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EFFECT OF GENERALIZED RELATIVE ORDER ON THE
GROWTH OF COMPOSITE ENTIRE FUNCTIONS

SANJIB KUMAR DATTA, TANMAY BISWAS, AND CHINMAY GHOSH

ABSTRACT. In this paper we establish some newly developed results related to
the growth rates of composite entire functions on the basis of their generalized
relative orders and generalized relative lower orders.

1. INTRODUCTION
Let f be an entire function defined on set of all finite complex numbers
C. The maximum modulus Mf (r) of f = ianz" on |z| = r is defined by
My (r) = ‘ril‘zgﬂ f(z)]. If f is non-constant enti;ezghen My (r) is strictly increasing

and continuous and therefore there exists its inverse function M, L (£ (0)], 00) —
(0,00) with lim M;l (s) = 00. On the other hand the maximum term i, (r) of f

can be defined in the following way:
Ky (r) = glgg(mnh" )

whose inverse is also a increasing function of r.
My (r) py(r)
Mg (r) Ky (r)
with respect to g in terms of their maximum moduli and the maximum term respec-

tively. And the study of comparative growth properties of entire functions which
is one of a prominent branch of the value distribution theory of entire functions is
the prime concern of the paper. Our notations are standard within the theory of
Nevanlinna’s value distribution of entire functions and therefore we do not explain
those in detail as available in [15]. In the sequel the following two notations are

The ratios as r — oo and as r — oo are called the growth of f
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used:
1Og[k] z = log (log[kfl] x) fork=1,2,3,---;
log[o] r =

and
explz = exp (exp[kil] x) for k=1,2,3, -
explz = =z

Taking this into account the generalized order (respectively, generalized
lower order) of an entire function f as introduced by Sato [11] is given by:

logl! M log! M
pg] = lim sup—Og £ (7) = lim supiOg s (r)
r—oo loglog Mexp » (1) r—o00 log r
log!! My (r)

log! M
respectively /\Bf] =liminf———————~-— =lim infu
r—oo loglog Mexp » () r—00 log r
where [ > 1.
These definitions extend the definitions of order p, and lower order s
of an entire function f since for [ = 2, these correspond to the particular case
2 2
p[f] =p;(2,1) = p; and )‘[f] =Ar(2,1) = Ay
Using the inequality

py(r) < My (r) < py(R) {cf - [13] } for 0 <r <R,

R—r

the growth indicator p; ( respectively Ay) and consequently pgf] ( respectively )\Bf})

are reformulated as:

log?! r log!? r
py = lim supw respectively Ay = lim inf M
r— o0 logr r—00 logr
and
log!" r log!! r
pgf] = lim supw respectively )\Bf] = lim inf M
r—o00 logr r—00 logr
where [ > 1.

For any two entire functions f and g, Bernal {[1], [2]} introduced the defi-
nition of relative order of f with respect to g, denoted by p, (f) as follows:
pg (f) = inf{u>0:M;(r)<Mgy(rt) for all 7 > ro (1) > 0}

: log M M (r)
= limsup——

9
P00 log r
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which avoid comparing growth just with exp z to determine order of entire functions
as we see in the earlier and naturally this definition coincides with the classical one
[14] for g = exp 2.

Similarly, one can define the relative lower order of f with respect to g
denoted by A, (f) as

log M M; (r
Ag (f) = liminf—g J s (r) )
r—00 logr
In the case of relative order, it therefore seems reasonable to state suitably
an alternative definition of relative order of entire function in terms of its maximum
terms. Datta and Maji [6] introduced such a definition in the following way:

Definition 1. [6] The relative order p, (f) and the relative lower order A, (f) of
an entire function f with respect to another entire function g are defined as follows:

. log 1,y (1) . dog gty ()
Pg (f) = lliiS;pT and Ay (f)= hTIggéfT .

Lahiri and Banerjee [10] gave a more generalized concept of relative order
in the following way:

Definition 2. [10] If I > 1 is a positive integer, then the l- th generalized relative
order of f with respect to g, denoted by plf (g9) is defined by

pg] (f) = inf {u >0: My (r) < M, (exp[l*” r“) for all > 1o (1) > 0}
, log!"! M1 My (r)
= limsup .
r—00 logr

Clearly p£1] (f) = pg (f) and péxpz (f) = pf
Likewise, one can define the generalized relative lower order of f with respect to

g denoted by )\g] (f) as

logl! M-t
AU (f) = liming 28— Mo My (1)
9 r—00 log r

In terms of maximum terms of entire functions, Definition 2 can be refor-
mulated as:

Definition 3. For any positive integer | > 1, the growth indicatorspg] (f) and
)\g] (f) for an entire function f are defined as:

. log" potpy () o ogh st ()
A7) = lim =0 and N ) = M=

In fact, Lemma 6 states the equivalence of Definition 2 and
Definition 3.



