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ON THE GROWTH ANALYSIS OF WRONSKIANS IN THE
LIGHT OF SOME GENERALIZED GROWTH INDICATORS

SANJIB KUMAR DATTA, TANMAY BISWAS, AND ANANYA KAR

ABSTRACT. In the paper we establish some new results depending on the com-
parative growth properties of composite entire or meromorphic functions using
m-th generalized ,L*-order with rate p, m-th generalised ,L*- type with rate
p and m-th generalised ,L*-weak type with rate p and wronskians generated
by one of the factors where m and p are any two positive integers.

1. INTRODUCTION, DEFINITIONS AND NOTATIONS.

Let f be an entire function defined in the open complex plane C. The maxi-
mum modulus function M (r, f) corresponding to f is defined on |z| = r as follows:

M(r f)= " |f ()] -

When f is meromorphic, M (r, f) cannot be defined as f is not analytic
throughout the complex plane. In this situation, one may introduce another func-
tion 7' (r, f) known as Nevanlinna’s characteristic function of f, playing the same
role as maximum modulus function in the following manner:

T(r,f)=N{(rf)+m(rf),
where ‘

/n(t7f)_n(07f)
t

0

N(r7f):

dt 4+ n (0, f)logr

is the pole-counting contribution, where n(r, f) is the number of poles of f, including
multiplicities, for |z| < r. On the other hand, the function m (r, f) known as the

Received by the editors: April 09, 2015; Accepted: July 12, 2015 .

2010 Mathematics Subject Classification. 30D35, 30D30.

Key words and phrases. Transcendental entire function, transcendental meromorphic function,
composition, growth, m-th generalised p,L*- order with rate p, m-th generalised ,L*- type with
rate p and m-th generalised p, L*-weak type with rate p, wronskian, slowly changing function.

©2015 Ankara University



2 SANJIB KUMAR DATTA, TANMAY BISWAS, AND ANANYA KAR

proximity function is defined as
1 2
m(rf) = 5 [ log" |f () db.
T
0
where log™ z = max (logz,0) for all 2 >0 .

In addition, we denote the order and lower order of growth of f by p; and As
respectively and they are defined as

log T logT
py= limsupL(r’f) and Ay = liminfL(r’f) .
o0 ogr r—o0 ogr
When f is entire, one can easily verify that
log!? M log!? M
pr= limsupw and Ay = liminfw
r—oo logr r—00 log r

where log[k] x = log (log[k_l] :c) for k=1,2,3,.... and log[o] T =2z

Somasundaram and Thamizharasi [12] introduced the notions of L-order
and L-type for entire function where L = L (r) is a positive continuous function
increasing slowly i.e.,L (ar) ~ L(r) as r — oo for every positive constant ‘a’.
The more generalized concept for L-order and L-type for entire and meromorphic
functions are L*-order and L*-type. Their definitions are as follows:

Definition 1. [12] The L*-order pJLc* and the L*-lower order )\JI?* of an entire
function f are defined as
L

. log? M (r, f) o . dog® M (r, f)
oI g rere] MY TR g TR

When f is meromorphic, one can easily verify that
L

* . lOgT (’)", f)
pf =limsup—————=

and )\ch* = lim infM
r—oc log [rel(r)]

r—oo log [rel(M]
Definition 2. [12] The L*-type UJLc* of an entire function f is defined as

log M *
M) o

JJI?* = lim sup py <oo.

r—00 [,reL(r)] pf*
For meromorphic f,

« T .
JJLc zlimsup% 0< pJI? <oo.

r—00 [TBL(T)]pf
In the line of Somasundaram and Thamizharasi [12] , for any two positive

integers m and p, Datta and Biswas [3] introduced the following definition:
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Definition 3. [3] The m-th generalized ,L*-order with rate p denoted by (m)

(N
and the m-th generalized , L*-lower order with rate p denoted as é";))\ of an entzre

function f are defined in the following way:
(m) L

s g M (1 )
im su
) pf ey log [rexpll L (r)]

lo [m+1] M
an d )\f — lim inf —8 (r. f) ,
r—oo log [r explP! L (T)]
where both m and p are positive integers.
When f is meromorphic, it can be easily verified that
(m) L

P = lim sup 10g[m] r(rf) nd (m))\ = lim inf log T(rf)
(®) f r—oc log [rexpl?! L (r)] () °f r—oo log [7" expl L (r)]’

where both m and p are positive integers.

These definitions extend the generalized L*-order pgfm]L* (respectively gen-

eralized L*-lower order )\[m]L*) of an entire or meromorphic function f for each

integer m > 2 since these correspond to the partlcular case p[m]L = ég) I (re-

spectively /\5c miL” _ Eﬁ)/\L ). Clearly (pgpf = (p)pf (respectively gp)/\]Lc = (») /\}Lc)

and EB/)%* = p§" (respectively EB/\J%* = /\JLC*).

In order to compare the relative growth of two entire or meromorphic func-
tions having same non zero finite generalized , L*-order with rate p, one may intro-
duce the definitions of generalised ,L*-type with rate p and generalised ,L*-lower
type with rate p of entire and meromorphic functions having finite positive gener-
alised ,L*"-order with rate p in the following manner:

Definition 4. The m-th generalised ,L*-type with rate p denoted by () af “and m-

th generalised ,L*-lower type with rate p of an entire function f denoted by Ep))*ﬁ*

are respectively defined as follows:

N 1 7”
EZ;)O'JLX = limsup o8 (T(f)) — and
" [rexplPl L(r)|® &
. . 1 [m] M .
Mk = liminf—2 GT PR Mk < oo

[r explPl L(r )](m Py

where m and p are any two positive integers.
For meromorphic f,

Ep))afc = limsup 08 (r (”:’:)L* and
"0 [rexplel L(r)|® °7
(m)~ A log™ 1T (r, f) (m) I,

= liminf
(p) oo (m) p*?

[rexplel L (r)]® *f
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where both m and p are positive integers.

If m = p = 1, then Definition 4 becomes the classical one given in Definition
2. If p = 1 and m is any positive integer, we get the definition of generalized L*-type

JE(m}L* (respectively generalized L*-lower type JEZ"]L ) and if m = 1 and p is any
positive integer, then E;;O'f (p)af* and E ;of = (p)E? are respectively called

as p L*-type with rate p and ,L*-lower type with rate p of an entire or meromorphic
function f.

Analogusly in order to determine the relative growth of two entire or mero-
morphic functions having same non zero finite generalized ,L*-lower order with
rate p one may introduce the definition of generalised , L*-weak type with rate p of
entire and meromorphic functions having finite positivegeneralized ,L*-lower order
with rate p in the following way:

Definition 5. The m-th generalised ,L*-weak type with rate p denoted by (p)) L
of an entire function f is defined as follows:

log™ M (r, f)
(m) L* ]

[r explPl L (7")] (®)

E";) T = lim inf

T—00

(m)\L*
0 < (») >\f < oo,

where both m and p are positive integers.
Also one may define the growth indicator EZ;)F]LC* of an entire function f in the

following manner :

(m)— log™ M (r f) (m)

() Tf = lim sup ))\L* , 0< () )xjji* < 00,
r—00 [T‘ exp[p] L (T):I (1))
where m and p are any two positive integers.
For meromorphic f,
. ogm=UT
Eg) 7L = limsup (r ) and
=0 [7" exp[l) } (P)
[m—1]
(m)_L* i Og T(T’ f) (m)y\L*
(»7f = lminf e 0 A <00

[r exp[l’] ( )} (»)

where both m and p are positive integers.

