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STABILITY AND SUPER STABILITY OF FUZZY
APPROXIMATELY *-HOMOMORPHISMS

N. EGHBALI

ABSTRACT. In this paper we introduce the concept of fuzzy Banach *-algebra.
Then we study the stability and super stability of approximately *-homomorphisms
in the fuzzy sense.

1. INTRODUCTION

It seems that the stability problem of functional equations had been first raised
by Ulam [12]. In 1941, Hyers [3] showed that if 6 > 0 and if f : B4y — Es is a
mapping between Banach spaces F1 and Fy with || f(z+y)— f(x)— f(y)|| < ¢ for all
x,y € Fy, then there exists a unique T : By — E3 such that T(x+y) = T(x)+T(y)
with || f(x) = T(z)|| < ¢ for all z,y € E;. In 1978, a generalized solution to Ulam’s
problem for approximately linear mappings was given by Th. M. Rassias [10].
Suppose F; and FEs are two real Banach spaces and f : Fy — Fs is a mapping. If
there exist § > 0 and 0 < p < 1 such that || f(z+y)— f(z)— F(@W)|] < 5(||=]]”+]|y|P)
for all x,y € F1, then there is a unique additive mapping T : F; — Fs such that
[|f(x) = T(z)|] < 20||z||P/|2 — 2P| for every x € Ej. In 1991, Gajda [1] gave a
solution to this question for p > 1. For the case p = 1, Th. M. Rassias and Semrl
[11] showed that there exists a continuous real-valued function f : R — R such that
f can not be approximated with an additive map.

Gavruta [2] generalized Rassias’s result: Let G be an abelian group and X a
Banach space. Denote by ¢ : G x G — [0,00) a function such that

Ple,y) = X5lo 2 (28, 2 y) < o0
for all x,y € G. Suppose that f: G — X is a mapping satisfying

If(z+y) = flz) = fWI < oz, y)
for all z,y € G. Then there exists a unique additive mapping T : G — X such that

1f(2) = T(@)|| <1/2¢(z, z)
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for all £ € G. Recently, Park [9] applied Gavruta’s result to linear functional
equations in Banach modules over a C*-algebra.

B. E. Johnson [4] also investigated almost algebra *-homomorphisms between
Banach *-algebras.

Fuzzy notion introduced firstly by Zadeh [13] that has been widely involved in
different subjects of mathematics. Zadeh’s definition of a fuzzy set characterized
by a function from a nonempty set X to [0, 1].

Later, in 1984 Katsaras [7] defined a fuzzy norm on a linear space to construct a
fuzzy vector topological structure on the space. Defining the class of approximately
solutions of a given functional equation one can ask whether every mapping from
this class can be somehow approximated by an exact solution of the considered
equation in the fuzzy Banach *-algebra. To answer this question, we use here the
definition of fuzzy normed spaces given in [7] to exhibit some reasonable notions of
fuzzy approximately *-homomorphism in fuzzy normed algebras and we will prove
that if A is a Banach *-algebra, then under some suitable conditions a fuzzy ap-
proximately *-homomorphism f: A — A can be approximated in a fuzzy sense by
a *-homomorphism H : A — A. This is applied to show that for a fuzzy approxi-
mately map f: A — A on a C*-algebra A, there exists a unique *-homomorphism
H: A — Asuch that f = H.

2. PRELIMINARIES

In this section, we provide a collection of definitions and related results which
are essential and used in the next discussions.

Definition 2.1. Let X be a real linear space. A function N : X x R — [0,1] is
said to be a fuzzy norm on X if for all z,y € X and all ¢,s € R,
(N1) N(z,¢) =0 for ¢ < 0;
(N )m—Olfandonly1fN(x ¢) =1 for all ¢ > 0;
(N3) N(cx,t) = N(= T, 76 |)1fc7é0
(N4) N(z+y,s+t) > min{N(x,s), N(y,t)};
(N5) N(z,.) is a non-decreasing function on R and lim;—,.oN(z,t) = 1;
(N6) for x # 0, N(z,.) is (upper semi) continuous on R.
The pair (X, N) is called a fuzzy normed linear space.