42 SANJIB KUMAR DATTA, TANMAY BISWAS, AND CHINMAY GHOSH

For entire functions, the notions of the growth indicators such as order is
classical in complex analysis and during the past decades, several researchers have
already been exploring their studies in the area of comparative growth properties
of composite entire functions in different directions using the classical growth in-
dicators. But at that time, the concepts of relative orders and consequently the
generalized relative orders of entire functions and as well as their technical ad-
vantages of not comparing with the growths of exp z are not at all known to the
researchers of this area. Therefore the growth of composite entire functions needs
to be modified on the basis of their relative order some of which has been explored
in [4], [5], [6], [7], [8] and [9]. In this paper we establish some newly developed
results related to the growth rates of composite entire functions on the basis of
their generalized relative orders ( respectively generalized relative lower orders).

2. LEMMAS
In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [12] Let f and g be any two entire functions Then for every o > 1 and
0<r<R,

« aR
Ppog (1) < Py (R_Tﬂg (R)) .

Lemma 2. [12] If f and g are any two entire functions with g (0) = 0. Then for
all sufficiently large values of r,
r

Ppog(r) = %Uf <51;”g (Z) —lg (O)> ’

Lemma 3. [3] If f and g are two entire functions then for all sufficiently large
values of T,

My (534, () ~la O1) < Myey(r) < My 0, 1)

Lemma 4. [2] Suppose that f be an entire function and « > 1, 0 < 8 < «. Then
for all sufficiently large r,
My(ar) = BMy(r).

Lemma 5. [6] If f be an entire and o > 1, 0 < 8 < «, then for all sufficiently
large r,

Mf(o”") > 5#)0(7’) .

Lemma 6. Definition 2 and Definition 8 are equivalent.

Proof. Taking R = ar in the inequalities py, (1) < My, (r) < ler,uh (R) {cf. [13] },
for 0 < r < R we obtain that

Myt (r) <y (r)
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and

Since M, ' (r) and p;, ! (r) are increasing functions of 7, then for any a > 1 it follows
from the above and the inequalities 1 (1) < My (r) < ;%5 (ar) {cf. [13] } that

MMy 1) < i | = ()| 1)

(a
and )
My (r)| - (2)

Therefore in view of Lemma 5 we have from (1) that

-1 -1 o
Ky, Hy (r) < aM, [(a—l)

-1 -1 2a-1)a ]
M, "My (r) < p, Nf[ (a—1) ’
Thus from above we get that
l, - 2a—1)a
logl M1 () tog! uy [ G ]
logr - logr
l - 200—1)
y logl" M, My (r) log! puy, pu [((a_l)) '7"}
T (e e T
log! M1 M
i.e. p_[ql] (f) = limsup s l(jgr r ()
o log! ey [(2(3;11))“ : 7‘]
< limsup

s log G 1] +O(1)

log" i s (r)
. 1 . . h f
e 9 S lmoup = ®
and accordingly
log!"! i g (r)
0 (£) < Tim i h Ky
Ag' (f) < lim inf log r ’ @

Similarly, in view of Lemma 4 it follows from (2) that

py g (r) < Myt My [(2a_ 1) -r}

a—1
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and from above we obtain that

l — a—
1Og[z] M;lﬂf (r) B 1og[] aM, 1Mf {(2%11) .7’]

logr - logr
_ 1 -1 2a—1) .
. log!" Nhlﬂf (r) B log!" M, "M [(T—l) r} +0(1)
logr log [(25‘:11) -T} +0(1)
o logl" M My [ (2252) 7] + 0(1)
i.e. p[g] (f) = limsup -
=00 log [( o ) -r] +0(1)
logl! ;=1
> limsup—Og Ha_ty (1)
r—00 logr

log" ' (r)

. 1 .

ie., pl(f) > limsup—— "> (5)
and consequently

log™ 1y, 'y (r)
1 . h Pf

Combining (3), (5) and (4), (6) we obtain that

1 ], -1 1 1, -1

() = tim sup 2t 12T () = lim g 8 He 1 )
g oo log r 9 r—00 logr

This proves the lemma. (I

3. MAIN RESULTS

In this section we present the main results of the paper.