Particularly, when p = 1 and m is any positive integer, then gr)”)r%* = Tgcm}L*

( respectively ES)?JQ = ?gfn] ) and m = 1 and p is any positive integer, then

005 = gy gty rF = 7§ ). Clatly 8rf = 77 (cspctively
(1) L* _ 7L*)
WTf =TF )

The following definitions are also well known:
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Definition 6. A meromorphic function a = a(z) is called small with respect to f

if T (rya) = S (r, f) where S(r, f) = o{T (r, f)} i.e., ;g;’;)) —0asr—00.

Definition 7. Let ay,as, ....ax be linearly independent meromorphic functions and
small with respect to f. We denote by L(f) = W (a1, as,....ax; ), the Wronskian
determinant of a1, as, ....,ag, f i.e.,

a/l a/z L. af“ f/
ay (€2 Lo ay, f
L(f)=
P I I 1O
Definition 8. If a € CU {oco},the quantity
N .
d(a; f)=1- limsupM — 1iminfm (r,a; f)

rooo T(r f)  r=ee T(r, f)

is called the Nevanlinna deficiency of the value ‘a’.

From the second fundamental theorem it follows that the set of values of

a € CU {oo} for which ¢ (a; f) > 0 is countable and Y d(a; f) + 0 (oc0; f) < 2
a#oo
(ct][7], p-43]). If in particular, > d(a; f) + d (c0; f) = 2, we say that f has the
a7£oo

maximum deficiency sum. ’

Lakshminarasimhan [8] introduced the idea of the functions of L-bounded
index. Later Lahiri and Bhattacharjee [10] worked on the entire functions of L-
bounded index and of non uniform L-bounded index. Since the natural extension
of a derivative is a differential polynomial, in this paper we prove our results for
a special type of linear differential polynomials viz. the Wronskians. In the paper
we establish some new results depending on the comparative growth properties of
composite entire or meromorphic functions using generalised ,L*-order with rate
p, generalised , L*- type with rate p and generalised ,L*-weak type with rate p and
wronskians generated by one of the factors. We use the standard notations and
definitions in the theory of entire and meromorphic functions which are available

in [7] and [13].
2. LEMMAS.
In this section we present some lemmas which will be needed in the sequel.

Lemma 1. [1]If f be meromorphic and g be entire then for all sufficiently large
values of T,

T(nfog)s{1+o<1>}bgTA(4’“’(f)g)T<M<ng>,f> |
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Lemma 2. [2]Let f be meromorphic and g be entire and suppose that 0 < p <
pg < 00. Then for a sequence of values of r tending to infinity,

T(r,fog)>T (exp(r”), f) .

Lemma 3. [9] Let g be an entire function with Ay < 0o and a;(i =1, 2,3, ---,n;
n < o0) are entire functions satisfying T (r,a;) = o{T (r,g)}. If > d(ai,g) =1
i=1
T(rg) _ 1

then 1 g 3t(rgy = =-
Lemma 4. [11] Let f be a transcendental meromorphic function having the mazi-
mum deficiency sum . Then

i TO L)

lim T /) =1+Fk—ké(oo;f).

Lemma 5. Let f be a transcendental meromorphic function having the mazimum
deficiency sum and m and p are any two positive integers. Then the m-th generalized
pL*-order with rate p (the m-th generalized ,L*-lower order with rate p) of L (f)
and that of f are same.

Proof. By Lemma 4, lim 227 TC.L()

g T T (r ) exists and is equal to 1 for m > 1. Now
T—00 )

[m]
o g T ()
) P = D P L (r)]
logl™! [m]
o T (r, L(f)) limsup log™ T (r, f)
= 1og T (r,f) v log[rexpl L(r)]
o (m) L*
() Pt
In a similar manner, EZ;))‘ﬁf) - EZ)L))\L*
This proves the lemma. -

Lemma 6. Let f be a transcendental meromorphic function having the mazimum
deficiency sum. Then

- {14+k—Fko(co; f)}- E;’;)U]Lc* for m=1
(0) oy TLp) =
(p) © L(f) (m), 1 Jorm > 1
("~ f

and

{1+k—ko(c0;f)}- Eg)EJLc* for m=1

EZ;)E? form >1.
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Proof. By Lemma 4 and Lemma 5 we get that

- : T (r,L(f))
(p)af(f) = limsup T
r=o [rexplPl L (r)] W70
— hm T(TﬂL(f)) ~limsup T(T,f) —
r—oo 1 (T, f) r—00 [,r, eXp[p] L (7’)] (p) Py

= {L+k—ki(o0; )} ok .

. log™ U T(r, L(f))
Also for m > 1, }E&W

of Lemma 5 we obtain that

exists and is equal to 1 and therefore in view

m) 7 ) log™ YT (r, L(f
o) oty = Timsup a0y

r—oo [r exp[P] L (7”)] (;r;)p?*

logl™—1 L logl™—1
_ i 08 [mj(r, ) i sup—198 T(?;’mjj)”
— 00 log T (’I"7 f) r—00 I:’f’ exp[p] L (T):I“D) Py

“ies
In a similar manner,
Ly = {l+k—ki(ocif)}- ()FF form=1
and gg)ﬁﬁf) = EZ;)EJLC* otherwise.
Thus the lemma follows. 0

Lemma 7. Let f be a transcendental meromorphic function having the mazimum
deficiency sum. Then

{1+k—ko(c0;f)}- (n;)T]%* for m=1

(p
o (m)_L*

@) oy "Ly = .
ES)T% form >1

and

{1+k—ko(c0;f)}- gg)?%* for m=1

.o (m)—L* X

(@) ) TL(p = ——
(Z; ?}Lc form>1.

We omit the proof of Lemma 7 because it can be carried out in the line of Lemma
6.
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3. THEOREMS.

In this section we present the main results of the paper.

Theorem 1. Let f be a transcendental meromorphic function with > & (a; f) +

a#oo

d (005 f) = 2 and g be entire such that 0 < EZ;))‘JL”* < 0o and (p)O'g'* < oo where m
and p are any two positive integers. If expP~ L (M (r,g)) = o ([r explPl L (r)}a)

as v — oo and for some positive a < (p)pg* , then

log™ T (r, f o g) L
< Ty

lim inf

T Joglml T (exp [rexpl] L (r)] @Py” 7L(f))

Proof. Since T (r,g) < log™ M (r,g) and by Lemma 1, we get for a sequence of
values of r tending to infinity that

logT'(r, fog) <log{l+o(1)} +logT (M (r,9), f)
ie., log™ T (r,fog) <O1)+1log™ T (M(rg),f)

ie., log™T(r,fog) < OQ1)+ (E;’;))\Jfg* + 5) .
[logM (r,g) + exp” 1 L (M (r, g))]
ie., log™ T (r, fog) <O(1)+ (gguﬁ* +6) .

*
i|(17)pg

l(wﬁ*”) [rexp L) +exp[p-”L<M<r,g>>]- (1)

Further in view of Lemma 5, we obtain for all sufficiently large values of r that

log™ T (exp [rexpll L] ™™ L( f)) >

L* L
(EZ;)Aﬂf) B 5) “T expl” L (7’)} Y + explP~Y lL (exp [r exp? L (r)} o )H

-
i.e., log™T (exp {r expl?! L(r)](p)pg 7L(f)) > (E;’;))\Jé* — 5) .