2

Example 2.2. Let (X,||.]|) be a normed linear space. Then

0, t=<0
N(Clj,t): H;H’ 0<t§||1’”,
1, t > ||z].

is a fuzzy norm on X.

Definition 2.3. Let (X, N) be a fuzzy normed linear space and {z,} be a se-
quence in X. Then {z,} is said to be convergent if there exists z € X such that
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limp—ooN(xy, —x,t) = 1 for all ¢ > 0. In that case, = is called the limit of the
sequence {z,} and we denote it by N — lim, 0o, = .

Definition 2.4. A sequence {z,} in X is called Cauchy if for each ¢ > 0 and each
t > 0 there exists ng such that for alln > ng and all p > 0, we have N (2, 4p—2p,t) >
1—e.

It is known that every convergent sequence in a fuzzy normed space is Cauchy and
if each Cauchy sequence is convergent, then the fuzzy norm is said to be complete
and furthermore the fuzzy normed space is called a complete fuzzy normed space.

Let X be an algebra and (X, N) be complete fuzzy normed space. The pair
(X, N) is said to be a fuzzy Banach algebra if for every z,y € X and s,t € R we
have N(zy, st) > min{N(z,s), N(y,t)}.

Definition 2.5. Let X be a linear space and ¢ : X x X — [0,00). We say that ¢
is control function if we have

oz, y) =D 00 27 (2", 2"y) < o0,
for all z,y € X.

We give the following results proved in [8].

Theorem 2.6. Let X be a linear space and (Y, N) be a fuzzy Banach space. Suppose
that p : X x X — [0,00) is a control function and f : X — Y is a uniformly
approximately additive function with respect to ¢ in the sense that

limi—oo N (f(z +y) — f(z) = fy) to(z,y)) =1
uniformly on X x X. Then T(z) = N — lim,— o ﬂ;:z) for all x € X exists and
defines an additive mapping T : X — Y such that if for some § >0, a > 0

N(f(z+y) — flz) = f(y),dp(z,y) > a,
for all z,y € X, then

N(T(z) = f(x),6/2¢(z,z)) > o,
for every x € X.

Corollary 2.7. Let X be a linear space and (Y, N) be a fuzzy Banach space. Let ¢ :
X x X —[0,00) be a control function and f : X — 'Y be a uniformly approzimately
additive function with respect to ¢ in the sense that

limi—oo N(f(z +y) — f(x) = f(y), to(z,y)) =1
uniformly on X x X. Then there is a unique additive mapping T : X — Y such
that

limi—oo N(T(z) — f(2),tp(z,2)) = 1,
uniformly on X.

Theorem 2.8. Let X be a linear space and let (Z,N') be a fuzzy normed space.
Let ¢ : X x X — Z be a function such that for some 0 < a < 2,

N ((22,29),1) > N'(ah(z, ), 1
forallz,y € X andt > 0. Let (Y,N) be a fuzzy Banach space and let f : X —Y
be a mapping in the sense that
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N(f(z+y)— flz) = fy), 1) = N'(P(z,9).1)
for eacht >0 and x,y € X. Then there exists a unique additive mapping T : X —
Y such that

N(f(z) = T(x),t) = N'(352 ¢),
where x € X and t > 0.

3. STABILITY AND SUPER STABILITY OF FUZZY APPROXIMATELY
*_HOMOMORPHISMS ON A FUZZY BANACH *-ALGEBRA IN UNIFORM VERSION

We start our work with definition of fuzzy Banach *-algebra.

Definition 3.1. A fuzzy Banach *-algebra A is a *-algebra A with a fuzzy complete
N- norm N such that N(a,t) = N(a*,t) for all a € A.

