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REPRESENTATION NUMBER FORMULAE FOR SOME
OCTONARY QUADRATIC FORMS

BÜLENT KÖKLÜCE

Abstract. We find formulae for the number of representation of a positive
integer n by each of the quadratic forms
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by using some known convolution sums of divisor functions and known repre-
sentation formulae for quaternary quadratic forms. Formulae for some other
octonary quadratic forms of these type are given before in [4, 5, 6, 11, 17].

1. Introduction

Let N, N0, Z and C denote the set of natural numbers, non-negative integers,
integers and complex numbers so that N0 = N ∪ {0}. For k ∈ N we set

σk(n) :=


∑
d∈N
d|n

dk , n ∈ N,

0 , n /∈ N.
We write σ(n) for σ1(n). For a1, . . . , a8 ∈ N and n ∈ N0 we define

N(a1, . . . , a8;n) := card
{
(x1, . . . , x8) ∈ Zk : n = a1x

2
1 + · · ·+ a8x28

}
. (1.1)
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If l of a1, . . . , a8 are equal, say,

ai = ai+1 = · · · = ai+l−1 = a, (1.2)

we indicate this in N(a1, . . . , a8;n) by writing al for ai, ai+1, . . . , ai+l−1 as in [4, 6,
11].
It is clear that the number N(18;n) is just the number of representations of n

as the sum of eight squares. The problem of evaluating N(18;n) was considered by
earlier mathematicians. An Implicit formula for N(18;n) is given by Jacobi [10].
Explicit formula are obtained in [5, 17]. The representation numbers N(11, 47;n),
N(12, 46;n), N(13, 45;n), N(14, 44;n), N(15, 43;n), N(16, 42;n), N(17, 41;n) are
evaluated in [6]. Alaca and Williams [4] have found formulae for N(12, 36;n),
N(14, 34;n), N(16, 32;n). Alaca, Alaca and Williams [5] have determined N(18;n),
N(16, 22;n), N(15, 22, 41;n), N(14, 24;n), N(14, 22, 42;n), N(14, 44;n), N(13, 24, 41

;n), N(13, 22, 43;n), N(12, 26;n), N(12, 24, 42;n), N(12, 22, 44;n), N(11, 26, 41;n),
N(11, 24, 43;n), and N(11, 22, 45;n). The author has derived formulae before for
N(14, 64;n), N(24, 34;n) andN(14, 34;n) in [11] and forN (12, 22, 32, 62;n), N(14, 32

, 62;n), N(12, 22, 34;n), N(24, 32, 62;n) and N(12, 22, 64;n) in [12].
In the present paper, we use the representation number formulae for the quater-

nary quadratic forms x21+x
2
2+x

2
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2
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2
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2
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2
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2
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2
4 and some

known convolution sums to derive formulae for seven octonary quadratic forms. We
explicitly find formulae for any of N(14, 22, 62;n), N(12, 24, 32;n), N(12, 32, 64;n),
N(14, 22, 32;n), N(12, 24, 62;n), N(1, 24, 4, 62;n) and N(22, 3, 64, 12;n).
The formulae are given in terms of the function σ3(n) and the numbers c1,6(n),

c1,8(n), c1,12(n), c3,4(n), c1,24(n), c3,8(n), which are defined in next section. After
some preliminaries we prove the following theorem in section 3. In our calculations
we use the software Pari GP.

Theorem 1.1. Let n ∈ N then,
(i)

N(14, 22, 62;n) =
7

5
σ3(n)−

7

5
σ3(

n

2
)− 27

5
σ3(

n

3
) +

28

5
σ3(

n

4
) +

27

5
σ3(

n

6
)− 448

5
σ3(

n

8
)

−108
5
σ3(

n

12
) +

1728

5
σ3(

n

24
) +

4

5
c1,6(n)−

16

5
c1,6(

n

2
)− 64

5
c1,6(

n

4
)

−2c1,8(n)−
22

5
c1,12(n) +

61

5
c1,24(n),

(ii)

N(12, 24, 32;n) =
7

5
σ3(n)−

7

5
σ3(

n

2
)− 27

5
σ3(

n

3
) +

28

5
σ3(

n

4
) +

27

5
σ3(

n

6
)− 448

5
σ3(

n

8
)

