost. RΦ about O and dual translation T
(respectively following dual boost BΦ about O and dual translation S)

(X1, Y1) = RΦ (X,Y ) =

(
cosh Φ sinh Φ
sinh Φ cosh Φ

)(
X
Y

)
= (X cosh Φ + Y sinh Φ, X sinh Φ + Y cosh Φ)

(X2, Y2) = T (X1, Y1) = (X1 +A, Y1 +B)

(respectively

(X1, Y1) = BΦ (X,Y ) =

(
− cosh Φ sinh Φ
sinh Φ − cosh Φ

)(
X
Y

)
= (−X cosh Φ + Y sinh Φ, Y sinh Φ− Y cosh Φ)

(X2, Y2) = S (X1, Y1) = (X1 + C, Y1 +D)).

Therefore the dual boost represented by (3) is equal to TRΦ (respectively the dual
boost represented by (3

′
) is equal to SBΦ).

Theorem 2.1. The equations of the dual boost about an arbitrary point through a
dual angle Φ is given by the equation in (4) (respectively in (4

′
)).

Proof.

f : D2
1 → D2

1

(X,Y ) → f (X,Y ) =
(X cosh Φ + Y sinh Φ +H(1− cosh Φ)−K sinh Φ,
X sinh Φ + Y cosh Φ +K(1− cosh Φ)−H sinh Φ)
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g : D2
1 → D2

1

(X,Y ) → g (X,Y ) =
(−X cosh Φ + Y sinh Φ +H(1 + cosh Φ)−K sinh Φ,
X sinh Φ− Y cosh Φ +K(1 + cosh Φ)−H sinh Φ)

Note that for f and g we have

d (f(P ), f(Q)) = d(P,Q), d(g(P ), g(Q)) = d(P,Q),

where

d(P,Q) =

∥∥∥∥ →PQ∥∥∥∥ =

√
<
→
PQ,

→
PQ >.

Hence f and g are isometries. Moreover

f(H,K) = (H,K) and g(H,K) = (H,K).

Thus f and g are the dual boosts about the point (H,K) and through a dual angle
Φ. �

Using this same R (respectively B), we can also find a dual translation T
′
(re-

spectively S
′
) such that the dual boost (3) (respectively dual boost (3

′
)) is equal

to RT
′
(respectively BS

′
). To prove this we write

(X1, Y1) = T
′
(X,Y ) =

(
X +A

′
, Y +B

′
)

and

(X2, Y2) = R (X1, Y1) = (X1 cosh Φ + Y1 sinh Φ, X1 sinh Φ + Y1 cosh Φ)

(respectively

(X1, Y1) = S
′
(X,Y ) =

(
X + C

′
, Y +D

′
)

and

(X2, Y2) = B (X1, Y1) = (−X1 cosh Φ + Y1 sinh Φ, X1 sinh Φ− Y1 cosh Φ) ).

Hence we get

(X2, Y2) = RT
′
(X,Y )

=
(

(X +A
′
) cosh Φ + (Y +B

′
) sinh Φ, (X +A

′
) sinh Φ + (Y +B

′
) cosh Φ

)
(respectively

(X2, Y2) = BS
′
(X,Y )

=
(
−(X + C

′
) cosh Φ + (Y +D

′
) sinh Φ, (X + C

′
) sinh Φ− (Y +D

′
) cosh Φ

)
)

or

(X2, Y2) = RT
′
(X,Y ) = (X cosh Φ + Y sinh Φ + (A

′
cosh Φ +B

′
sinh Φ),

X cosh Φ + Y sinh Φ + (A
′
cosh Φ +B

′
sinh Φ)) (5)
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(respectively

(X2, Y2) = BS
′
(X,Y ) = (−X cosh Φ + Y sinh Φ + (D

′
cosh Φ− C

′
sinh Φ),

X sinh Φ− Y cosh Φ + (C
′
sinh Φ−D

′
cosh Φ)) ). (5

′
)

Now, we find A
′
, B

′
(respectively C

′
, D

′
) so that (5) (respectively (5

′
)) is the same

transformation as (4) (respectively (4
′
)) i.e. from TR = RT

′
(respectively

SB = BS
′
), we have

A
′

= −K sinh Φ +H(cosh Φ− 1)

B
′

= −H sinh Φ +K(cosh Φ− 1)

(respectively
C

′
= −K sinh Φ−H(cosh Φ + 1)

D
′

= −H sinh Φ−K(cosh Φ + 1) ).