Throughout this paper, let Ay, be the set of self-adjoint elements of A and U(A)
the set of unitary elements in A.
Lemma 3.2. Let X be a fuzzy normed *-algebra and N — limy,_.oox, = x. Then
N —limy ooz, = 2*.
Proof. By Definition 2.3 we have lim;_ oo N(z, — x,t) = 1. So lim;_ooN(z} —

x*,t) = limi oo N (2, — 2)*,t) = 1. Tt means that N — lim, ozl = x*. O

Theorem 3.3. Let A be a fuzzy Banach *-algebra and let ¢ : A x A — [0,00) be a
control function and suppose that f : A — A is a function such that

limi—oo N (f(pa + py) — pf () — uf(y), to(z,y)) = 1, (3.1)
uniformly on A x A,

limi—ooN(f(2") — f(2)", tp(z, @) = 1, (3.2)
uniformly on A, and

limi— oo N(f(zw) — f(2) f(w), te(z,w)) =1, (3.3)
uniformly on A x A for allp € TV = {\ € C: |\ = 1}, all z,w € Asa, and all
z,y € A. Then there exists a unique algebra *-homomorphism H : A — A such
that

limi—ooN(H(x) — f(2),tp(z,x)) =1 (3.4)

uniformly on A.

Proof. Put 1 =1 € T". Tt follows from Theorem 2.6 and Corollary 2.7 that, there
exists a unique additive mapping H : A — A such that the equality (3.4) holds.
The additive mapping H : A — A is given by H(z) = N — lim, o5 f(2") for
all z € A.

By the assumption we have,

limy oo N (f(2"uz) — 2uf (27 12), tp(2n e, 20 12)) = 1,
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for all p € T' and all z € A. We have
N(uf(2"z) = 2uf (2" @), tp(2" " 2, 2" 1))
— N(@") - 202" ), (27, 2 )
— N(F@") - 20(2" ), tp(2" e, 2 ),
for all p € T' and all z € A. On the other hand

N(f(2"nz) — pf(2"2), tp(2" 12, 2" 2))
> min{N(f(2"px) - 2uf (2" '2),t/2p(2" " 2, 2" ")),
NQ@uf(2" ') — pf(2"x),t/20(2" 2, 2" )},
for all 4 € T and x € A. Thus

limi— oo N (f(2"uz) — pf(2"), tp(2n 1z, 27 12)) = 1.

So

limi—oo N (27" f(2"pz) — 27" pf(272), 27 tp(2n 1z, 27 12)) = 1.

Since limy, o2 "tp(2" 1z, 2" 1z) = 0, there is some ng > 0 such that

27" tp(2n1x, 27 ) < ¢t
for all n > ng and ¢ > 0. Hence

N(2—7Lf<2n,ux)_2—nuf(2nx)7 t) Z N(Q_nf(zn/J,QT)—2_7L/Lf(2n.’l,'), 2_7Lt(p(2"_1.%', 2"_15(})).

Given € > 0 we can find some ¢y > 0 such that

N (@) — 2" f (27), 2 (20, 20 ) > 1 e,
for all z € A and all t > tg. So N(27"f(2"uz) — 27 "uf(2"x),t) = 1 for all t > 0.
Hence by items (N5) and (N2) of definition 2.1 we have

N —limp 27" f(2"ux) = N — limp 002 " uf (272),
for all p € T" and all x € A. Hence

H(px) =N —limp, . f(Q;;“x) =N —limp oo “f(;"z) = uH(z),
for all 4 € T' and all x € A.

Now let A € C (A # 0) and let M be an integer greater than 4|A|. Then
|| < 1/4 < 1/3. By ([5], Theorem 1), there exist three elements i, yio, p13 € T
such that 32 = py + py + pg. We have H(z) = H(3.1/3z) = 3H(1/3z) for all
x €A So H(1/3z) =1/3H(z) for all z € A. Thus

H(A\z) = H(¥3.2-2) = MH(1/3.3372) = M/3H (p1 + pox + p3z)

= M/3(H () + H (nyw) + H (pgw)) = M/3(pty + pio + pia) H(w) = 5 35, H(w) =
AH (z),
for all z € A. Hence

H(Cx +ny) = H(Cx) + H(ny) = CH(x) + nH (y),
for all {,n € C (¢(,n #0) and all z,y € A, and H(0z) =0 = 0H(z) for all z € A.
So the unique additive mapping H : A — A is a C-linear mapping.