−108
5
σ3(

n

12
) +

1728

5
σ3(

n

24
) +

4

5
c1,6(n) +

16

5
c1,6(

n

2
)− 64

5
c1,6(

n

4
)

+2c1,8(n) +
8

5
c3,4(

n

2
)− 1

5
c3,8(n),
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(iii)

N(12, 32, 64;n) =
1

5
σ3(n)−

1

5
σ3(

n

2
)− 21

5
σ3(

n

3
) +

4

5
σ3(

n

4
) +

21

5
σ3(

n

6
)− 64

5
σ3(

n

8
)

−84
5
σ3(

n

12
) +

1344

5
σ3(

n

24
)− 4

15
c1,6(n)−

16

15
c1,6(

n

2
) +

64

15
c1,6(

n

4
)

−6c1,8(
n

3
)− 88

15
c1,12(

n

2
) +

61

15
c1,24(n),

(iv)

N(14, 22, 32;n) =
14

15
σ3(n)−

14

15
σ3(

n

2
)− 54

5
σ3(

n

3
) +

28

5
σ3(

n

4
) +

54

5
σ3(

n

6
)

−448
5
σ3(

n

8
)− 108

5
σ3(

n

12
) +

1728

5
σ3(

n

24
)− 6

5
c1,6(n)−

16

5
c1,6(

n

2
)

−64
5
c1,6(

n

4
) + 2c1,8(n) +

22

5
c1,12(n) +

1

5
c3,4(n) +

8

5
c3,4(

n

2
)

−1
5
c3,8(n),

(v)

N(12, 24, 62;n) =
7

10
σ3(n)−

7

10
σ3(

n

2
)− 27
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σ3(

n

3
) +

28

5
σ3(

n

4
) +

27
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6
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1728
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n
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2
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2
)

+
48

5
c1,6(
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4
)− c1,8(n)−

11

5
c1,12(n)−

22

5
c1,12(
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2
)− 4

5
c3,4(

n

2
)

+
61

10
c1,24(n),

(vi)

N(1, 24, 4, 62;n) =
7

20
σ3(n)−

7
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σ3(
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2
)− 27
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24
) +

1728
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2

5
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n
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5
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n
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)− 64

5
c1,6(

n

8
)− 1

2
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2
)

−11
10
c1,12(n)−

11

5
c1,12(

n

2
) +

1

5
c3,4(

n

2
) +

8

5
c3,4(

n

4
)

+
61

20
c1,24(n)−

1

5
c3,8(

n

2
),
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(vii)

N(22, 3, 64, 12;n) =
1

20
σ3(n)−

1

20
σ3(

n

2
)− 21

20
σ3(

n

3
) +

21

20
σ3(

n

6
) +

4

5
σ3(

n

8
)

−64
5
σ3(

n

16
)− 84

5
σ3(

n

24
) +

1344

5
σ3(

n

48
)− 1

15
c1,6(n)

− 2

15
c1,6(

n

2
) +

8

15
c1,6(

n

4
) +

64

15
c1,6(

n

8
) +

3

2
c1,8(

n

3
)− 6c1,8(

n

6
)

−11
15
c1,12(

n

2
)− 88

15
c1,12(

n

4
) +

1

30
c3,4(n) +

1

15
c3,4(

n

2
)

+
61

15
c1,24(

n

2
)− 1

60
c3,8(n).

2. Some Known Formulae for Convolution Sums of Divisor Functions

In this section we give a short history and a list of necessary convolution sums
of divisor function which will be required to find the representation numbers of the
above mentioned quadratic forms. Most of the known convolutions sums are given
by the authors Alaca, Alaca and Williams. To see the detailed calculations of the
convolution sums see the cited articles. For r, s, n ∈ N with r ≤ s we define the
convolution sum Wr,s(n) by

Wr,s(n) :=
∑

(l,m)∈N2
rl+sm=n

σ(l)σ(m).