It is readily seen that T 6= T
′
and S 6= S

′
. Thus we have proved the following:

Theorem 2.2. Any given dual boost not the identity, through a dual angle about
a point other than the origin is the resultant of a dual boost RΦ (respectively BΦ)
through Φ about the origin followed by a dual translation T , or if a dual translation
T
′
followed by RΦ (respectively BΦ). The two dual translations are distinct, uniquely

determined, and neither dual translation is I.

Corollary 1. If T is a dual translation and RΦ (respectively BΦ) is a dual boost
through Φ about the origin and neither dual transformation is I, then RΦT (respec-
tively BΦT ) and TRΦ (respectively TBΦ) are distinct dual boosts through Φ about
points other than the origin.

3. Resultants of Dual Translations and Dual Boosts

It is readily checked that the resultant of two dual translations is a dual trans-
lation and that the resultant of two dual boosts about origin O = (0, 0) is a dual
boost about that point i.e.

RΦRΩ = RΦ+Ω, BΦBΩ = R−1
Φ+Ω = R−(Φ+Ω)

RΦBΩ = BΩ−Φ, BΩRΦ = BΩ−Φ

(i) Let RΦ and RΩ be two dual boosts about the same point (H,K) through Φ,
and Ω respectively. Clearly

RΦ = TR
′

Φ and RΩ = R
′′

ΩT
′

where R
′

Φ, R
′′

Ω are dual boosts about O = (0, 0) through Φ, and Ω respectively T
and T

′
are dual translations.

Hence RΦRΩ = TR
′

ΦR
′′

ΩT
′
. From the above discussion R

′′′

Φ+Ω = R
′

ΦR
′′

Ω is a dual
boost about O = (0, 0) through Φ + Ω. Therefore RΦRΩ = TR

′′′

Φ+ΩT
′
.
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(ii) Let RΦ and RΩ be two dual boosts about different points (H,K) and(
H

′
,K

′
)
. Again it is easy to see that

RΦRΩ = TR
′′′

Φ+ΩT
′
,

where R
′′′

α+Ω is a dual boost about O = (0, 0).
(iii) Let RΦ and BΩ are two dual boosts about different points (H,K) and(
H

′
,K

′
)
. Hence we have

RΦ = TR
′

Φ and BΩ = B
′

ΩS
′
,

where R
′

Φ, B
′

Ω are dual boosts about O = (0, 0) and T and S
′
are dual translations.

Therefore RΦRΩ = TR
′

ΦB
′

ΩS
′
. Note that R

′

ΦB
′

Ω = β
′′

Ω−Φ is a dual boost about
O = (0, 0). For

BΩRΦ = (S
′′
β
′

Ω)(R
′′

ΦT
′
),

where B
′

ΩR
′′

Φ = β
′′

Ω−Φ is dual boost about O = (0, 0). Note also that

RΦ = TR
′

Φ and BΩ = B
′

ΩS
′′
,

then RΦBΩ = TR
′

ΦB
′

ΩS
′′
. R

′

ΦB
′

Ω = B
′′

Ω−Φ is a dual boost about O = (0, 0). Thus
RΦBΩ = TB

′′

Ω−ΦS
′′
.

(iv) Let BΦ and BΩ are two dual boosts about different points.
Clearly

BΦ = SB
′

Φ, BΩ = B
′′

ΩS
′
,

where B
′

Φ, B
′′

Ω are dual boosts about O = (0, 0). Hence

BΦBΩ = SB
′

ΦB
′′

ΩS
′

= SR−1
Φ+ΩS

′
= SR−(Φ+Ω)S

′
.