By using (3.2) we have

limi—oo N (27" f(272*) — 27 f(272)*, 27 "tp(z, x)) = 1.

Since limy, 002 "tp(x, ) = 0, there is some ng > 0 such that 2~ "tp(z,x) < ¢
for all n > ng and ¢t > 0. Hence

N@ "f(2mra*) — 27" f(2mx)*,t) > N(27"f(2"x*) — 27" f(2"z)*, 27 "tp(x, x)).
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Given € > 0 we can find some tg > 0 such that

N7 f(20") — 277 f(20)", 2 (@) > 1 =,
forall z € Aand all t > t5. So N(27"f(2"z*) — 27" f(2"x)*,t) = 1 for all t > 0.
Hence by items (N5) and (N2) of Definition 2.1 we have

N —limy 0o (277 f(272%)) = N — lim, 0027 " f(2"2)". (3.5)

By (3.5) and Lemma 3.2, we get
H(z*) = N—limy oo L&) = N—lim, oo L&D = (N—lim,, o LE2)* =
H(x)*7
for all z € A.
Now it follows from (3.3) that
lim_ oo N(47"f(27 227 w) — 47" f(27"2) f(27"w), 4 "tp(27 72,27 "w)) = 1.
Since lim, 004 "t (272,27 "w) = 0, there is some ng > 0 such that
47 "tp(27" 2,27 w) < t,
for all n > ng and ¢ > 0. Hence

NM@AT"f(27"227"w) —47"f(27"2) f(27"w), t)
> NM@ATf27"227"w) =47 f(27"2) f(27Mw), 47 (27" 2, 27 M w)).

Given € > 0 we can find some #5 > 0 such that

NAf(277227Mw) — 4" f(2772) f(2"w), 4~ tp(2- 2,2 "w)) > 1 — ¢,
for all z € A and all t > tg. So N(4™"f(27"227"w) — 47" f(27"2) f(27"w),t) = 1
for all ¢ > 0. Hence by items (N5) and (N2) of definition 2.1 we have

N —limp—ood ™ f(277227"w) = N — limp—0od " f(27"2) f(27"w),
icl)r allsz,w € Aga; but 30720477 p(27 2, 2w) < 3772279 p(272,27w) for all z,w €

sa+ DO

H(zw) = N—limy oo P92 = N—lim,,  JE2IC) — N _jim,, FC2) N
limy, oo f%zw) = H(Z)H(w)7
for all z,w € Ag,.

_ xztax” srx—x _ y+y* cY—yY _
For elements z,y € A, z = *5~+i*57 and y = 45 +i%5, where x1 =

To = m;f, Y1 = # and ys = y;f* are self-adjoint. Since H is C-linear,

H(zy) = H(z1y1 — 22y2 +i(z192 + 22y1)) = H(2131) — H(2292) + 1H (7192) +
iH (z2y1)

= H(x1)H(y1) — H(22)H(y2) + iH (x1)H (y2) + iH (z2) H (y1)

= (H(z1) +iH(2))(H (y1) +iH (y2))

= H(z1 +iw2)H(y1 +iy2) = H(x)H(y),
for all z,y € A. Hence the additive mapping H is an algebra *-homomorphism
satisfying the inequality (3.4), as desired.

The proof of the uniqueness property of H is similar to the proof of Corollary
2.7. ([l

* (L-‘r.L*
2 )
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Corollary 3.4. Let A be a fuzzy Banach *-algebra, 6 > 0 and ¢ > 0 ,q # 1.
Suppose that f: A — A is a function such that

limi—oco N(f (n + py) — pf (@) — pf (y), 0(|]|* + lly[|*)) = 1, (3.6)

uniformly on A X A,

limi oo N (f(2%) — f(2)", 20]]2]7) = 1, (3.7)

uniformly on A, and

limy oo N (f (zw) — f(2) f (w), t0(][2]|* + [lw][)) = 1, (3.8)

uniformly on A x A for all p € T* = {\ € C: |\ = 1}, all z,w € Ay, and all
z,y € A. Then there exists a unique algebra *-homomorphism H : A — A such
that

20t||x||?

fim oo N(H (@) = f2), [Tty

)=1, (3.9)

uniformly on A.