Theorem 1. Let f, g and h be any three entire functions such that /\Lq] < )\[}f’] (f) <

p%’] (f) < oo where p and q are any two positive integers with p > 1 and q¢ > 2.
Then

=0

logl?! ;1 r
(i) liminf [gf ‘:’f] ’“Lffg( )
7= log?™ T g (1)
and
log[p] M{leog (r)

71) liminf =0
( ) r—00 log[P_Q+1] Mh_le (T)
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Proof. Since y;, " (r) is an increasing function of r, taking R = r (8 > 1) in Lemma
1 and in view of Lemma 5 it follows for a sequence of values of r tending to infinity
that

« aff

Ppog (1) < —— Mg ((ﬁ o (ﬁﬂ)

. 20— 1) «
R e e )

: 20— 1
i.e., log[p] ;L,:lufog (r)y < 1og[p] ugl,uf ((Of_al)(ﬁ)a_ﬁl)#g (57")> (7)
ive, 10g i gy (1) < (A (F) +2) expl= ()Y L 0(1). (8)

Again from Definition 3, we obtain for all sufficiently large values of r that

[p—q+1]

log i g (1) > exple=2 A ()< (9)

Now in view of (8) and (9), we get for a sequence of values of r tending to infinity
that

la]
s i agag (r) (A () +2) exple = (50 + o)
p—q+1] '

(10)

log! oy g (r) expla—2] pA ()<

Since )\g’ﬂ < )\%j] (f), we can choose ¢ (> 0) in such a way that )\[gq] +e< )\Ef] (f)—e
and therefore, first part of the theorem follows from (10).

As M, 1 (r) is an increasing function of r, by similar reasoning as above the
second part of the theorem follows from the second part of Lemma 3 and therefore
its proof is omitted. O

Remark 1. If we take pgl] < /\%)] (f) < p%)] (f) < oo instead of )\Lq] < )\Lp] (f) <

pgf] (f) < oo and the other conditions remain the same, the conclusion of Theorem

1 remains valid with “limit inferior” replaced by “limit”.

Theorem 2. Let f, g and h be any three entire functions such that 0 < )\Ef)] (H <

pg)] (f) < o0 and )\[g‘ﬂ < oo where p,q are any integers with p > 1 and ¢ > 2. Then
for every positive constant A and each a € (—00, 0)

{108 i 10 (1)}
(¢) liminf T T
r=o0 log®! i g (expla=t r4)

1+«

=0 if A> (1+a)Ald

and
14+«

log!”! M, " Myo, (r)}
(#4) liminf

=0ifA>(1+a)\.
r—00 10g[p] Mh_le(eXp[q—” rA) f ( ) 9
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Proof. If 1 + o <0, then the theorem is obvious. We consider 1+ o > 0.
Now from the definition of generalized relative lower order, we get for all sufficiently
large values of r that

log i, up (exple =1 ) > (A%)] (f) — s) expla=2 A (11)

Therefore we get from (8) and (11), for a sequence of values of 7 tending to infinity
that

_ 14+a 1+a B [q] o
{log“’] B Hpog (T)} § (p%’] (f)+€> explt =2 () M)

log/?! ugl,uf(exp[q*” rd) ()\Ef] (f) — 5) expla—2] pA

o(1)

X |1+ p -
(A7) +2) - expla-2 (o) ) 0

where we choose 0 < € < min {)\%ﬂ] (f), Hia - )\[gq]} . So from (12) we obtain that

] —1 te
{log Iy Hfog (7")}

lim inf T =0
r—00 log[p] I luf(exp[q—l] r4)

This proves the first part of the theorem.
Similarly, the second part of the theorem can be carried out using the same tech-
nique as above and with the help of Lemma 3. Therefore its proof is omitted. [

In view of Theorem 2, the following theorem can be carried out:

Theorem 3. Let f, g, h and k be any four entire functions with p%’] (f) < oo,

)\[g‘ﬂ < oo and )me} (g) > 0 where p,q,m are any three integers with p > 1, ¢ > 2
and m > 1. Then for every positive constant A and each o € (—00,00),

14+«
[p] -1
(i) limint {108 i gy 0

=0if A> (1+a)\¥
r=o0 Tog!™ it g (exple—tl r4) fAz Ul

and

14+«

e o)
(#4) liminf

=0ifA>(1+a)Ad.
r—00 log[m] Mk—lMg(eXp[q—l] T’A) f ( ) 9

The proof is omitted.
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Theorem 4. Let f,g, h, k,l,b and a be any seven entire functions such that )\I[)m] () >

0, p[}f] (f) < oo, p([ls] (9) < 00 and p[gn] < /\qu] where p,q, m,n,s are all positive inte-

gerswithp>1,m>1,s>1n>2,q>2 and q>n. Then

log™ i3 1o, ()
Bty (r)