L*
(p)Pg

{r expl?) LL (r)]
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Now from (1) and above it follows for a sequence of values of r tending to infinity
that

log™ T (r, f o g)
log™ T (exp [rexplrl L (r)] @Py” ,L(f))

* * L*
O(1)+ (EZ;)AJLc + 8) ' [((p)Ug +e) [rexpl L(r)]"" 4 expP~ L (M (r,9))

B (ég)AL* ) [ expl?] L(r)}“’m-g*

. log™ T (r, f o g) . 0(1)
i.e., - -
log™ T (exp [rexplP) L (r)] )75 aL(f)) (Eg))\f — ) [rexpl?l L (r)] @)
(m)yL* ) L expP~ ! L(M(r,g))
((p) A T 6) ((p)ag * 5) + [rexp L(r)](?)pg* ]
@ N TF

Asa< (p)pg* and expP~1 L (M ( [rexpl?l L a) as r — 00, we obtain
that

o PP L (M 9) _
s [rexpl?] L (r)] ey
(

Since € (> 0) is arbitrary, it follows from (2) and (3) that

3)

log™ T .
lim inf g™ T(rfeg) < oy
T Joglml T (exp [rexplPl L (r)] P 7L(f))
Thus the theorem is established. O

In the line of Theorem 1, the following two theorems can be carried out and
therefore their proofs are omitted:

Theorem 2. Let f be a transcendental meromorphic function having the mazximum

deficiency sum and g be entire with 0 < E;’;)pj—?* < 0o and (p)ag* < 0o where m

and p are any two positive integers. If expP~U L (M (r,9)) = o ([r expl? L (r)}a)

as v — oo and for some positive o < (p)pg*, then

[m]
lim inf log ™ T'(r,fo9) s
T Joglml T (exp [rexplel L (r)] " 7L(f))

L
< T
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Theorem 3. Let f be a transcendental meromorphic function with Y. 0 (a; f) +
a#oo
d (005 f) = 2 and g be entire such that 0 < EZ;)/\JLC* < é;’;)pfc* < oo and (p)ag* < o0

where m and p are any two positive integers. If
«
expP UL (M (r,9)) =0 ([rexp[p] L (7")} ) as T — oo
and for some positive o < (p)pé*, then

(m) L* L*
() Pf ~ 9%

<
ENE
() Af

limsu log"! T (r,fog)
T—»oop [m] [p] (p)pé*
log"™ T' (exp [rexpl?] L (r)] ,L(f)

Remark 1. For p =1, Theorem 3 reduces to Theorem 14 of [5].

Using the notion of ,L* -lower type with rate p (p is any positive integer)
we may state the following theorem without its proof because it can be proved in
the line of Theorem 3:

Theorem 4. Let f be a transcendental meromorphic function having mazimum de-

ficiency sum and g be entire with 0 < E;’;))\?* < Ezg)p]%* < oo and (p)ﬁg* < oo where

m and p are any two positive integers. Ifexp®= N L (M (r,g)) = o ([T explPl L (r)] a)
as v — oo and for some positive a < (p)pg* , then

[m] (m)pL* N
lim inf g T(r.f09) C WP W%

r—00 m P 5* - A
log™ T (exp [rexpl?] L (r)]¢ i 7L(f)> (Z)L Af

Now we state the following three theorems without their proofs as those can
be carried out in the line of Theorem 1, Theorem 2 and Theorem 3 repectively.

Theorem 5. Let f be meromorphic and g be transcendental entire with Y, ¢ (a;g)
aF#oo

+ 6 (o059) = 2, (p))\g* > 0, E;T;)/\JLC* < o0 and (p)ag* < oo where m and p are any

two positive integers. If exp? UL (M (r,g)) = o ([7" expl?l L (r)]a> as r — oo and

for some positive a < (p)pg*, then

[m] NET L ol
i inf log™ T'(r, fog) < W T @%

T Joglml (eXp [ explP] L (7‘)]“”)[)5* ,L(g)) a (P))‘é*

Theorem 6. Let f be meromorphic and g be transcendental entire having the max-

imum deficiency sum such that (p)pg > 0, EZ)L)p]Lc* < oo and (p)O'g’* < oo where m

and p are any two positive integers. If exp® U L (M (r,g)) = o ([7" expl?! L (T)}a)
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as r — oo and for some positive o < (p)pg, then

) (m) pe
lim inf og T (r,f0) e < WFF L(f )%
r—00 log[m] T (exp [7" eXp[P] L (7‘)} (p)Pg ,L(g)) )Py

Theorem 7. Let f be meromorphic and g be transcendental entire with > 6 (a;g)
aF#oo

+ 6 (o0;9) = 2, (p))\g* > 0, Eg)pf* < o0 and (p)ag‘* < oo where m and p are any
two positive integers. If exp?~U L (M (r,g)) = o ([r exp” L (T)]a> asr — 0o and
for some positive o < (p)p_é*, then

(m) L* L*
log™ T Py - o
lim sup og (r,fog) < ) f (»)%g

r—oo Joglml T (exp [rexpl? L (r)] @Py” ,L(g)) - (p))‘g*

Remark 2. Theorem 7 improves Theorem 15 of Datta et. al. { cf. [5]}.

Theorem 8. Let f be meromorphic and g be transcendental entire having the max-

imum deficiency sum such that (p))\j* > 0, Eg)pfc* < 0o and (p)Eg < 00 where m

and p are any two positive integers. If exp?~ L (M (r,g)) = o ([7“ expl”l L (r)}a)

as v — oo and for some positive a < (p)pg, then

m (m) L* =L*
o log!™ T (r, f o g) w PF @)%
lim inf = < T
r—00 [m] Ip] (p)Pg A
log™ T (exp [rexplP! L (r)] ,L(g) (P g

We omit the proof of Theorem 8 as it can easily be established in the line
of Theorem 4.

Further we state the following two theorems which are based on ,L* -weak
type with rate p (p is any positive integer):
Theorem 9. Let f be a transcendental meromorphic function having the mazximum
deficiency sum and g be entire with 0 < EZ;))\JLC < EZ;),DJ[{* < oo and (p)Tg < 00
where m and p are any two positive integers. If

expP UL (M (r,9)) =0 ([rexp[p] L (r)]a) asr — oo

and for some positive a < (p)/\é*, then

m (m,) * *
. log[ ]T(r, fog) (») P]Lf : (p)Tg
lim inf v < I
T g™ T (eXp [T expl?l L (7")] P 7% 7L(f)) ) Y

Theorem 10. Let f be meromorphic and g be transcendental entire having the max-
imum deficiency sum such that (p))\g > 0, E;")‘)p%* < 0o and [p]Té* < 0o where m
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and p are any two positive integers. If expP~ L (M (r,g)) = o ([7“ explPl L (r)}a)

as v — 00 and for some positive a < (p) /\5*, then

(m) L* L

o log!™ T (r, f o g) ) PT  »)Tyg
lim inf — < -
=05 0o m] O by
log™ T (exp [rexpl?! L (r)]”"¢ | L(g) (») g

The proofs of the above two theorems can be carried out in the line of
Theorem 4 and Theorem 8 respectively and therefore their proofs are omitted.

Using the concept of the growth indicator [p]?g* (where p is any positive
integer) of an entire function g, we may state the subsequent six theorems without
their proofs since those can be carried out in the line of Theorem 1, Theorem 2,
Theorem 3, Theorem 5, Theorem 6 and Theorem 7 respectively.