R−(Φ+Ω) is a dual boost through −(Φ + Ω) about O = (0, 0).
Thus in all cases problem reduces to

TR
′′′

Φ+ΩT
′
, S

′′
B

′′

Ω−ΦT
′
, TB

′′

Ω−ΦS
′′
and SR−(Φ+Ω)S

′
,

where R
′′′

Φ+Ω, B
′′

Ω−Φ, R−(Φ+Ω) are dual boosts about O = (0, 0), S, T, S
′
, T

′
, S

′′
are

dual translations. From Corollary 1 we know that the resultant of a dual translation
and a dual boosts about O = (0, 0) (when neither is the identify) is a dual boost
about a point not O. Hence it remains to determine the nature of the resultant of
(a) a dual translation and a dual boost about a point not O, and (b) two dual boosts
about any points. In doing this we assume that none of these transformations is
the identity.
(a) Let T (respectively S) be a dual translation, R (respectively B) a dual

boost about a point not O, and consider TR (respectively SB). By theorem 2,
we know that R = T

′
R

′
(respectively B = S

′
B

′
) where T

′
(respectively S

′
) is a
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dual translation and R
′
(respectively B

′
) is a dual boost about O. Hence using the

associative property of transformations, we have that

TR = T (T
′
R

′
) = (TT

′
)R

′
= T1R

′

(respectively
SB = S(S

′
B

′
) = (SS

′
)B

′
= S1B

′
)

where T1 (respectively S1) is a dual translation. Note that T1R
′
(respectively

S1B
′
) is simply the dual boost R

′
(respectively B

′
) if T1 = I (respectively S1 = I),

and by corollary 1 it is a dual boost about a point not O if T1 6= I (respectively
S1 6= I). Thus, TR (respectively SB) is always a dual boost. In the same way RT
(respectively BS) can be shown to be a dual boost.
(b) Let R, R

′
(respectively B, B

′
or respectively R, B) be dual boosts about

any points. If neither point is O, then by theorem 2, R = TR1 and R
′

= R
′

1T
′

(respectively B = SB1 and B
′

= B
′

1S
′
or respectively R = TR1 and B = B

′

1S
′
)

where R1, R
′

1, B1, B
′

1 are dual boosts about O and T, T
′
, S, S

′
are dual translations.

These equations are still true if one of the given dual boosts, say R (respectively
B), is about O, except that then T = I (respectively S = I). In any case then, we
have

RR
′

= (TR1)(R
′

1T
′
) = T (R1R

′

1)T
′

= TR2T
′

= (TR2)T
′

(respectively
BB

′
= (SB1)(B

′

1S
′
) = S(B1B

′

1)S
′

= SR3S
′
, )

respectively
RB = (TR1B

′′

1 S
′
) = T (R1B

′′

1 )S
′′

= (TB2)S
′′
, )

where R2, (respectively R3) (respectively B2) is a dual boost about O. If R2 = I

(respectively R3 = I and respectively B = I) which occurs if R1, R
′

1 (respectively
B1, B

′

1, respectively R1, B
′′

1 ) are mutually inverse then RR
′
(respectively BB

′
and

RB) is clearly a dual translation. If R2 (respectively R3, respectively B2) 6= I then
TR2 (respectively SR3, respectively TB2) is a dual boost whose center is not O.
Unless, T = I (respectively S = I or respectively T = I) using the discussion above
it follows that TR2T

′
(respectively SR3S

′
respectively TB2S

′′
), and hence RR

′

(respectively BB
′
and respectively RB) is a dual boost. Same argument works for

BR.
Thus have proved:

Theorem 3.1. The resultant in either order of a dual translation ( 6= I) and a dual
boost (6= I) is a dual boost. The resultant of two dual boosts about any point is a
dual boost or a dual translation.