(1) lim =00

=2 log i o (r) + log
and - )
logt™ M M;,
(i) lim o8 " ek (r) . = 00
r=oologlP! M1 Mo, (r) + log!®! MM, (r)

Proof. Since ;' (r) is an increasing function of 7, it follows from Lemma 2 and
Lemma 5 for all sufficiently large values of r that

ml — ml — 1 r k(0
log"™ 1y por, (r) = og"™ py gy <24uk (1) - |(3)|>

0 0w (3 (5) - 157
a0 2 (02 e () 009

v

i.e., log™ gy (7)

)\gcqlf

. m — m — T €
i.e., log™ 1y, o (1) > ()\l[) ] (1) - 5) expl?2 (1) +0(1). (13)
Also for any 8 > 1, it follows from (7) for all sufficiently large values of r that
— n— [n] &€
tog 17 g0 (1) < (A () + ) expl" =2 (80)% 2 4 0(1). (14)

Further from the definition of generalized relative order, we have for arbitrary
positive € and for all sufficiently large values of r that

logh! 1, 1, () < (61 (9) + ) 1ogr . (15)
Since pl"! < /\Eﬂq], we can choose ¢ (> 0) in such a manner that

pé"] +e< )\Ecq] —€. (16)

Therefore combining (13), (14) and (15) and in view of (16), we get for all suffi-
ciently large values of r that

log!"™" 1y o ()
1o 17, 170 (1) +log™ o g (1)

(A @) — <) el (1)~ 4 0.1)

(o1 (9) + ) log + (ol () + ) expln=21 (8r)°%+< 4 O(1)

[m]

2

log

1
i.e., lim My o (7) =00.

r=oologl? i g, (r) + logh gy (r)
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Thus the first part of the theorem follows from above.
Similarly, the second part of the theorem can be deduced with the help of Lemma
3 and therefore the proof is omitted. O

Theorem 5. Let f,g,h, k,l and b be any six entire functions such that /\,[]m] () >0,

p%j] (f) < oo and pgn] < /\Eﬂq] where p,q,m,n are all positive integers with p > 1,

m>1,n>2q>2and qg>n. Then

[m]

log

-1
(i) lim My~ Mok (r)

r—00 [p] ,,—1 [p] -1 -
log™ w, " figoq (1) +1og™! py, iy (1)

and
o log!™ M, My, ()
(4) rlggol Pl pr=t s loe®! M=t M =
og n Myog (r) + log n My (r)

We omit the proof of Theorem 5 because it can be carried out in the line of
Theorem 4.

Theorem 6. Let f,g, h, k,l,b and a be any seven entire functions such that /\Lm] ) >

0, pgf] (f) < o0, p([f] (9) < 00 and p[gn] < )\Ecq] where p,q, m,n,s are all positive inte-

gerswithp>1,m>1,s>1,n>2 qg>2andqg>n. Then

(i) lim log!™ ) o, (1)
r—oo ;1 [S_P] -1
By Hopog (1) <108 pug "y (1)

=00 pr = min {m7pa3}

1y o, ()

[s—m]

(i) lim

— =00 if m = min{m, p, s}
77— 00 log[p ] 'uh 1/J“f0g ('l") . log

fra g (1)

1og™ = piy o ()

(#4¢) lim — — = 00 if s = min{m,p, s}
=20 logl? ™y oy (r) - g (7)
and
log!™=#! M My,
(iv) lim o8 o Miok (1) = 00 if p = min{m,p, s}

r=00 Mt Mo (7) - logl* ™" MM, (r)

My Mo (7)

(v) lim — e
r—oologP~m] M, " Mgog (r) - logl* ™™ M, "M, (r)

=00 if m = min {m,p, s}

(vi) lim log"™ ™ My Micy, (r)
r=ooloeP=S pr—l M MM
0g n Myog (1) a g (1)

=00 if s=min{m,p,s} .

Proof. From (15) it follows for arbitrary positive ¢ and for all sufficiently large
values of r that

logls 1 uglﬂg (r) < PP @) +e) (17)
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Case I. Let p = min {m, p, s}.
Therefore combining (13), (14) and (17) and in view of (16), we get for all suffi-
ciently large values of r that

log!™ 1 i g, (7)
1y e gog (1) - 1og"™ P gy (r)
expl?! [(/\l[)m} (1) — 8) explt—2 (2) 1)}

explo—11 (P @+e) i) [(p[p] + ) (2] (Br)Ps +0(1)}

[m—p]

-1
i.e., lim Mb[s'ljli’k (_7’1)
T g (1) - 1ogt P gty (7)
Thus the first part of the theorem follows from above.
Case II. Let m = min {m, p, s}.

