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GENERALIZED QUATERNIONS AND THEIR ALGEBRAIC
PROPERTIES

MEHDI JAFARI AND YUSUF YAYLI

ABSTRACT. The aim of this paper is to study the generalized quaternions,
H,p, and their basic properties. H,g has a generalized inner product that
allows us to identify it with four-dimensional space Eig. Also, it is shown
that the set of all unit generalized quaternions with the group operation of
quaternion multiplication is a Lie group of 3-dimension and its Lie algebra is
found.

1. INTRODUCTION

Quaternion algebra, customarily denoted by H (in honor of William R. Hamil-
ton [7], who enunciated this algebra for a first) recently has played a significant role
in several areas of science; namely, in differential geometry, in analysis, synthesis of
mechanism and machines, simulation of particle motion in molecular physics and
quaternionic formulation of equation of motion in theory of relativity [1, 2]. After his
discovery of quaternions, split quaternions, H’, were initially introduced by James
Cackle in 1849, which are also called coquaternion or para-quaternion [3]. Mani-
folds endowed with coquaternion structures are studied in differential geometry and
superstring theory. Quaternion and split quaternion algebras both are associative
and non-commutative 4-dimensional Clifford algebras. A brief introduction of the
generalized quaternions is provided in [20]. Also, this subject have investigated in
algebra [22,23]. It was pointed out that the group G of all unit quaternions with
the group operation of quaternion multiplication is a Lie group of 3-dimension and
its Lie algebra were worked out in [14]. Subsequently, Inoguchi [6] showed that the
set of all unit split quaternions is a Lie group and found its Lie algebra. Here, we
study the generalized quaternions, H,g, and give some of their algebraic proper-
ties. Ultimately, we aim to show that the set of all unit generalized quaternions is
a Lie group. Its Lie algebra and properties of the bracket multiplication are inves-
tigated. Also, we point out that every generalized quaternion has an exponential
representation and find De-Moivre’s formula for it.
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2.  PRELIMINARIES

In this section, we define a new inner product and give a brief summary of real
and split quaternions.

Definition 2.1. A real quaternion is defined as
q = ag+ aii + asj + ask

where ag, a1, a2 and ag are real numbers and 1,4, j, k of ¢ may be interpreted as
the four basic vectors of Cartesian set of coordinates; and they satisfy the non-
commutative multiplication rules

i? = =k =ijk=-1
ij = k=—ji, jk=1i=—kj
and
ki = j=—ik

A quaternion may be defined as a pair (S,, V;) , where S, = a¢ € R is scalar part
and V, = ayi+asj+ask € R? is the vector part of . The quaternion product of two
quaternions p and ¢ is defined as

pg = SpSq— (Vp, Vo) +SpVg + SV + VAV,

where” (,)”and ”A” are the inner and vector products in R?, respectively. The
norm of a quaternion is given by the sum of the squares of its components: N, =
a+a?+a3+a3, N, € R. It can also be obtained by multiplying the quaternion by its
conjugate, in either order since a quaternion and conjugated commute: N, = qq =
qq. Every non-zero quaternion has a multiplicative inverse given by its conjugate
divided by its norm: ¢~ ! = Nl. The quaternion algebra H is a normed division
algebra, meaning that for anytho quaternions p and q, Nyq = NNy, and the
norm of every non-zero quaternion is non-zero (and positive) and therefore the
multiplicative inverse exists for any non-zero quaternion. Of course, as is well known,
multiplication of quaternions is not commutative, so that in general for any two
quaternions p and ¢, pq # gp. Also, the algebra H' of split quaternions is defined as
the four-dimensional vector space over R having a basis {1,1, j, k} with the following

properties;

o= -1, =k =41
ij = k=—ji, jk=—i=—kj
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and
ki=j= —ik.
The quaternion product of two split quaternions p and q is defined as

pq = SpSq + Vo, Vohi + Sp Vg + SV + Vi NV

”

where” (, );” and ”A;” are Lorentzian inner and vector products, respectively. It is
clear that H and H’ are associative and non-commutative algebras and 1 is the
identity element [13,15, 24].

Definition 2.2. Let u = (u1,uz,u3) and v = (v1,v2,v3) be in R3. If o, 8 € RY,
the generalized inner product of v and v is defined by

g(u,v) = auivy + Bugvy + afugvs. (1)
It could be written

a 0 0
glu,v)=u" |0 B 0 |v=1u'Gv.
0 0 ap

If a =6 =1, then Eiﬁ is an Euclidean 3-space E3.
Also, if @ > 0,8 < 0, g(u,v) is called the generalized Lorentzian inner product.
The vector space on R3 equipped with the generalized inner product, is called 3-

dimensional generalized space, and is denoted by E3 5 - The vector product in E3 P
is defined by

Bt aj k
uNv = up Uz U3
V1 V2 V3

= [(ugvs — uzv2)i + a(ugvy — u1v3)j + (u1v2 — ugvr )k,
where iAj =k, jAk=L0iand kANi=caj [§].