Theorem 11. Let f be a transcendental meromorphic function with > 6 (a; f) +
a#oo
d (00; f) =2 and g be entire such that 0 < EZ;)AJL“* < 00 and (p)?g* < oo where m

and p are any two positive integers. If expP~U L (M (r,9)) = o ([r expl?! L (r)}a)
as v — oo and for some positive a < (p))\gL*, then

log!™ T (1, f o ) S

g L(f)) - )

Theorem 12. Let f be a transcendental meromorphic function having the maxi-

mum deficiency sum and g be entire with 0 < E;’;)p%* < oo and (p)?g < 0o where m

lim inf
"0 Joglml T (exp [rexpl?l L (r)]

and p are any two positive integers. If expP~ L (M (r,g)) = o ([7‘ explPl L (T)}Q)

as v — 00 and for some positive a < (p) /\5*, then

1 [m] T .
lim inf o8 (r.fog) < T,

T g™ T (exp [rexpl?] L (r)] @y ,L(f))

Theorem 13. Let f be a transcendental meromorphic function with > & (a; f) +
a#oo
d (005 f) = 2 and g be entire such that 0 < E;’;))\]Lc* < Eg)pﬁ* < 00 and (p)?g* < o0
where m and p are any two positive integers. If
expP UL (M (r,9)) =0 ([rexp[p] L (T)} ) as T — 0o

and for some positive a < (p))\g*, then

(m) L* —L*
lim sup og " T(r,feg) <@~ @7

nSup— AT e I
T log[ I (exp [r explPl L (r)]( ) ,L(f)) (») Y:
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Theorem 14. Let f be meromorphic and g be transcendental entire with
a#oo

d(a;g9) + 6(o059) = 2, (p))\gL* > 0, E;’;))\J{“* < oo and (p)?g* < oo where m and
p are any two positive integers. If expP~U L (M (r,g)) = o ([r expl?! L(T)]a) as

r — o0 and for some positive o < (,) )\5*, then

s

[m] (m)
- log™ T'(r, f o g) < @

T Jog™ T (exp [rexpl?l L (r)] @5 ,L(g)) a (p))‘g*

L* —L
A )Ty

Theorem 15. Let f be meromorphic and g be transcendental entire having the max-

imum deficiency sum such that (p)pﬁ* > 0, EZ?'OJL"* < o0 and (p)?é* < 0o where m

and p are any two positive integers. If expP~ L (M (r,g)) = o ([7“ expl?l L (r)}a)

as v — 00 and for some positive a < (p) /\5*, then

[m] (m) L= ZL*
i i log™ T (r,fog) - < W Ff )7y
T oglml T (exp [rexpl?] L (r)] ™7 ,L(g)) (»)Pg

Theorem 16. Let f be meromorphic and g be transcendental entire with
a#oo

d(a;g9) + d(c059) = 2, (p))\g];* > 0, E;’;)p%* < oo and (p)?g* < oo where m and
p are any two positive integers. If expP~U L (M (r,g)) = o ([r expl?! L(r)]a) as

r — oo and for some positive o < (p))\g*, then

. m) Lt
i log™ T (r, f o g) S W
D @Ay - AL
r—oo Jog!™ T (exp [rexpl?l L (r)] ™7 ,L(g)) () g

Theorem 17. Let f be transcendental meromorphic function having the mazximum

deficiency sum such that 0 < EZ)L)pJLc* < p, and EZ;)O'%* > 0 where m and p are any

two positive integers and g be an entire function. Ifexp?~1 L (exp (7" expl” L (r))a)
0 ([r expl?! L (T)]a) as r — oo for any a > 0, then

{Hk-k&({){g}. g Jor m=1
li log!™ T (rexpl” L (r), f o g) B
im sup 1] =z
r—oo log T (r, L(f)) (0 A

form >1.
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Proof. From Definition 4 and any arbitrary e (> 0), we obtain for all sufficiently
large values of r that

(m) L*
m— p) PL(D)
log™ 1T (r, L(f)) < (E ))UL(f) + 5) [T expl” L (T)} @ . (4)

Now in view of Lemma 5 and Lemma 6, it follows from (4) for all sufficiently large
values of r that

log™ =T (r, L(f))
(m) L*
({1 +k—kd (c0; f)} - (m)of + 5) [rexpl? L (r)]® P
form=1 (5)
(m) 1 Wl [, ()] °F
((p) oy +6> [rexp! L ()] form>1.

IN

As 0 < E;’;) p? < pg, we obtain in view of Lemma 2 for a sequence of values of r

tending to infinity that

(m) L*
log™ T (r exp?! L (r), fo g) > logl™ T (exp (r expl?! L (r))m " ,f)

ie., log™ T (r exp L (r), fo g) >
(625 <)

Therefore from (5) and above, it follows for a sequence of values of r tending to
infinity that

(m) L*

(m) L*
[T expl?) L (7’)} " +explP~U L <exp (7’ exp® L (r ))(p) o >] .

log[m} T (7" exp?! L (r), fo g) -
log" =T (r, L(f))
(m),,

(m) \L* P explr—1] wl L) )]
<(p))\ —e) [rexp L(r)](P> +exp L exp(rexp L(r))(i")

m) L+
({1+k—kd(o0s )} (7)o" +e) [rexple] L(r)] ) °F
form=1
(m)yL* [ ) f 1] [p] (m)P}‘* ]
((p))\ &) |[r exp!” L(r)]@) +expP=1) L[ exp(r expl?] L(r)) @)

- < for m > 1.

(m) *
(6o +)reswr 2] 07
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explP~1 L <exp(7 expl? L(7))E;n)>pf )
Since lim o =0asexpP 1L (exp (r expl” L (r))a> =

m
r—oo [7» expl?] L(r)](p) °f

0 ([r explP! L (T)]a) (r — o0) for any a > 0, we obtain from above that

(- for m=1
. log [m] T (7“ exp (p] L( ) ,fo g) {1+k—kd(c0sf)} (o}
lim sup i >
r—00 log [m— ]T(r L(f)) (m) \L*
Eff) o+ form>1.
@ 7Ff
Thus the theorem follows. O

Now using the concept of the growth indicator E;’;)FJLC* (m and p are any two

positive integers) of a meromorphic function f, we may state thefollowing theorem
without its proof since it can be carried out in the line of Theorem 17.

Theorem 18. Let f be a transcendental meromorphic function with > 6 (a; f) +
a#oo
d(oo;f) = 2,0 < (")L)pf* < p, and E";)'rf > 0 where m and p are any two

positive integers and g be an entire function. If expP~ L (exp (7“ expl” L (r))a> =
0 ([r expl?! L (r)]a) as r — oo for any a > 0, then

(A for m=1
. IOg[m]T(Texp[P]L( ), fo ) {1+k—kd(o0: )} ()T F
im sup
P o T (1) o
(o) T form >1.
Ep))TJ%

Theorem 19. Let f be meromorphic functwn and g be entire function having the
mazimum deficiency sum such that (i) EZ)L) pf < oo and (ii) 0 < ()T L < (p)ag*

< oo where m and p are any two positive integers. Then
(a) If explP= "L (M (r,g)) = o{T (r, L(g))} then

[m] (m)pL* ol”
lim sup T(r.fog) < (p) ()%

r—00 T(?" L( )) + exp[Pfl] L (M( )) (]— + k- k5( )) : (P)JL*

and (b) if T (r, L(g)) = o {exp?~U L (M (r,9))} then

og™ T (r, f o g) .
li ) < (m) L _
T (r, (g >> +explTL (M (r,g) ~ @7
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Proof. Since T (r,g) < log™ M (r,g) in view of Lemma 1, we obtain for all suffi-
ciently large values of r that

logT (r, fog) <log{l+o(1)} +1logT (M (r,g), f)
i.e., log[m} T(r,fog)<o(l)+ log[m] T(M(r,g),f)
ie., log™ T (r,fog) <o(1)+
(o +) {log M (r.) + explr = L(M (r9))} - (©)

Using the definition of (,) L*-type, we obtain from (6) for all sufficiently large values
of r that

og™ T (r, fog) <o(1)+ (ZS)P; + 5) ((p)ffﬁ* + 6) [7" expl” L (7")]
+ (et +e) el VL (M (rg) . (7)

Again from the definition of (,) L*-lower type and in view of Lemma 5 and Lemma
6, we get for all sufficiently large values of r that

¥
(p)Pyg

L ®PLw
T(T,L(g)) > ((p)af(g) — 6) |:’I“ exp[ZD] L (’I“)} L
. _L* (P)/’g*
i.e., T (r,L(g)) > {(1 +k — k6 (00;9)) “(p) 05 - 5} {'r explP! I (7’)}
L=
e B (] < T (r,L(g)) . g
1.€., |:’reXp (T)] = ((14’]{3*]{15(00,9))(1)) 65* *6) ( )