The convolution sum

W1,1(n) =
5

12
σ3(n)−

n

2
σ(n) +

1

12
σ(n) (2.1)

first appeared in a letter from Besge to Liouville [5]. It has been evaluated also in
[8], [9] and [15].
The following three sums are given in [9]:

W1,2(n) =
1

12
σ3(n) +

1

3
σ3(

n

2
)− n

8
σ(n)− n

4
σ(
n

2
) +

1

24
σ(n) +

1

24
σ(
n

2
), (2.2)

W1,3(n) =
1

24
σ3(n) +

3

8
σ3(

n

3
)− 1

12
nσ(n)− 1

4
nσ(

n

3
) +

1

24
σ(n) +

1

24
σ(
n

3
), (2.3)

W1,4(n) =
1

48
σ3(n) +

1

16
σ3(

n

2
) +

1

3
σ(
n

4
)− n

16
σ(n)− n

4
σ(
n

4
) (2.4)

+
1

24
σ(n) +

1

24
σ(
n

4
).

The convolution sum W1,3(n) was also evaluated in [13], [14], [16]. Alaca and
Williams [3] have proved that
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W1,6(n) =
1

120
σ3(n) +

1

30
σ3(

n

2
) +

3

40
σ3(

n

3
) +

3

10
σ3(

n

6
) + (

1

24
− n

24
)σ(n)

+(
1

24
− n

4
)σ(

n

6
)− 1

120
c1,6(n), (2.5)

and

W2,3(n) =
1

120
σ3(n) +

1

30
σ3(

n

2
) +

3

40
σ3(

n

3
) +

3

10
σ3(

n

6
) + (

1

24
− n

12
)σ(

n

2
)

+(
1

24
− n

8
)σ(

n

3
)− 1

120
c1,6(n), (2.6)

where
∞∑
n=1

c1,6(n)q
n = q

∞∏
n=1

(1− qn)2(1− q2n)2(1− q3n)2(1− q6n)2. (2.7)

It was shown in [18] that

W1,8(n) =
1

192
σ3(n) +

1

64
σ3(

n

2
) +

1

16
σ3(

n

4
) +

1

3
σ3(

n

8
) + (

1

24
− n

32
)σ(n)

+(
1

24
− n

4
)σ(

n

8
)− 1

64
c1,8(n), (2.8)

where
∞∑
n=1

c1,8(n)q
n = q

∞∏
n=1

(1− q2n)4(1− q4n)4. (2.9)

Evaluation of the following two convolution sums are due to Alaca, Alaca and
Williams [1].

W1,12(n) =
1

480
σ3(n) +

1

160
σ3(

n

2
) +

3

160
σ3(

n

3
) +

1

30
σ3(

n

4
) +

9

160
σ3(

n

6
) (2.10)

+
3

10
σ3(

n

12
) + (

1

24
− n

48
)σ(n) + (

1

24
− n

4
)σ(

n

12
)− 11

480
c1,12(n),

where

11

∞∑
n=1

c1,12(n)q
n (2.11)

= 10q

∞∏
n=1

(1− qn)−1(1− q2n)2(1− q3n)3(1− q4n)3(1− q6n)2(1− q12n)−1

+q

∞∏
n=1

(1− qn)−2(1− q2n)8(1− q3n)−2(1− q4n)−2(1− q6n)8(1− q12n)−2
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and

W3,4(n) =
1

480
σ3(n) +

1

160
σ3(

n

2
) +

3

160
σ3(

n

3
) +

1

30
σ3(

n

4
) +

9

160
σ3(

n

6
) (2.12)

+
3

10
σ3(

n

12
) + (

1

24
− n

16
)σ(

n

3
) + (

1

24
− n

12
)σ(

n

4
)− 1

480
c3,4(n),

where

∞∑
n=1

c3,4(n)q
n (2.13)

= 10q2
∞∏
n=1

(1− qn)3(1− q2n)2(1− q3n)−1(1− q4n)−1(1− q6n)2(1− q12n)3

+q
∞∏
n=1

(1− qn)−2(1− q2n)8(1− q3n)−2(1− q4n)−2(1− q6n)8(1− q12n)−2.