Considering the fact that the inverses of dual translations and dual boosts are
dual translations and dual boosts respectively, it is clear that we have also proved:

Theorem 3.2. The set of all dual translations and dual boosts is a group. The set
off all dual boosts is not a group.
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Remark 3.3. Note that set of all RΦ’s about O = (0, 0) is a group. Yet set off all
BΦ’s about O is not a group. Note also that a dual translation and a dual boost
are generally not commutative. This was already apperant from corollary 1.

The same is true of two dual boosts,

Example 3.4. Let Rπ/2, Bπ/2 be dual boosts through π/2+ε0 about (0, 0), (0, 1)
respectively it is easy to see that Rπ/2Bπ/2 6= Bπ/2Rπ/2.

References

[1] S. Anco, R. Wald, Does there exist a sensible quantum theory of an algebra valued scalar
field, Phys. Rev. D 39 (1989), 2297-2307.

[2] M. Berz, Automatic differentiation as nonarchimedean analysis, Eds. L. Atanassova and J.
Herzberger, Elsevier Publishers North Holland, Amsterdam. (1992).

[3] H. Cheng, S. Thompson, In Proc. of the 1996 ASME Design Engineering Technical Confer-
ence, Irvine, California, ASME Publication, (1996).

[4] H.H. Cheng, Engineering with Comp., 10(1994), 212.
[5] W.K. Clifford, Preliminary sketch of bi-quaternions, Proc. of London Math. Soc. 4 n. 64, 65

(1873) , 361-395.
[6] C. Cutler, R. Wald, Class. Quant. Gravit. 4,(1987), 1267.
[7] J. R. Dooley, J.M. McCarthy, Spatial Rigid body Dynamics Using Dual quaternions com-

ponenets, Proc. Of IEEE International Conf. On Robotics and Automation, vol. 1, Sacre-
manto, CA, (1991), 90-95.

[8] D. Gans, Transformations and Geometries, Appleton-century-crofts, Newyork/Educational
Division Meredith Corporation, 1969.

[9] N.A. Gromov, Contractions and analytical continuations of classical groups, Komi Science
Center, Syktyvkar, Russia. (1990).

[10] N. A. Gromov, The matrix quantum unitary Cayley-Klein groups, J. Phys. A: Math. Gen.,
26,(1993). L5-L8.

[11] N. A. Gromov, I.V. Kostyakov, V.V. Kuratov, Quantum orthogonal Caley-Klein groups and
algebras, WigSym5, Vienna, Austria, (1997), 25-29.

[12] H. Kabadayi, Y. Yayli, General Boosts in Lorentzian Plane E21 , Journal of Dynamical Systems
& Geometric Theories, Vol. 9, Number 1 (2011), 1-9.

[13] A.P. Koltelnikov, Screw calculus and some of its applications in geometry and mechanics,
Kazan, (Russian), (1895)

[14] S. Li, Q.J. Ge, Rational Bezier Line Symmetric Motions, ASME J. of Mechanical Design, 127
(2)(2005), 222-226.

[15] B. O’neill, Semii-Riemannian Geometry with applications to relativity, Academic Press. Inc.
(London) Ltd. 1983

[16] G. R. Pennoch, A.T. Yang, Dynamic analysis of Multi-rigid-body Open-Chain System, trans.
ASME, J. Of Mechanisms, Transmissions and Automation in design, vol. 105 (1983), 28-34

[17] B. Ravani, Q. J. Ge, Kinematic localization for world Model calibration in off-line Robot
Programmimg using Clifford algebras, Proc. Of IEEE International conf. On robotics and
Automation vol. 1. Sacremanto, CA.,(1991), 584-589

[18] E. Study, Geometrie der Dynamen, Leipzig. (1903).
[19] R. Wald, . Class. Quant. Gravit. 4 (1987), 1279.
[20] I. M. Yaglom, A simple non-Euclidean geometry and its physical basis, Springer-Verlag, New-

York. (1979).



GENERAL DUAL BOOSTS IN LORENTZIAN DUAL PLANE D2
1 21

Current address : Ankara University, Faculty of Sciences, Dept. of Mathematics, 06100 Tan-
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