Proposition 2.1. For a,3 € R™, the inner and the vector product satisfy the
following properties;

1. uAv=—-vAu,

2. glunv,w) =gl Aw,u)=g(wAu,v)=det(u,v,w),
3. glu,v Aw) = —g(v,u Aw),

4. uN(wAw)=glu,w)v— g(u,v)w.
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3. GENERALIZED QUATERNIONS

Definition 3.1. A generalized quaternion ¢ is an expression of the form
q = ag + a1t + azj + ask

where ag, a1, as and ag are real numbers and ¢, j, k are quaternionic units which
satisfy the equalities

i2 = & j2:_ﬁa k'2:—046

ij = k=—ji, jk=pi=—kj
and

ki=aj=—ik, o,0€cR

The set of all generalized quaternions are denoted by H,g. A generalized quater-
nion ¢ is a sum of a scalar and a vector, called scalar part, S, = ag, and vector
part V, = a1t + +aqj + ask € Rzﬂ. Therefore, H,p3 forms a 4-dimensional real
space which contains the real axis R and a 3-dimensional real linear space Ei 3> SO
that, Hop = R® EJ 5.

Special cases:

1) If « = f =1 is considered, then H,p is the algebra of real quaternions H.

2)If a =1,8 = —1is considered, then H,gz is the algebra of split quaternions
H'.

3) If a =1, =0 is considered, then H,g is the algebra of semi quater-
nions H° [17].

4) If « = —1,8 = 0 is considered, then H,g is the algebra of split semiquater-
nions H'°.

5) If @ =0,8 =0 is considered, then H,g is the algebra of %quaternions
He° (see[7,21]).
The addition rule for generalized quaternions, H,g, is:

p+q=(ap+bo)+ (a1 +b1)i + (a2 +b2)j+ (as + b3)k,

for p=aop+ ali —HZQj + agk and q = bo + bli +b2j + b3/{1

This rule preserves the associativity and commutativity properties of addition,
and provides a consistent behavior for the subset of quaternions corresponding to
real numbers, i.e.,

Sp+q = Sp-l-Sq = ag + by.
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The product of a scalar and a generalized quaternion is defined in a straightfor-
ward manner. If cisascalarand g € H,g3,

cq = cSq + cVy = (cao)l + (car)i + (caz)j + (cas)k.

The multiplication rule for generalized quaternions is defined as

pg = SpSq—g9(Vp, Vo) + SpVy + S,V + Vi AV,

which could also be expressed as

ag —aay —faz —oafag bo
pg=| @ —Baz  Bas b1
as «as ag —aag b
as —az ay Qg b3

Obviously, quaternion multiplication is an associative and distributive with respect
to addition and subtraction, but the commutative law does not hold in general.

Corollary 3.1. H,g with addition and multiplication has all the properties of a
number field expect commutativity of the multiplication. It is therefore called the
skew field of quaternions.

4. SOME PROPERTIES OF GENERALIZED QUATERNIONS

1) The Hamilton conjugate of ¢ = ac + a1i + a2j + agk = Sy + V, is
q=ag— (a1i+a2j+a3k) :Sq—‘/:].

It is clear that the scalar and vector part of ¢ denoted by S, = % and V, = ?.

2) The norm of g is defined as N, = |qg|= |gq|= |a3 + aa? + Ba3 + aBad3|.

Proposition 4.1. Let p,q € Hog and A, § € R. The conjugate and norm of gener-
alized quaternions satisfies the following properties;

i) 3=q, i) Pq =7 P, iii) Ap + 0q = Ap + 07,

W) Npg= NNy, v) Nag=XN,, i) Np = 22,
q

If N, = a3 +aa?+Ba3+aBa3 = 1, then ¢ is called a unit generalized quaternion.

3) The inverse of ¢ is defined as ¢~ = € N, # 0, with the following properties;

q

N,
i) (pa)" =gt i) (N)T = %a7h, i) Ny = -
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4) For «, 8 > 0, division of a generalized quaternion p by the generalized quaternion
q(# 0), one simply has to resolve the equation

rg=p or qy=p,

with the respective solutions

r = pq =P
N,’
y = ¢lp=-Lyp
N,
and the relation N, = N, = %

q
If S, = 0, then g is called pure generalized quaternion, or generalized vector. We
also note that since
ap—pq = Ve ANV = Vp AV,

and if p is a quaternion which commutes with every other quaternion then V,, =0
and p is a real number.