Here 11c1,12(n) and c3,4(n) are integers, see [1].
Recently Alaca, Alaca and Williams [2] have shown that

W1,24(n) =
1

1920
σ3(n) +

1

640
σ3(

n

2
) +

3

640
σ3(

n

3
) +

1

160
σ3(

n

4
) +

9

640
σ3(

n

6
)

+
1

30
σ3(

n

8
) +

9

160
σ3(

n

12
) +

3

10
σ3(

n

24
) + (

1

24
− n

96
)σ(n)

+(
1

24
− n

4
)σ(

n

24
)− 61

1920
c1,24(n), (2.14)

where

61

∞∑
n=1

c1,24(n)q
n (2.15)

= 34q

∞∏
n=1

(1 + qn)(1− q2n)(1− q3n)3(1− q4n)3(1− q6n)(1− q12n−6)

+30q

∞∏
n=1

(1 + qn)3(1− q2n)2(1− q3n)(1− q4n)2(1− q6n)3(1− q12n−6)2

−3q
∞∏
n=1

(1− q2n−1)2(1 + q3n)6(1− q4n)2(1− q6n)6(1− q12n−6)6

+4q2
∞∏
n=1

(1 + qn)(1 + q2n)2(1− q3n)3(1− q4n)4(1 + q6n)(1− q12n)

−2q2
∞∏
n=1

(1 + qn)2(1− q2n)3(1 + q3n)2(1− q4n)(1− q6n)3(1− q12n),



REPRESENTATION NUMBER FORMULAE 141

and

W3,8(n) =
1

1920
σ3(n) +

1

640
σ3(

n

2
) +

3

640
σ3(

n

3
) +

1

160
σ3(

n

4
) +

9

640
σ3(

n

6
)

+
1

30
σ3(

n

8
) +

9

160
σ3(

n

12
) +

3

10
σ3(

n

24
) + (

1

24
− n

32
)σ(

n

3
)

+(
1

24
− n

12
)σ(

n

8
)− 1

1920
c3,8(n), (2.16)

where
∞∑
n=1

c3,8(n)q
n = (2.17)

q

∞∏
n=1

(1− q2n−1)2(1 + q3n)6(1− q4n)2(1− q6n)6(1− q12n−6)6

+2q2
∞∏
n=1

(1− qn)2(1 + q2n)5(1 + q3n)6(1− q6n)6(1− q12n−6)3

+42q2
∞∏
n=1

(1− qn)(1− q2n)(1 + q3n)3(1− q6n)6

−30q2
∞∏
n=1

(1− qn)(1− q2n)3(1 + q3n)3(1− q4n−2)2(1− q6n)2(1− q12n)2

+4q3
∞∏
n=1

(1 + qn)(1− q4n)2(1− q6n−3)3(1− q12n)6

−52q3
∞∏
n=1

(1− q2n)2(1− q4n−2)2(1− q12n)6

It is obvious that 61c1,24(n) and c3,8(n) are integers. In any formula n ∈ N and
q ∈ C.

3. Proof of Theorem 1.1

We just prove part (i) in details. The proofs of the remaining part are similar.
We firstly consider the following three quaternary quadratic forms.

f1 := x21 + x
2
2 + x

2
3 + x

2
4 (3.1)

f2 := x21 + x
2
2 + 2x

2
3 + 2x

2
4 (3.2)

f3 := x21 + x
2
2 + 3x

2
3 + 3x

2
4 (3.3)
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f4 := x21 + 2x
2
2 + 2x

2
3 + 4x

2
4 (3.4)

For l ∈ N0 we set ri(l) = card
{
(x1, . . . , x4) ∈ Z4 : l = fi(x1, x2, x3, x4)

}
. Obviously

ri(0) = 1 for i ∈ {1, 2, 3, 4}. It is known (see for example [7]) that

r1(l) = 8σ(l)− 32σ(
l

4
), l ∈ N, (3.5)

r2(l) = 4σ(l)− 4σ(
l

2
) + 8σ(

l

4
)− 32σ( l

8
), l ∈ N, (3.6)

r3(l) = 4σ(l)− 8σ(
l

2
)− 12σ( l

3
) + 16σ(

l

4
) + 24σ(

l

6
)− 48σ( l

12
), l ∈ N,(3.7)

r4(l) = 2σ(l)− 2σ(
l

2
) + 8σ(

l

8
)− 32σ( l

16
), l ∈ N. (3.8)

Proof. (i) The form f := x21+x
2
2+x

2
3+x

2
4+2x

2
5+2x

2
6+6x

2
7+6x

2
8 can be obtained

from the sum of the quaternary quadratic forms f1 := x21 + x22 + x23 + x24 and
f3 := x21 + x