Now from (7) and (8), it follows for all sufficiently large values of r that

log™ T (1, 0.9) < 0 (1) + ({0 + ) explr I L(M (r.9))

(m) L* T (Ta L(g))
+ "+ + :
i log™ T (r.f 0 9) . o(1)
7T (r,L(g)) +explr=U L (M (r,g)) = T (r,L(g)) + explP=1 L (M (r, g))
(m) L*
(@05 +e) (woy” +e) (m) L,
 (Otk—ho(o0i0))- 7 L) (( yPF + 5) )
explP—1 L(M(r,g)) T(r,L(g)) ’
1+ =Ly 1+ oL (Mg
If expP~U L (M (r,9)) = o{T (r, L(g))} then from (9) we get that
: (m) L* L*
1 [m] T P¥ - o
lim sup (r.fog) < ) 7f = @)%

e T (r, L(g >>+exp[p—11L<M (r9) = (L+k—kd(c059)) - )Ty
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Thus the first part of theorem follows.
Again if T'(r, L(g)) = o {expP~Y/ L (M (r,g))} then from (9) it follows that

. log!" T (r, f o g) (m) L*
1 <
VRPT (r, L(g) + explTL (M (r,g)) — 07
which is the second part of the theorem. (I

Theorem 20. Let f be a meromorphic function and g be an entire function having
the mazimum deficiency sum with (3) E;’;))\jfi < oo and (ii) 0 < (pﬁg* < (p)aé*
< oo where m and p are any two positive integers. Then

(a) If expP~ " L (M (r,g)) = o{T (r,L(g))} then

- (m)\L* x
lim inf log! ]T(Taf 0g) < (0) AF (p)67§
r—00 T(T,L(g)) +€Xp[p71]L(M (T,g)) o (1+k7k5 (OO,Q)) : (p)Eg*

and (b) if T (r,L(g)) = o {exp[p_l] L(M (r, g))} then

lim inf log™ T (r./og) < m)
r—oo T (r,L(g)) + expl~1 L (M (r,g)) = ¥

We omit the proof of the above theorem as it can be carried out in the line
of Theorem 19.

Using the concept of the growth indicator (p)Tg’* and (p)?gL* (p is any positive
integer) of an entire function g, we may state the subsequent two theorems without
their proofs since those can be carried out in the line of Theorem 19 and Theorem
20 respectively.

o
A

Theorem 21. Let f be a meromorphic function and g be an entire function having
the mazimum deficiency sum such that (7) EZ)L)'OJL”* < oo and (#) 0 < (p)Té’* < (p)?g*
< oo where m and p are any two positive integers. Then
(a) If explP= " L (M (r,9)) = o{T (r,L(g))} then
limsup log"™ T (r, f o g) - 0 P Ty
r—oo T'(r, L(g)) + explP~ U L (M (r,g)) = (1 +k —ké(00;9)) - 74

and (b) if T (r,L(g)) = o {exp[pfl] L(M (r, g))} then

log[m] T (T7 f © g) < (m) L*

lim sup () Pf

r—oo 1'(r, L(g)) + explP=1 L (M (r, g))

Theorem 22. Let f be a meromorphic function and g be an entire function having
the mazimum deficiency sum with (1) EZ)L))\JI?* < o0 and (i) 0 < (p)Tg’* < (pﬁé*
< oo where m and p are any two positive integers. Then
(a) If explP=" L (M (r,g)) = o{T (r, L(g))} then

- log!"™ T'(r, f o 9)

lim inf

r—oo T'(r, L(g)) + explP=1 L (M (r, g))

(m)L* —L*
A )Ty

(1+k—ké(0039)) - (7L

<
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and (b) if T (r, L(g)) = o {exp?~U L (M (r,9))} then

. log™I T (r, f o g) (m)

1 f <

PR T (1, Lg)) + explr-TL (M (r,g) = @
Now we state the following four theorems under some different conditions

which can also be carried out using the same technique of Theorem 19 and therefore
their proofs are omitted.

A

Theorem 23. Let f be a meromorphic function and g be an entire function having
the mazimum deficiency sum such that (i) Eg)pf* < 00, (i) (p)oé* < oo and (i)
(p)TgL > 0 where m and p are any two positive integers. Then

(a) If expP~ " L (M (r,g)) = o{T (r,L(g))} then

[m] (m) L* UL*
Jimn sup log™ T'(r, f o g) < ®» Pf %

r—oc T (r,L(g)) +explt= L (M (r,9)) = (1 +k—ké(c039)) (7§
and (b) if T (r,L(g)) = o {exp[pfl] L(M (r, g))} then

log!"™ T (r, f o g) < (m) 1*

lim sup ) Pf

r—oo 1'(r, L(g)) + explP=1 L (M (r, g))
Theorem 24. Let f be a meromorphic function and g be an entire function having
the mazimum deficiency sum with (i) E;’;))\?* < 00, (1) (p)ag < oo and (4i7) (p)Té‘*
> 0 where m and p are any two positive integers. Then
(a) If expP~ " L (M (r,g)) = o{T (r,L(g))} then
m (m)yL* *
lim inf log"™ T (r, f o g) W %
r—oo T (r, L(g)) + explt=U L (M (r,g)) ~ (1+k —kd (o0 9)) - (T

g
and (b) if T (r,L(g)) = o {exp[pfl] L(M (r, g))} then
. log™ T'(r, f o g) (m)
1 f <
P T (r, L(g) + expl-U L (M (r.g) ~ @

Theorem 25. Let f be a meromorphic function and g be an entire function having

the mazimum deficiency sum such that (1) Eg)pfc* < 00, (i) (p)Eé* > 0 and (4i1)

A

*

(p)?gL < 0o where m and p are any two positive integers. Then
(a) If expP~ " L (M (r, g)) = o{T (r, L(g))} then

[m] (m) L= ZL*
lim sup log™ T'{r,fog) < w7 = @7y

r—oo 1 (r,L(g)) +expP~U L (M (r,g)) = (1+k — ké (c0;g)) - (p)ﬁg*
and (b) if T (r, L(g)) = o {exp?~ U L (M (r,9))} then

log™ T (r, f o g) (m) 5L
lims : .
ST (r, L(g)) + explP UL (M (r,g)) — ¢
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Theorem 26. Let f be a meromorphic function and g be an entire function having
the mazimum deficiency sum with (4) EZ;))‘JL’ < 00, (i7) (p)Eg* > 0 and (7i) (pﬁg*
< oo where m and p are any two positive integers. Then

(a) If expP~ " L (M (r,g)) = o{T (r,L(g))} then

[m] (m)\L* . =L*
i inf log™ T'(r, f o g) < » N @7y

P T (L)) + exp T L(M (r,g)) ~ (Lt k— k0 (o0:9)) - (7}

and (b) if T (r,L(g)) = o {exp?~Y L (M (r, g))} then

log™ T .
lim inf 08" T(r,/og) < (MNE
r—o T (r,L(g)) + explr= L (M (r,9)) = @

The following theorem can also be carried out in the line of Theorem 19 and
therefore its proof is omitted.

Theorem 27. Let f be a meromorphic function with EZ;)'OJL”* < oo where m and p

are any two positive integers. Also let g be an entire function with Y §(a;g) +
a#oo

d (005 9) = 2 and also satisfy any one of the following conditiona:

(1) 0 < (TE" < 00, (i1) 0 < (yok™ < oo, (iii) 0 < (,)TE" < o0, or (iv) 0 < (7L

< 0o. Then

(a) If explP=" L (M (r,g)) = o{T (r, L(g))} then

(m) *
(») Pf

(1+k—kd(c0;9))

[m]
lim inf log ™ T'(r, f o)

r—oo T (r, L(g)) + explP=1 L (M (r, g)) =

and (b) if T (r, L(g)) = o {expP~U L (M (r,9))} then

1 [m] T .
lim inf 08 (r,f°g) < (m)p]Lc .
PR 1) T explTL (M (1, g) = @

Remark 3. Theorem 27 extends Theorem 26 of Datta et. al. { cf. [5]}.