Theorem 4.1. Let p and q are two generalized quaternions, then we have the
following properties;

i) Spq = Sqp; i) Sp(ar) = Stpa)r-

5) The scalar product of two generalized quaternions p = S, +V,, and ¢ = S, + V,
is defined as

(p,q) = SpSq+9(Vp, Vy)
= Sp7

The above expression defines a metric in Ef;ﬁ. In the case a, 8 > 0, using the
scalar product we can define an angle A between two quaternions p, ¢ to be such;

Spg

COS A\ =

Theorem 4.2. The scalar product has a properties;
1) {pa1,pg2) = Np{q1,q2)
2) (q1p, @2p) = Np{q1, q2)
3) (pq1, 2) = (q1,Pq2)
4) {pa1, @2) = (P, 2@1)-
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Proof. We proof identities (1) and (3).

(pq1,pg2) = S(pql,m) = S(pqhm)
S@pra) = NpS@a)
= NpS(ql,sz) = Np(Ql,CD)

and

(pa1,42) = Stpar.a) = Star.a.m)
S = (q1,Pq2)-
O

6) The cross product of two generalized quaternion p, ¢ is a sum of a real number
and a pure generalized vectors, we defined as

pxq=V,xVy=—g(V,, V) +V, A V.
here p =V, = a1t + a2j + ask and ¢ = V; = b1 + baj + bsk. This is clearly a
general quaternion expect in two special cases; if V,, || V,, the product is a real
part of generalized quaternion equal to —g(V,, Vy) and if V,, L V the product is a
generalized vector equal to V, A'V,.

7) We call generalized quaternions p and ¢ are parallel if their vector parts

V, = B2 and V; = 44 are parallel; i.e., if (S —S) = 0, where S = V, A V.

Similarly, we call they are perpendicular if V,, and V, are perpendicular; ¢.e., if
(S+S)=0.

8) Polar form: Let «, 8 > 0, then every generalized quaternion ¢ = ag + a1t +
asj + aszk can be written in the form
g=r(cosf+using), 0<6<2r
with

r=/Ng= \/a% + aa? + Bad + afa?,

cosf = <& and

Vaa? + Ba3 + afa?

sinf =
r
The unit vector u is given by
- a1t + agj + ask

- Vaa? + Ba + aBa?’

with aa? + Ba3 +aBa? # 0. We can view  as the angle between the vector ¢ € H,p
and the real axis and W sin @ as the projection of ¢ onto the subspace Riﬂ of pure
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quaternions. Since w? = —1 for any u € S? 5, We have a natural generalization of

Euler’s formula for generalized quaternions with «, 8 > 0,

- 92 03 94
we — —
e T TR i
0> 0! 0P
= 1—§+E—+U(9—§+5—)

— .
= cosf+ usinf,

for any real 6.

Theorem 4.3. (De-Moivre’s formula) Let ¢ = e“? = cosf 4+ U sinf be a unit

generalized quaternion with positive alfa and beta, we have

N
— .
¢ =e""? = cosnb + U sinnd,

for every integer n.

The formula holds for all integer n since

_ — .
L' = cos# — wsinb,

¢ " = cos(—nb)+ U sin(—nb)

— .
= cosnf — U sinnf.

Example 4.1. ¢; = % + %(%,ﬁ,ﬁ) =cosy + %(%7ﬁﬁ)smg is of
order 6 and ¢ = 5+ + %(%,ﬁ,ﬁ) = cos I + %(%,ﬁﬁ)sin%ﬂ is of

order 3.

Note that theorem 4.3 holds for a8 < 0 (see [16]).
Special case: If « = f =1 is considered, then ¢ becomes a unit real quaternion
and its De-Moivre form reads [4].

Corollary 4.1. There are uncountably many unit generalized quaternions satis-
fying ¢ = 1 for every integer n > 3.

Proof. For every w € SZ,B , the quaternion ¢ = cos 27 /n + u sin27/n is of order
n. For n =1 or n = 2, the generalized quaternion ¢ is independent of @ . [l

5. LIE GROUP AND LIE ALGEBRA OF H,g

Theorem 5.1. Let a, 8 be positive numbers. The set G containing all of the unit
generalized quaternions is a Lie group of dimension 3.
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Proof. G with multiplication action is a group. let us consider the differentiable
function

f+ Hap—R,
flq) = a3+ aal + a3+ afas.

G = f~!(1) is a submanifold of H,g, since 1 is a regular value of function f . Also,
the following maps p: G x G — G sending (g,p) to gp and ¢ : G — G sending ¢
to ¢! are both differentiable. O

So, we put Lie group structure on unit ellipse
Sgﬁ = {(z0, 21,22, 23) € R*: 22 + aa? + B3 + Bzl =1, o, > 0}

in four-dimensional space Ei 8-

Theorem 5.2. The Lie algebra & of G is the imaginary part of Hqyg, i.e.
S =ImHup = {a1i + a2j + ask : a1,a2,a3 € R}.
Proof. Let g(s) = ag(s)+a1(s)i+az(s)j+as(s)k be a curve on G, and let g(0) = 1,
i.e., ap(0) =1, a,,,(0) =0 for m = 1,2, 3. By differentiation the equation
2 2 2 200y
ag(s) + aai(s) + Baz(s) + afaz(s) =1,
yields the equation
2a0(8)ag(s) + 2aay(s)ay (s) + 2Baa(s)ay(s) + 2aBaz(s)ay(s) = 0.