Then combining (13), (14) and (17) and in view of (16) , we obtain for all sufficiently
large values of r that

=0 .

Mb_lﬂzok (7”)
L e pog (1) - logl ™!

[q]
x| (A7) 0) = ) exolo 2 () ‘E-+<)<1ﬂ

explm—1] P (P @) +<) - expl™l [(P%ﬂ (f) + ) expln—2l (/37")’)" ey 0(1)]

log? =" pra g ()

1, g (7)

t.e., lim -

r=20log? " i, (r) - log
which is the second part of the theorem.
Case III. Let s = min {m,p, s} .
Now combining (13), (14) and (17) and in view of (16), it follows for all sufficiently
large values of r that

—1 = m?
[a g ()

log[mfs]

log[p_s]

Mb_lulok (r)
/“L;Ll:u’fog (T) : /‘Lglﬂg (T)

la]
expl®! [(Aém] (1) - 5) expli—2 (2))\’“ “+0 (1)]

explt =1 (O] gl [ (I8 () + ) expln=21 (31)%"+< 4 0(1)]

oglm~#l

e
i.e., lim ot (7) =00.

r—o]oglP™ S] 1y ufoq( r) - pia g (1)
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Thus the third part of the theorem is established.
Analogously using the same technique, the remaining parts of the theorem follows
from Lemma 3 and therefore their proofs are omitted. O

In view of Theorem 6, the following theorem can be carried out and therefore

its proof is omitted:
Theorem 7. Let f,g,h,k,l and b be any sixz entire functions such that )\l[)m] () >0,

pﬁf] (f) < o0 and p[gn] < )\Lq] where p, q, m are all positive integers withp > 1, m > 1,

n>2qg>2andq>n. Then

1og™ 2 i o ()

(i) lim — — = 00 if p = min {m, p}
Ty Hgog (r) -y, Mg (r)
-1
(id) Tim ——— P Hiok (r? — = o0 if m = min {m, p}
r=oelog? ™ " ppeg (1) < log® ™ g (1)
and
1 [m—p] M*lMo
(#4i) lim 701g b flk (r) = 00 if p = min{m,p}
100 My Mipog (1) - My~ My ()
My M,
(iv) lim b Mok (r) = 00 if m = min {m, p} .

r—oo]oglP~m! M, Myog (r) - loglP~™! M, "My (r)

Remark 2. If we consider p[gn] < pgﬂ or )xgn] < /\Ef] instead of p[gn] < /\Ecq] in
Theorem 4, Theorem 5, Theorem 6 and Theorem 7 and the other conditions remain
the same, the conclusion of Theorem 4, Theorem 5, Theorem 6 and Theorem 7
remains valid with “limit superior ” replaced by “ limit”.

Theorem 8. Let f, g, h and k be any four entire functions such that (3) p%] (fog) <
oo and (i) )\ES] (g) > 0 where p,q are any two positive integers. Then

{log“”] 1 1 fog (T)] i

(4) lim — — =0
r=o2loglt™ ! g (exp (r)) - log ity (1)
and
7] g1 ?
[log M) Mjog (7‘)}
(@) Jim W =0
r—oo]og M, "M, (exp (r)) - log'? M, "M, (r)

Proof. For any arbitrary positive ¢, we have for all sufficiently large values of  that

tog! 17 o (1) < () (f 0 9) +2) ogr . (18)

Again for all sufficiently large values of r we get that

logl?! py; g (r) > (/\Ef] (g9) — e’:‘) log7 . (19)
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Similarly, for all sufficiently large values of r we have

log iy (exp (1) = (A (g) —¢) v
i.e., logld™!! u;lug (exp(r)) > exp {()\Ef] (9) — 5) r} . (20)
From (18) and (19), we have for all sufficiently large values of r that
log!! 1, pog () - (ﬂgf] (fog)+ 5) logr
1 = .
log[q] Ly g (r) ()\L‘I] (9) — 6) log r

As e (> 0) is arbitrary, we obtain from above that

log (]

-1 [p]
limsup [ ]l’[’h_ll'thH (T) < P [(]fog) . (21)
r—oo log'® i, " pu, () N (g)
Again from (18) and (20), we get for all sufficiently large values of r that

log?! ;L}_Ll,ufog (r) - (P%)] (fog)+ 5) logr
logl?~ " szlﬂg (exp(r))  exp {()\qu] (9) — 5) r}
Since € (> 0) is arbitrary, it follows from above that

log?! ;1 r
lim sup—28_Hn o () _ 0

r—oc logld™1! /J;Zlﬂg (exp (1))
logl®! ;=1
i.6.7 lim [ _gl] u_hl 'ung (T)
r=eelogh ™y g (exp (1)
Thus the first part of the theorem follows from (21) and (22).