Theorem 28. Let f be a transcendental meromorphic function with > 6 (a; f) +
a#oo
S — : i (m) L _ L (s L
§ (005 f) = 2 and g be entire such that (i) ,'pf = ppg , (1) 0 < oy < oo

and (ii1) E:;)E?* > 0 where m and p are any two positive integers. Then
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(a) If expP~U L (M (r,9)) = o {log[mfl] T(r,L(f))} then

lim su log[m] T(r,fog)
rn 1ot T (v, L(f)) + explp—1 L (M (1, 9))

L* L*
(PPf ~ (»)%

(L+h—k3(00if) (%" for m=1
<
(m) L* O'L*
% form >1
(») °f
and (b) if log"™ T (r, L(f)) = o {eXp[ZD*H L(M(r,g))} then
1 [m] T N )
e % Lo <

r—oo logl™ T (r, L(f)) + explr=1 L (M (r,g)) ~ @

Proof. In view of condition (i7) we obtain from (7) for all sufficiently large values
of r that
. . oy
log™ T (r, f 0 g) < 0 (1) + (Iok +¢) (moh +¢) [rexo? L]
+((of +e) e UL (M (r,g) . (10)

Again from the definition of (,)L*-lower type and in view of Lemma 5, we get for
all sufficiently large values of r that

(m) L*
- m)—L* PL(s)
log"™ N (r, L(£)) 2 () 7E(y) — ) [rexp L ()]

Vv

(m) L*
. m— m)—L* P Py
ie., g™ VT (r, L(f)) (EP))Jé(f) = 5) [r expl?! L (r)y )

(m)pL* 1 [m—l] T L
i.e., [rexp[p] L (r)} w08 L (r, L()) :
(<p> L)~ 5)
Now from (10) and (11), it follows for all sufficiently large values of r that
- m) L N log™ T (r, L(f))
g™ T (r,fog) < o)+ (o +e) (ot +e) e
((p) TL(f) T 5)

+ (Eg)pf* + 5) exp? L (M (r, g))

(11)

log"™ T (r,f o g)
log™ 1T (r, L(f)) + expP=1 L (M (r,g))
_ o(1)
" log!™ T (r, L(f)) + explp=1 L (M (r,g))

ie.,
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(Egﬁ)f’f* +5) ((p)UgL* +5)

Py M (m) L~
_|_ (EP))Ui(f)_E) ((p) pf + 6) (12)
L o LM (rg) | | s I T(nL(p)
log™ 1 T(r,L(f)) expP =1 L(M(r,g))
If expP~U L (M (r,9)) =0 {log[m_l] T (r, L(f))} then from (12) we get that
(m) * *

; log!™ T (r, f o g) § ((p Py + 5) (mog +e)
im sup < .
r—oc logi™~1 [p—1] (m)=L- _

IOg T (Ta L(f)) + eXp L (M (T‘, g)) ((p) UL(f) E)
Since € (> 0) is arbitrary, it follows from above that
m (m) L . *
. log™ T'(r, f o g) W Pf %
lim sup [m—1] p—1] = (m)—r~
r—oo log T (r,L(f)) +explP= L (M (r,g)) () TL(f)
Now in view of Lemma 6, we get from above that
. log™ T (r.f 0 g9)
lim sup 1
r—oo log" T (r, L(f)) + explr=1 L (M (r,g))
L* L*
@®Pf " (0% for m=1

(14+k—ké(003)) (p)TF"

<
(m) L* L*
Pf " (p)T
% for m >1.
® 7Ff

Thus the first part of the theorem follows.

Again if log™ 1T (r, L(f)) = o{explP~U L (M (r,g))} then from (12) it follows
that

logi™ T m) L
lim sup——— = (r.fog) < (E ))pJLc +5> :
r—co log™ T (r, L(f)) + exple—V L (M (r,g)) ~ \"
As e (> 0) is arbitrary, we obtain from above that

log™ T .

s, < el
roo logl" T (1, L(f)) + exple= L (M (r,g)) —
Thus the second part of the theorem is established. O

Theorem 29. Let f be a transcendental meromorphic function having the maxi-

mum deficiency sum and g be entire with (7) E;’;)A)Lc* < 00, (i) E;’;)pj’;* = (p)pg*’
(444) (p)og < o0 and (iv) E;n)EJLc* > 0 where m and p are any two positive integers.

Then



22 SANJIB KUMAR DATTA, TANMAY BISWAS, AND ANANYA KAR

(a) If expP~U L (M (r,9)) = o {log[mfl] T(r,L(f))} then

o log[m] T (r,fog)
lim inf I
r—00 log[m7 ] T (’]“7 L(f)) + eXp[p_l] L (M (Tv g))

L* L*
@A g
(1+k57k56(00,f)) (p)ﬁ%

for m=1

<
(IONE" gyt
(p)(m)fld*y fOT’ m>1
» 7f
and (b) if log™ T (r, L(f)) = 0 {explP=U L (M (r,9))} then
] )
lim inf log™ T'(r,fog) < (m)y\L*
(» °f

r= 1og!" U T (r, L(f)) + explr=1) L (M (r, g))

Theorem 30. Let f be a transcendental meromorphic function with > & (a; f) +
a#oo
§ (005 f) = 2 and g be entire such that (i) E;’;)pf* = Pk, (i) 0 < ok < oo

and (i47) ES)U%* > 0 where m and p are any two positive integers. Then

(a) If expl = L (M (1, 9)) = o {log!" T (1, L(f)) } then

L log™ T (r, f o g)
lim inf T
r=o log™ T (r, L(f)) + explr=1 L (M (r, g))

L* L
(»Pf ()%

*

(I 1k—kb(c0if)) (o & for m=1
<
(m) L* o’L*
% form > 1
(p) 7 f
and (b) if log[m—l} T(r,L(f)) =0 {eXp[Pfl} L (M (r, g))} then
[m] *
lim inf log™ T (r, f o g) <y

r=oo log™ U T (r, L(f)) + explt=1 L (M (r,g)) ~

Theorem 31. Let f be a transcendental meromorphic function with > 6 (a; f) +
a#oo
S — : o (m) L L* (s —L*
§ (0035 f) = 2 and g be entire such that (i) ,'pf = ppg , (1) 0 < Ty < 00

and (ii1) E:;)E?* > 0 where m and p are any two positive integers. Then



ON THE GROWTH ANALYSIS OF WRONSKIANS 23
(a) If expl =1 L (M (1, 9)) = 0 {log!™ T (1, L(f)) } then

o log[m] T (r,fog)
lim inf I
r—00 log[mf ] T (7"7 L(f)) + eXp[p_l] L (M (Ta g))

L* —L
@®Pfr = (»%g

*

(+k—kd(003f))- (ol for m =1
<
E";)p?*' (p)Ej*
W fOT m > 1
(p) °f
and (b) if log™ T (r, L(f)) = 0 {explP=U L (M (r,9))} then
[m] .
lim inf log™ T'(r,fog) < moL

7o 10g" T (7, L(f)) + explr UL (M (r.g) ~ "7

We omit the proof of the above three theorems as those can be carried out
in the line of Theorem 28.

Remark 4. For p =1, Theorem 30 reduces to Theorem 27 of [5].

Similarly using the concept of the growth indicator E;’;)T?* and (p)?g* we
may state the subsequent four theorems without their proofs since those can be
carried out in the line of Theorem 28, Theorem 29, Theorem 30 and Theorem 31
respectively.