Proof. Considering the control function p(z,y) = 6(||z||? + ||y||?) for some 6 > 0,
we obtain this corollary. O

In the following example we will show that Corollary 3.4 does not necessarily
hold for ¢ = 1.

Example 3.5. Let X be a Banach *-algebra, zop € X and «, 8 are real numbers
such that |a| > 1 — (||z]| + [|ly|]) and || < ||z|| + ||y|| for every z,y € X. Put

f(z) = az + Bxo||z||, (z € X).

Moreover for each fuzzy norm N on X, we have

N(f(z+y) = f(z) = fy), t(l=[| + |[yl]))

= N(Bzo(llz +yl| — |||l = [yl tll]] + [ly]])

= N(Bao, oty > N(Bao,t) (2,5 € X, t € R),

Therefore by the item (N5) of the Definition 2.1, we get

limi—oo N(f(x +y) — f(x) = f(y), t(l||] + [[y]])) = 1,
uniformly on X x X.
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Also
N(f(zy) — f()f (), t(l|z[] + [lyl]))
= N(azy+ Bxol|lzy|| — (a4 Bxol|z|]) (ay + Bzollyl]), t(l|zl| + [lyl]))
= N(owy + Bzollzyl| — o*xy — aBzaollyl| — aBzoyl|zl| — B2z5||2(l|lyl], t(l1z]] + [lyl]))
t(lf=]] + lyl) (=l + 1yl

> min{N((1 - a)azy, 5 )s N (||zy||Bzo, 3 )
N a3 lallol], L) N gy, AL TD,
N(ageoylal], UL 1D,y

where x € X and ¢t € R.
Taking into account the following inequalities

(1 = ayaay, WD) — ey, DI, > Moyt (310
Ny, D) — oo, VLD, > N ayian,o/5)
(3.11)
Nl D) - Nlalllylat, 57z > Nalellivliad. ).
(3.12)
N(apaanlyll, WD) — wazaalyll, WD) > Nasollil 5),
(3.13)
N(aszaell, WD) — vy of), WD) > oyl ),

(3.14)
it can be easily seen that lim,—.oo N (f(zy) — f(x) f(y), t(||z|| + ||y]|)) = 1 uniformly
on X x X.

Also we have

N(f(@") = f(a)", 2t|]]])
= N(az" —az” + Brolle”|| = Bag |||, 2¢]|=]])

2t||| 2t|||
) N (B, )}
||z O ]

Y

min{ N (Bzo,
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So limy— oo N (f (z*)— f(x)*, 2t||z||) = 1 uniformly on X and therefore the conditions
of Corollary 3.4 are fulfilled.

Now we suppose that there exists a unique *-homomorphism H satisfying the
conditions of Corollary 3.4. By the equation

lime—oo N(f(x +y) — f(z) = f (), t(l|=]| + llyl]) = 1, (3.15)
for given ¢ > 0, we can find some ¢y, > 0 such that

N(f(z+y) = f() = fy). tlz]| + [y]})) = 1 —e,
for all z,y € X and all ¢t > ty. By using the simple induction on n, we shall show
that

N(f(2"z) — 2" f(z),tn2"||z]]) > 1 —e. (3.16)

Putting y = = in (3.15), we get (3.16) for n = 1. Let (3.16) holds for some
positive integer n. Then

N(f(2" " ) — 277 f(@), t(n + 1)2"|z]])

> min{ N(f(2" ) — 2£(2"2), ¢(][2"]| + ||2"=]))),
N(2f(2"x) — 2" f(x), 2tn(][2" 2| + |27 )
> 1l—c.