Substituting s = 0, we obtain a((0) = 0. The Lie algebra S is constituted by vector
of the form & = fm(af ) |g=1 where m = 1,2,3. The vector ¢ is formally written

in the form & = €' + €%j + €%k, Thus S = ImH o ~ Ta(e). O

Let us find the left invariant vector field X on G for which X =1 = £. Let 5(s)
be a curve on G such that 3(0) = 1, 8'(0) = & Then Ly(3(s)) = gB(s) is the left
translation of the curve 8(s) by the unit generalized quaternion g € G. Its tangent
vector is g8’ (0) = g&. In particular, denote by X,,, those left invariant vector field
on G for which

0
Xm |g:1: (3a ) |g:17

where m = 1,2, 3. These three vector fields are represented at the point g = 1, in
quaternion notation, by the quaternions ¢, j and k.
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For the components of these vector fields at the point g = ag + a1t + a2j + ask,
we have (X1)g =g X1, (Xg)g =g X j, (Xg)g = g x k. The computations yield

X| = —aa + a + aa —a i
1 = 1a 0a 38(12 280,3’
6 0
X = —5612 —B 37 + ao—8 +a18a3
8 3 0
X3 = *045038 + Ba W, T hg 2 W g,

where all the partial derivatives are at the point g. Further, we obtain
[X1, Xo] = 2X3, [Xo, X3] = 28X, [X3,X1] =2aX,.

If we limit ourselves to the values at the point e = 1, we obtain, in quaternion
notation,

[i,7] = 2k, [j,k] =284, [k,i] = 2aj.

Special case:

1) If « = B =1 is considered, then Lie bracket of & is given for real quaternions
[14].

2) If « = 1,8 = —1 is considered, then Lie bracket of & is given for split
quaternions [6].

Definition 5.1. Let & be a Lie algebra. For X € &, we denote Adx : & — S,
Y — [X,Y] for all Y € Q. Let us define K(X,Y) = Tr(Adx,Ady) for all
X,Y € S. The form K(X,Y) is called the Killing bilinear form on < [14].

Theorem 5.3. For every X = xyitxoj + x3k € I, the corresponding matriz Adx
18
0 7251’3 Qﬂﬂfg
Adx = | 2azxs 0 —2az
—2.’[52 2{,131 0

and K(X,Y) =-8¢(X,Y).
Proof. The above expression of Ady, we have

Adx (1) = [z19 + ®2j + x3k,i] = x1[3, 4] + z2[J, 9] + 23]k, i] = 0+ 22 (—2k) + z3(20))
= 0i + 2ax3) — 222k

Adx(j) = [z1i+ x2j + 23k, j] = x1li, j] + 22[7, ] + @3[k, j] = 21(2k) + 0 + z3(—254)
= —20x3i + 0j + 2x1k

Adx (k) = [z1i+ z2j + 23k, k] = m1[i, k] + 22[4, k] + 23]k, k] = 21(—20) + 22(281) + 0
= 2Bx9t — 217 + Ok.
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Thus, we find the matrix representation of the linear operator Adx as follows:

0 —251‘3 25552
Adx = | 2axs 0 -2
—2.132 2371 0

So

Tr(Adx, Ady) = —8(ax1y1 + frays + afbrsys) = —8g(X,Y).
O

Theorem 5.4. The matriz corresponding to the Killing bilinear form for the Lie
group G is K = =81,

) a 0 0
where I = 0 8 0
0 0 ap
Proof. By Theorem 5.3, Killing form is defined as

K : Tg(e) xTg(e) = Ta(e)
(X’Y) - K(X7Y):789(X7Y)7
also, Tg(e) ~ sp{i, j, k} then we have
K(i,i) K(i,7) K(i,k)
K(j,1) K(j,j) K@
K(k,i) K(k,j) K(kk)
= -8l

K

O

Theorem 5.5. For o, > 0, the set of all unit generalized quaternions G is a
compact Lie group.

Proof. For a, 8 > 0, we have K(X,Y) < 0, thus G is a compact Lie group. [l

In the next work, we will introduce the quaternion rotation operator in 3-space
Eiﬁ and giving the algebraic properties of Hamilton operators of generalized
quaternion. In [10] we considered the homothetic motions associated with these
operators in four-dimensional space E‘é 5- Dual generalized quaternions and screw
motion in spatial kinematics are also under study by authors [11].
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