Theorem 32. Let f be a transcendental meromorphic function with > & (a; f) +
a#o0o

d (00; f) = 2 and g be entire such that (i) E;T;)p]%* < 00, (i) g:;))\?* = (p))\g*, D)
(m)_L

(p)?gL* < 00 and (iv) ) Tf* > 0 where m and p are any two positive integers. Then

(a) If expP~ YU L (M (r,9)) =0 {log[m_l] T(r,L(f))} then

lim sup log!™ T (r, f 0 g)
r—oo log™ 1T (1, L(f)) + explP~1 L (M (r,g))

L* —L*
®Pf " )Ty

(LHh—kb(c0i ) (T E for m=1
<
(m) L*. 1t
% form >1
(p) " f
and (b) if log™ T (r, L(f)) = o {exp[p—l} L(M (r,g))} then
1 [m] T )
lim sup og™ T (r,fog) <

r—o0 log[mil] T (7", L(f)) + eXp[p_l] L (M (T’ g)) @
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Theorem 33. Let f be a transcendental meromorphic function having the maxi-

mum deficiency sum and g be entire with (1) E;’;))\]Lc* = (p))\gL*, (1) 0 < (p)?g* < 00
and (#i1) EZ;)TJIE* > 0 where m and p are any two positive integers. Then

(a) If expl = L (M (r,9)) = 0 {log!" T (1, L(f)) } then

log"™ T (r, f o g)
lim inf T
r=oc log™ T (r, L(f)) + explp~1 L (M (r,g))

L* =L
@Af Ty

*

(Tt k—kd(00if)) (mTF" for m=1
<
(M))\L* ;L*
% form>1
(»)
and (b) if log™ T (r, L(f)) = o {explPV L(M (r, g))} then
ogl™ *
lim inf T(r,fog) < (m)yL

r—oc Joglm™ ”T<r L(f)HeXp[p,l]L(M (rg) ~ @77

Theorem 34. Let f be a transcendental meromorphic function with > § (a; f) +
a#oo
d (00; f) = 2 and g be entire such that (i) (n;)pf < 00, (i) g;’;)/\? = (p)Ag*, (#i1)

(p)?gL* < oo and (iv) Eg)?}%* > 0 where m and p are any two positive integers. Then

(a) If expP~Y L (M (r,9)) = 0 {log[mfl] T(r,L(f))} then

lo [m]T(nfog)
lim inf T
r=o log™ T (r, L(f)) + explr=1 L (M (r, g))

L* =L
®Pf " (»)Tg

*

(I+k—kd(00if))- (p7E" for m =1
<
(m) —L*
pk T
(CORe SR A (fn) (Lp) g form >1
-

(p)

and (b) if log™ T (r, L(f)) = 0 {exp[p_” L(M(r,g))} then

[m] T
lim inf = (r.fog) < gg)Pf
7o log T(?“ L(f)) +explP=1 L (M (r,9))
Theorem 35. Let f be a transcendental meromorphic function with > 6 (a; f) +

a#oo
§ (003 f) = 2 and g be entire such that (i) E")L)pf* < o0, (1 ) ) )\L (p))\g*, (731)

(,,)Tg < 00 and (iv) Ep))T% > 0 where m and p are any two positive integers. Then
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(a) If expP~U L (M (r,9)) = o {log[mfl] T(r,L(f))} then

. log™ T (r, f o g)
lim inf T
r=o log™ 1T (r, L(f)) + explr=1 L (M (r, g))

L* L
®Pf " (»)Tg

*

(T+k—k8(c0if))- (75" for m=1
<
(m) L*. LI
wp(f% form >1
(p) " f
and (b) if log™ T (r, L(f)) = 0 Lexpl?=) L(M (r,g))} then
[m] *
liminf log™\ T'(r, f o ) g

P logl T (r, L(f)) + explr U L (M (rog) ~ @7
Remark 5. Theorem 35 extends Theorem 1 of Datta et. al. { cf. [4]}.

Analogously we state the following four theorems under some different con-
ditions which can also be carried out using the same technique of Theorem 28 and
therefore their proofs are omitted.

Theorem 36. Let f be a transcendental meromorphic function with > & (a; f) +
a#oo
d (00; f) = 2 and g be entire such that (i) Eg)p]f; < 00, (i7) EZ;))\J% = wpL, (iii)

(p)ag* < oo and (iv) E;n)ch'* > 0 where m and p are any two positive integers. Then

(a) If expP~YU L (M (r,9)) =0 {log[m_l] T(T‘,L(f))} then

. log™ T (r, f o g)
1m su
r—»ooplog[m_l] T (7"'7 L(f)) + eXp[pil] L (M (T’ g))

L* L
@®Pf (2%

*

(Tt k—kd(00if)) (yTF" for m=1
<
(m) L* ~ _L*
% form >1
®» " f
and (b) if log"™ T (r, L(f)) = o {expP~1 L (M (r,9))} then
1 [m]T )
lim sup og™ T (r,fog) < ™

r=oo log!" T (r, L(f)) + explt =V L (M (r,g)) ~ @
Remark 6. Theorem 36 extends Theorem 3 of Datta et. al. { cf. [4]}.
Theorem 37. Let f be a transcendental meromorphic function having the maxi-

mum deficiency sum and g be entire with (i) g;r;))\fc* = @PL", (i) 0 < (ol < oo
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and (ii1) E;;)T?* > 0 where m and p are any two positive integers. Then

(a) If expP~Y L (M (r,9)) = 0 {log[mfl] T(r,L(f))} then

lim inf log[m] T(r.fog)
r=o Jogl™ 1T (r, L(f)) + explr=1 L (M (r,g))

L* L
A (g

*

(T +k—kd(c0i ) (75" for m=1
<
(m) \L™*, oL*
% form >1
(p) " f
and (b) Zf log[mfl] T (7"’ L(f)) =0 {exp[ll—l} L (M (T, g))} then
1 [m] T m *
lim inf og"™ T'(r, fog) g E,,))Af

r=o g™ T (r, L(f) + explr = L(M (r,g))
Remark 7. Theorem 87 extends Theorem 2 of Datta et. al. { cf. [4]}.

Theorem 38. Let f be a transcendental meromorphic function with > 6 (a; f) +

a#oo
d (005 f) = 2 and g be entire such that (i) E;;)pfc* = (p))\é , (41) 0 < (p)ff]:* < 00
and (#i1) E;n)ﬁf* > 0 where m and p are any two positive integers. Then
(a) If expl? " L(M (r,g)) = o {log!" 1T (r, L())} then
. log™ T (r, f o g)
lim sup ] .
r—oo log"™ T (r, L(f)) + explP=1 L (M (r, g))
L* =L*
@®Pf " Ty _
(L+k—kb(c03f)- (ol for m =1
<
En;)p?*' (p)?g*
W fOT m > 1
(p) ° f
and (b) if log™ T (r, L(f)) = 0 {explP=U L (M (r,9))} then
Jim sup IOg[m] T(r,fog) o mor

reeo 1ogl" T (1, L(f)) + expb 1 L (M (r,g)) ~ @7

Theorem 39. Let f be a transcendental meromorphic function having the maxi-
mum deficiency sum and g be entire with (i) EZ)L)pJ%* = (p)>‘5]; , (41) 0 < (p)?g < o0

and (ii1) E:;)E?* > 0 where m and p are any two positive integers. Then
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(a) If expP~U L (M (r,9)) = o {log[mfl] T(r,L(f))} then

. log"™ T (r, f o g)
lim inf n
r=o log™ 1T (r, L(f)) + explr=1 L (M (r, g))

L* =L
@AF )Ty

*

(+h—kd(c0if))- ()T for m=1
<
(m)\L*, L
% form >1
) ~f
and (b) if log[mfl] T(r,L(f)) =o {eXp[p—l} L (M (r, g))} then,
[m] )
lim inf log™ T (r, f o g) <y

= 1og"™ U T (r, L(f)) +expl T L (M (r,g) — P77
Theorem 40. Let f be a transcendental meromorphic function with > 6 (a; f) +
a#oo
d(c0;f) =2 and 0 < EZ;))\]]?* < E:;)pjfz* < pgy where m and p are any two positive
integers. Also let g be an entire function. Then

[m] (m L
lim sup log ™ T'(r, fog) > @) 7F

r—oa log!"™ T (expree, L(f)) ~ (7 pk*

where 0 < p < p, < 00.