This completes the induction argument. We observe that
limp—ooN(H(z) — f(x),nt||z]]) > 1—¢.
Hence
limp—ooN(H(z) — f(x),nt||z]]) = 1. (3.17)
One may regard N(x,t) as the truth value of the statement ’the norm of z is less
than or equal to the real number ¢. So (3.17) is a contradiction with the non-fuzzy
sense. This means that there is no such the H.

Theorem 3.6. Let A be a C*-algebra and let f : A — A be a bijective mapping
satisfying f(xy) = f(x)f(y) and f(0) = 0 for which there exists function ¢ :
A x A—[0.00) satisfying (3.1) and (3.83) such that

limi—oo N(f(u®™) — f(u)*, to(u,u)) =1, (3.18)

for all w € U(A). Assume that N — limp_ o0 fg:e) 18 invertible, where e is the

identity of A. Then the bijective mapping f is a bijective *~homomorphism.

Proof. By the same reasoning as in the proof of Theorem 3.3 there exists a unique
C-linear mapping H : A — A such that

limi—ooN(H(x) — f(x),tp(z,x)) =1, (3.19)
for all x € A. The C-linear mapping H : A — A is given by

H({,E) =N- lzmn%oo f(gzx),
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for all z € A.

By using (3.18) we have

limy— oo N (277 f(2"u*) — 277 f(2™u)*, 27 Mtp(u, u)) = 1.

Since limy, 002 "t (u, u) = 0, there is some ng > 0 such that 27"t¢(u,u) < t
for all n > ng and ¢ > 0. Hence

N2 f(2mu*) — 27" f(2"u)*, 1) > N (27" f(2"u*) — 27" f(2"u)*, 27 "tp(u, u)).

Given € > 0 we can find some #3 > 0 such that

NE @) — 27 f(2M)°, 2 () > 1,
for all x € A and all £ > ¢y. So N(27"f(2"u*) — 27" f(2"u)*,¢) = 1 for all ¢t > 0.
Hence by items (N5) and (N2) of definition 2.1 we have

N —limp oo (27" f(2"u*) = N — limp—0o2” " f(2"u)". (3.20)

By (3.20) and Lemma 3.2, we get

H(u*) = N—limy oo T80 = N—lim, o LE) — (N —lim,, L&) =
H(u)",
for all w € U(A).

Since H is C-linear and each x € A is a finite linear combination of unitary
elements [6],

H(x*) = H(370 Aduy) = 3050 A H (u)) = 30000 A H (uy)™ = (3071 A\ H (u)))
H(3Ly Ajug)* = H(z)",
for all x € A.

Since f(zy) = f(z)f(y) for all z,y € A,

H(:cy) =N — llmn—@o(i =N—limp oo ——F"—F = H(m)f(y) (321)

for all z,y € A. By the additivity of H and (3.21),

2"H(zy) = H(2"xy) = H(x(2"y)) = H(z)f(2"y),
for all z,y € A. Hence

H 277. 2TL
H(ay) = TEIC) _ ) W), (3.22)

for all z,y € A. Taking the N-limit in (3.22) as n — 0o, we obtain

H(zy) = H(x)H(y),
for all 2,y € A. By (3.21) we have,

H(z) = H(ex) = H(e)f(z), (3.23)
for all z € A. Since H(e) = N — limnﬂm% is invertible and the mapping f is
bijective, the C-linear mapping H is a bijective *~homomorphism.

Now we have,

H(e)H(x) = H(ex) = H(z) = H(e) f(2),
for all x € A. Since H(e) is invertible, H(z) = f(z) for all z € A. Hence the
bijective mapping f is a bijective *-homomorphism. ([

* __
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4. NON-UNIFORM TYPE OF STABILITY AND SUPER STABILITY OF FUZZY
APPROXIMATELY *-HOMOMORPHISMS

We are in a position to give non-uniform type of Theorems 3.3 and 3.6.