By similar reasoning as above the second part of the theorem can also be deduced
and therefore its proof is omitted. O

(22)

In view of Theorem 8, the following theorem can be carried out:

Theorem 9. Let f, g, h and k be any four entire functions such that (4) p%}] (fog) <
oo and (i) )\Lq] (f) > 0 where p,q are any two positive integers. Then

108! i 10 (7)] 2

(i) lim ——— — =0
r=olog! ™ g (exp (r)) - log! iy g (r)

and

=0.

2
[log” 27 M o, ()]
i1) lim
(i) ”“—"X’log[qfl} Mk_le (exp (1)) - log[q] Mk_le (r)
The proof is omitted.
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Theorem 10. Let f, g, h, k and | be any five entire functions such that (i)

i (g) < oo (i) N (fog) > 0, and (i) AP (f) > 0 where m,n,p are any
[q]

three positive integers. Then for every positive constant § with § < pg" where q is
any positive integer > 2,

10" i pipoy (r) - 10g™ 1404 ()

(Z) hm sup m — ™ — =0
r—00 log[ ] 1y, 1y,g (exp[Q*l] 7’5) . log[ ] I 1/’Lg (T’)
and
log!™! My My, (r) - logl® M; ' My,
(#4) limsup o8 | Mfog (r) -log n Mg () — .

r—oo logl™ M, "M, (expla=1lr9) . logl™ MM, (r)

Proof. Since ,u;l (r) is an increasing function of r, it follows from Lemma 2 and
Lemma 5 for a sequence of values of r that

-1 —1 1 r 19(0)]
log” i, igog (r) = log? iy (24“9 (5) -5

. _ 1 r 0

e, log[p] :uhlp‘fog (r) = (Aﬁf’] (f) — 5) log <24N (1) - |g(3)|)

. _ r

v Yog i oy () = (N (F) — ) log (Z) +0(1) (23)
) B B r p.E]q],E
i.e., logl?! uhl,ufog (r) > (/\Ef] (f) - 5) expli—2 (Z) +0(1) . (24)

Again for any arbitrary positive e, we have for all sufficiently large values of r that

log!™ [Ty (exp[q_” r‘s) < (me] (9) + 6) expld=2 9 (25)

Now from (24) and (25), it follows for a sequence of values of r that

la] _ ¢
log!?! M}:llufog (r) N ()\Ef] (f) - 8) expld—2 (g)pg +0(1)

log™! ity (expla=tlrt) (Pl (9) + 2) expla=21 7

(26)

Again for all sufficiently large values of r we get that

10g[n] ,Ul_lﬂfog (r) > (,\E"] (fog)— 5) logr
and

log!™ i gy (r) < (pkm] (9) + E) logr .



EFFECT OF GENERALIZED RELATIVE ORDER 53

Therefore from the above two inequalities, we obtain for all sufficiently large values
of r that

log!™ ul_lufog (r) o (/\gn] (fog)— 5) log r

m —1 - m
log!™ 1y, (r) (P (9) + ) togr
logl™ [~ 1 A
i.e., liminf o8 [m/]” _/jfog (r) > [lm] (fo9) . (27)
oo log™ g (7) P (9)+e
Since § < p[gq}, therefore from (26) it follows that
log? g s, (r
lim sup & 1'uh Hpog (7) =00 . (28)
r—oo log[m] i g (exp[Q*l] 7"5)
Thus the first part of the theorem follows from (27) and (28).
In a like manner the second part of the theorem can be established. ([l

Theorem 11. Let f, g, h and | be any four entire functions such that (i) 0 <

)\%’] (f) < p%’] (f) < oo (i) )\En] (fog)>0 wh[e}re n,p are any two positive integers.
q

Then for every positive constant 0 with § < pg" where q is any positive integer > 2,

logl i1 ogl?! 1
(i) limsup— 28 # Fpog (1) 108 py figoq (r)

r—oo logl?! ugluf (expla=1179) . log!”! u;luf (r)

and
(i) Tim sup log"™) My Mg (r) -10g™ My Moy (r)
r—00 log[p] M{le (exp[q_l] 7«5) . log[P] thle (r)

We omit the proof of Theorem 11 as it can be carried out in the line of
Theorem 10.