2
2 + 3x

2
3 + 3x

2
4. It is clear that

N(14, 22, 62;n) =
∑

l,m∈N0
l+2m=n

r1(l)r3(m) = r1(0)r3(
n

2
) + r1(n)r3(0) +

∑
l,m∈N
l+2m=n

r1(l)r3(m).
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Thus by using the equations (3.5) and (3.7) we have

N(14, 22, 62;n)− (4σ(n
2
)− 8σ(n

4
)− 12σ(n

6
) + 16σ(

n

8
) + 24σ(

n

12
)− 48σ( n

24
)

+8σ(n)− 32σ(n
4
))

=
∑
l,m∈N
l+2m=n

(8σ(l)− 32σ( l
4
))(4σ(m)− 8σ(m

2
)− 12σ(m

3
) + 16σ(

m

4
) + 24σ(

m

6
)

−48σ(m
12
))

= 32
∑
l,m∈N
l+2m=n

σ(l)σ(m)− 64
∑
l,m∈N
l+2m=n

σ(l)σ(
m

2
)− 96

∑
l,m∈N
l+2m=n

σ(l)σ(
m

3
)

+128
∑
l,m∈N
l+2m=n

σ(l)σ(
m

4
) + 192

∑
l,m∈N
l+2m=n

σ(l)σ(
m

6
)− 384

∑
l,m∈N
l+2m=n

σ(l)σ(
m

12
)

−128
∑
l,m∈N
l+2m=n

σ(
l

4
)σ(m)− 256

∑
l,m∈N
l+2m=n

σ(
l

4
)σ(

m

2
) + 384

∑
l,m∈N
l+2m=n

σ(
l

4
)σ(

m

3
)

−512
∑
l,m∈N
l+2m=n

σ(
l

4
)σ(

m

4
)− 768

∑
l,m∈N
l+2m=n

σ(
l

4
)σ(

m

6
) + 1536

∑
l,m∈N
l+2m=n

σ(
l

4
)σ(

m

12
)

= 32W1,2(n)− 64W1,4(n)− 96W1,6(n) + 128W1,8(n) + 192W1,12(n)− 384W1,24(n)

−128W1,2(
n

2
)− 256W1,1(

n

4
) + 384W2,3(

n

2
)− 512W1,2(

n

4
)− 768W1,3(

n

4
) + 1536W1,6(

n

4
).

Using (2.1)-(2.6), (2.8), (2.10) and (2.14) and adding 4σ(n2 ) − 8σ(
n
4 ) − 12σ(

n
6 ) +

16σ(n8 )+ 24σ(
n
12 )− 48σ(

n
24 )+ 8σ(n)− 32σ(

n
4 ) to both sides we obtain the asserted

formula.
(ii) N(12, 24, 32;n) =

∑
l,m∈N0
2l+m=n

r1(l)r3(m). Using equations (3.5), ( 3.7) and then

(2.1)-(2.6), (2.8), (2.12) and ( 2.16) we obtain the asserted formula.
(iii) N(12, 32, 64;n) =

∑
l,m∈N0
6l+m=n

r1(l)r3(m). Using equations (3.5), ( 3.7) and then

(2.1)-(2.6), (2.8), (2.10) and ( 2.14) we obtain the asserted formula.
(iv) N(14, 22, 32;n) =

∑
l,m∈N0
l+m=n

r2(l)r3(m). Using equations (3.6), ( 3.7) and then

(2.1)-(2.6), (2.8)), (2.10), ( 2.12) and (2.16) we obtain the asserted formula.
(v) N(12, 24, 62;n) =

∑
l,m∈N0
l+2m=n

r2(l)r3(m). Using equations (3.6), ( 3.7) and then

(2.1)-(2.6), (2.8), (2.10), (2.12) and (2.14) we obtain the asserted formula.
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(vi) Clearly N(1, 24, 4, 62;n) =
∑

l,m∈N0
2l+m=n

r3(l)r4(m). Using equations (3.7), ( 3.8)

and then (2.1)-(2.6), (2.8), (2.10), (2.12), (2.14) and (2.16) we obtain the asserted
formula.
(vii) N(22, 3, 64, 12;n) =

∑
l,m∈N0
2l+3m=n

r3(l)r4(m). Using equations (3.7), ( 3.8) and

then (2.1)-(2.6), (2.8), (2.10), (2.12), (2.14) and (2.16) we obtain the asserted for-
mula. �
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