Theorem 4.1. Let (B, N') be a fuzzy normed algebra, A a fuzzy Banach *-algebra

and let ¢ : A X A — B be a function such that for some 0 < a < 2,
N'(p(2z,2y),t) = N'(¢(z,y),t)

forallx,y € A andt>0. Let f: A — A be a function such that

N(f(pz + py) — pf(@) — pf(y),t) > N'(p(z,9),t),
forall x,y € A,

N(f(z") = f(2)",t) = N'(p(z,2),1), (4.1)
for allx € A and

N(f(zw) = f(2)f(w),t) = N'(¢(z,w),t), (4.2)
forallt >0, allp e T' ={X € C: |\ =1}, and all z,w € Ag,. Then there exists
a unique algebra *-homomorphism H : A — A such that

N(H(x) ~ f(2),1) > N'(35E2, 1)
for allx € A and all t > 0.

Proof. Theorem 2.8 shows that there exists an additive function H : A — A such
that

N(f(z) — T(x),t) > N'(2=2) p),
where € A and ¢ > 0.

Put 4 = 1 € T'. The additive mapping H : A — A is given by H(z) =
N = limy o050 f(2"2) for all z € A.

By assumption for each p € T,

N(f(2"px) = 2pf(2" 1), t) > N 1e, 27 1), 1),
for all x € A. We have

N(uf(2m) — 2uf(20 1), 1) = N(f(2'w) — 227 1), |ul 1) = N(f(2"a) -
2f(2n 1), t) > N 1x, 27 1a) 1),
for all 4 € T' and all x € A. So

N(f(2"pz) — pf(272),8) > min{N(f(2"pz) — 2uf (2" 12),1/2),  (43)

N 2) — pf(202),8/2)} > NLp, 210, 1/2),
for all 4 € T' and all z € A. Taking n to infinity in (4.3) and using the items (N2)
and (N5) of Definition 2.1, we see that

N —limp 27" f(2"ux) = N — limp 002 " f (27 2),
forall p € T! and all z € A.

Now by using the similar proof of the Theorem 3.3 the unique additive mapping
H: A — Ais a C-linear mapping.

By using (4.1) we have
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N@"f(2"z*) — 27" f(2"x)*,t) > N""x,2"z),2"t), (4.4)
for all z € A. Taking n to infinity in (4.4) and using the items (N2) and (N5) of
Definition 2.1, we see that

N —limp o027 f(2"2*) = N — limy, 027" f(2™x)*.
Again by using the similar proof of the Theorem 3.3 we have H(z*) = H(x)*.
Now it follows from (4.2) that

NATf(27m227"w) — 47" f(27"2) f(27"w), t) > N'"z,2"w),4"). (4.5)

for all z,w € Ag,. Taking n to infinity in (4.5) and using the items (N2) and (N5)
of Definition 2.1, we see that
N —limp—ood ™ f(277227"w) = N — limp—0od " f(27"2) f(27"w),
for all z,w € Ag,. By the proof of Theorem 3.3, H is a *~homomorphism as desired.
To prove the uniqueness property of H, assume that H* is another *~homomorphism
satisfying N(f(z) — H*(x),t) > N’(%J). Since both H and H* are additive
we deduce that
N(H(a)—H*(a),t) > min{N(H(a)—n"1f(na),t/2), N(n~tf(na)—H*(a),t/2)} >
N (2elgena) o)
for all @ € A and all ¢ > 0. Letting n tend to infinity we get that H(a) = H*(a)
for all a € A. (]

Theorem 4.2. Let A be a C*-algebra, (B, N') a fuzzy normed algebra and let
@ :AXA— B be a function such that for some 0 < a < 2,

N (o2, 2),£) > N'((, ), )
for all z;y € A andt > 0. Let f : A — A be a bijective mapping satisfying
f(zy) = f(z)f(y) and f(0) =0 such that

N(f(pz + py) — pf (@) — pf(y),t) > N'(p(z,y),1),

and

lime oo N(F(u*) — F(u)", tip(u,u)) = 1,
forallz,y € A andu € U(A). Assume that N —lim, . f(;:e) is inwvertible, where
e 1s the identity of A. Then the bijective mapping f is a bijective *-homomorphism.

Proof. As same as the proof of the Theorems 3.6 and 4.1, we can prove this Theo-
rem. ([l
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