Theorem 12. Let f, g and h be any three entire functions such that 0 < )\%7] () <

pr] (f) < 0o and 0 < Mg < pldg < 0o where p,q are any two positive integers
such that p > 1 and q > 2. Then for every positive constant A,

Al loglPta—11 ,~1
(4) + < lim inf © 7 _’Lih Hiog ()
A-plt(f) oo log® g g (r4)

A\ld] [a] A\l [q]
e oy TP v
AN () Apy () AN () Apy ()
[p+q-1]  —1 [a]
< lim sup Hp Hyog (r) < Py

reoo logl s (k) T AP ()

log
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and
/\[Q] 1 [p+q—1] MflM .
(i7) —%—— < liminf—> n (1)
A. p%?] () r—o0 log[p} M, M (r4)

. { )\Lq] p[gq] } S { )\[gq] p[gq} }
AN () AP () AN AP ()
< lim su 1og[p+q—1] Mh_leOg (7”) < p.EJq]
= p Wl h—1 = Bl
r—oo log® My My (r#) A- NP ()

Proof. For any 8 > 1, it follows from (7) for all sufficiently large values of r that

log?) i i gog (1) < (ol (1) +¢) log p, (Br) + 0 (1)
e, logPt s (r) < logh py (Br) +0(1)

i.e., loglPta—1 ,u;lufog (r)y < (p[g‘ﬂ + 5) logr+ O (1) (29)
and for a sequence of values of r that
logP a1 u;l,ufog (r) < (qu] + 5) logr+0O(1) . (30)
Further from (23), it follows for a sequence of values of r that
+q—1] | —1 r
logP* ™y apey (r) > log gy (1) +0(1)
i.e., loglPta=1l ,u,:lufog (r)y > (pg‘ﬂ - s) logr +0 (1) (31)
and for all sufficiently large values of r that
Lo+ 971 1 o (1) = (A = 2) logr+0(1) . (32)

Again from the definition of generalized order and generalized lower order, we have
for arbitrary positive € and for all sufficiently large values of r that

log!?! p g (r) = A (/\gf] (f) — 5) log r (33)
and

log!! puy tpuy (rt) < A- (p[hp] (f) + 6) log7 . (34)
Again we get for a sequence of values of r tending to infinity that

log g puy (r*) < A (Aﬁf’] (f) + 8) log 7 (35)
and

log”) iy (r) = A (ol (1) <) logr . (36)
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Therefore from (29) and (33), we obtain for all sufficiently large values of r that

loglPta~1] M;lufog (r) - (pgq] + e) logr +0 (1)

log!”! p g (74) A ()\Ef] (f) — 5) logr
loglPta—1 -1 r [a]
i.e., limsup s 5 _'ulh Mfoj< ) < # . (37)
r—00 log™ iy, “pug (r4) A=A (f)

Similarly, from (29) and (36) we have for a sequence of values of r tending to infinity
that

loglPta—1] N}:lﬂfog (r) B (pg’] + 5) logr+ O (1)

log! gy 'y (r) A (pg’] (f) — 5) log r
loglPta—1 ,—1 (q]
i.e., liminf o8 ] jh Mfoj ) < # . (38)
r=oe log® g g (1) A-py (f)

Analogously we get from (30) and (33) for a sequence of values of r tending to
infinity that

loglPta=1] M}:lufog (r) - ()\[g‘I] + s) logr+ O (1)
log”! pg, g (r4) A (/\Ef] (f) — 5) logr
loglPta—11 ,—1 ALl
i.e., liminf o8 7l _Mlh Hgoq (7) < + . (39)
r=oo logl py g (r4) AN (f)
Now from (38) and (39), it follows that
loglPta—1 -1 A\l (a]
lim inf b Pres ") < min 4 (40)
ree log® oy, gy (r) AN () Aspy ()

Further from (31) and (34), we get for a sequence of values of r tending to infinity
that
loglPta1] u;lufog (r) - (p[qq] - e) logr + O (1)
log!”! p g (r4) A (p[ff)] (f)+ 8) log 7

[p+q—1]

lo ~1 T la]
i.e., limsup & all Mfog( ) > Pg

r—oo log iy (r ) T AP ()

(41)



56 SANJIB KUMAR DATTA, TANMAY BISWAS, AND CHINMAY GHOSH

Likewise from (32) and (35), we obtain for a sequence of values of r tending to

infinity that

08”0 iy gy (1) N~ &) logr +0(1)
10g[1’] ﬂ;lﬂf (TA) A ()\%’] (f) + €) log 7
o logP Ty g () Al
i.e., limsup ] _1h f: > #.
r—oo  log® i "y (1) AN ()

Thus from (41) and (42), it follows that

+q-1] , -1
A-NS () Ap ()

lim sup
r—00 IOg[p] ,u,:luf (TA)

Also from (32) and (34), we obtain for all sufficiently large values of r that

1] - la] _
loglPta—1] 1 B pog (7) N ()\g E) logr+ O (1)
log!”! pp g (r4) A (pE’] (f) + 5) log r
loglPta—1 -1, A\l
i.e., liminf o8 7 ﬁh ufoj (r) > * :
e oy g (1) A=y (f)

Therefore the first part of the theorem follows from (37), (40), (43) and (44) .

(42)

(44)

Using the similar technique as above, the second part of the theorem follows from

Lemma 3 and therefore its proof is omitted.

O

Theorem 13. Let f, g, h and k be any four entire functions such that 0 < )\Ef] (f) <

PP (f) < 00, 0< A (g) < " (9) < 00 and 0 < NUg < plilg < 00 where p,q,m
are any three positive integers such that p > 1, m > 1 and q > 2. Then for every

positive constant B,

+q—1] , —1
(i) —2L— <lim inflog[p ’ ]'uh Hiog ()

B. Pg,ﬂm] (9) r—o0 log[m] M;Zlug (rB)

NG [d] NG [d]
S mln{ [grn] ) pin] S max [!in] ’ pﬁ,L]
B-X"(g9) B-p;" (9) B-X\."(9) B-p; (9)

—1 _
[p+q—1] u;, 1Mfog (r) _ p_E;Q]

lo
< lim sup &

r—00 ]og[m]

witn, (rB) T B (g)
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and
)\[Q] 1 [p+q—1] MflM .
(if) —&— <liminf o8 e o (7)
B . pk’m (g) r—oo log m Mk_ Mg ('I"B)

A\ld] [q] A\l (4]
< min { T T (S max T
B-A"(9) Bepp o (9) B-X"(9) B-py (9)
< lim suplog[p+q_1] M, Moy (r) < P[gq} .
T g™ MM, (rB) T B A (g)

The proof of Theorem 13 is omitted as it can be carried out in the line of
Theorem 12.

Theorem 14. Let f and h be any two entire functions such that 0 < )\%’] (f) <
pgf] (f) < oo for any positive integer p > 1. Then for any entire g with 0 < A < )\éq]

where q is any positive integer > 2

-1
(i) lim " Prog(r)

r—00 M}tluf (exp[‘I*l] TA)

and .
M, Mg,
(i) lim ) f'(_rl)] =00
- h f(equ r )

Proof. We have from (23), for all sufficiently large values of r that

)\qu] —

log i i pog (1) > (Af Y- 6) expl™~? (Z)

Again from the definition of the generalized relative order, we obtain for all suffi-
ciently large values of r that

log!?! Mﬁluf (eXp[q_l] rA) < (pgf] (f)+ 5) expld= A (46)

So combining (45) and (46), we obtain for all sufficiently large values of r that

+oQ) . (45)

_ r )\E](I]—E
log!?! 17,  fpog (1) - (/\%j] (f) - 5) expli=2 () + 0 (1)

log™ pj, iy (exple=tlr4) = (o (1) ) exple-2l

(47)

Since 0 < A < )\[g‘ﬂ, we can choose ¢ (¢ > 0) in such a way that
[a]
A<\l —¢. (48)
Thus from (47) and (48), we get that

o i ey (1)
T—)OOlog[p] M;lﬂf (eXp[q—l] ’I“A)
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So from above it follows for all sufficiently large values of r that

Log®) ;e (1) > Klog? i uy (expli=rt) | for & > 1

K

from which the first part of the theorem follows.
Accordingly the second part of the theorem can be deduced with the help of the
first part of Lemma 3 and therefore its proof is omitted. ([

Analogously the following theorem can be carried out in the line of Theorem 15:

Theorem 15. Let f, g, h and k be any four entire functions with )\Ef’] (f) >0 and

pkm] (9) < oo where p,m are any positive integers. Then for every positive constant

A such that 0 < A < )\éq] for any positive integer ¢ > 1,
10g™ 1 1o (1)

1) lim =00
( ) r—>oolog[7”] u,:lug (exp[qfl] TA)

and

(i) Tim 108 M Mo ()
r—o0 log[m} Mk_lMg (exp[qfl] TA)

The proof is omitted.
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0Ba§hk: Bilesik tam fonksiyonlarin biiyiimesi iizerinde genellestirilmis bagil basamagin etkisi
Anahtar Kelimeler: Tam fonksiyon, genellegtirilmis bagil alt basamak, bilegke, biiyiime.