Proof. In view of Lemma 2, we obtain for a sequence of values of r tending to
infinity that

log™ T (r,fog) > log™ T (exprt, f)

i.e., log[m} T(r,fog) (E;’;)A)Lc* — 5) {r“ +explP~U L (exp r”)} . (13)

Also for any arbitrary € (> 0), it follows from Definition 3 and in view of Lemma
5 for all sufficiently large values of r that

10g[m] T (exprt, L(f)) < (E;r;)pfzf) + 5) {r“ + exp[p’l] L (exp r”)}

Y

i.e., log™ T (expr®, L(f)) <

(Gof +e) [+ expl ™ L (expr)] (14)
Now from (13) and (14), we get for a sequence of values of r tending to infinity
that

(m)yL* —
log[’m] T(T,f Og) - ((Z)L )\f — 6) [7’” + eXp[p 1] L(exprﬂ)]

log[m} T (exp rh, L(f)) - (E;T;)p?* + 8) [’/‘”’ + exp[p—l] L (exp rﬂ)] .
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Since € (> 0) is arbitrary, it follows from above that
. log"™ T (r, f o g) (W)L))‘L
lim sup

r—00 1og[m]T(expW,L(f)) 2;’;) L

Thus the theorem follows. O

Theorem 41. Let f be meromorphic with Eg)py < 0o and g be transcendental

entire with finite lower order and Y 6 (a;g) + 6 (00;9) = 2. Also let there exists
a#o0o
entire functions a; (i =1,2,3,--+,q;q < 00) such that T (r,a;) = o{T (r,9)} and

:ilé (ai,g) =1. ]fexp[l)—l] L(M( )) — O{T (’I“ L ))} then

m . (m) *
log™ T (r, f o g) T (p) Pf

WP TN 0 Lg) (L kKb (oog))

otherwise

lim log™ T (r, f 0 g)
5T (r, L(g)) - explr= U L (M (r, g))
where m and p are any two positive integers.

=0

Proof. From (6) we get for all sufficiently large values of r that

log™ T (r, f o g)

T L)
(m) L [p—1]
(0% +¢) (1og M (1, 9) + expl? =1 L (M (r,g))) + o(1)
< T L)) (13)
- log™ T (r, fog)
i.e., T Lg)) <+0(1)
((m) L 5) [bgM (r,g) , explP~Y L (M (r, 9))}
Ok T(r.L(g)) T(rL(g))
~log™ T (r, foyg)
e T gy - W
o) o N\ [logM(rg)  T(rg)  exp?~UL(M(r,g))
(5of +o) [Tty Tozon eIy 2 - 09
Case I. Let expP~" L (M (r,g)) = o{T (r, L(g))}. Then
explP UL (M (r,g)
N O 1 {an
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Now combining (17) and (16) and in view of Lemma 3 and Lemma 4, it follows
that I
lmsup 28 L fog) T o
r—oo T'(r,L(g)) (1+k —ké (00;9))
Case II. Let explP~" L (M (r,9)) # o{T (r, L(g))} . Then from (15) we get for all
sufficiently large values of r that

log"™ T (r, f o g)
T (r, L(g)) - explP=Y L (M (r, g))
(m) L* log M (r, g) O(1)
< ((ef +2): T(r.L(g) - expP D L(M (r,g) ' T(r,L(g))
log™ T (r, f 0 g)

(18)

e., li =0.
o LS T Lg)) - explP T L (M (1))
Thus combining Case I and Case II the theorem follows. O

In the line of Theorem 41 the following theorem can be proved:

Theorem 42. Let f be meromorphic with E;’;))\?* < oo where m > 1 and g be
transcendental entire with finite lower order and Y. §(a;g) + & (003 g) = 2. Also

aF#oo
let there exists entire functions a; (i =1,2,3,---,q;q < 00) such that T (r,a;) =

o{T (r,9)} and ;21316 (ai,g) = 1. If exp?=Y L (M (r,9)) = o{T (r, L(g))} then

. 10g™T(r,fog) T A
lim in < ,
=00 (r, L(g)) (1+k—kd(c0;9))
otherwise -
lim inf log ™ T (r,f9) =0

r=oo T'(r, L(g)) - explP=1 L (M (r, g))
where m and p are any two positive integers.

Remark 8. Theorem 40 and Theorem 41 respectively extend Theorem 3.4 and
Theorem 3.3 of [6].

Theorem 43. Let f be a transcendental meromorphic function having the maxi-
mum deficiency sum and g be entire such that 0 < E;’;)/\]Lc < EZ)L),O%* < oo where m

and p are any two positive integers. Then for any positive real number A,
) log[m+1] T (exp (TA) ,fo g)
lim sup
r—oc log!"™I T (exp (r#) , L(f)) + K (r,9; L)
where 0 < p < p, and

K(rg L) = 0ifr* =o {exp[p*” L (exp (exp (;M"A)))} asr— o0
"9 T exple-U L (exp (exp (ur?))) otherwise .

=00,
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Proof. Let 0 < pu < p/ < py- Using Definition 3 we obtain in view of Lemma 2 for
a sequence of values of r tending to infinity that

’

log[m] T (exp (TA) ,fo 9) > IOg[m} T (exp (exp (TA))H ’f)

i.e., log[m]T(exp( A, fog) >
((m /\L — 5) { eXp —|— expP~ UL (exp (exp (’I“A))N/)}

i.e., log™T (exp (r?),fog) >

m)yL* A\ 2 eXp[p_l]L exp (eXp(TA))N,
(67 —e)'{(eXp %) (” <e§<p<rA>>“’ >)}

i.e., logm*iT (exp (r*), fog) >0 (1) +u'r?

explP~1'L (exp (exp (rA))”/)
+log< 1+

(exp (r4))"

i.e., logm*tuT (exp (rA) fog)=0(1)+ wrh

expP~U L (exp (exp (1/'r?)))
exp (p'r4)

+log |1+

i.e., logmtiT (exp (7"4) ,fog)>0(1)+ wrt +expP~UL (exp (exp (MTA)))
— log [exp[”] {L (eXp (exp (/,(,’I“A))) }}

expl?~ 1 L (exp (exp (W‘A)))]

1
" exp (p'r#)

+ log

i.e., logm T (exp (rA) ,fog)=>0(1)+ wrt +expP~UL (exp (exp (MT‘A)))

1
+log [exp[l’} {L (exp (exp (ur#)))}
exp? U L (exp (exp (1/'r4))) 1

explPl { L (exp (exp (ur?)))} - exp (u'r4)

i.e., log[m+1] T (exp (TA) ,fo g) >0 (1) + ,LL/T(A7H> .y
+expP~U L (exp (exp (/M‘A))) . (19)
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Again in view of Lemma 5, we have for all sufficiently large values of r that

log!™) T (exp (), L(£)) < ({1 k() + ) log [exp () expl L (exp ()]

ice., og™ T (exp (), L()) < () 0f +) [ +expl? I L (exp ()]

log!™ T (exp (r*) , L(f)) — (EZ)L)PJLC* + E) explP U L (exp (r#))
(m) L~
((p) Py Jr5)

Now from (19) and (20), it follows for a sequence of values of r tending to infinity
that

i.e.,

<rt. (20)

[log[m] T (exp (r"), L(f)) — (ES)P? + E) exp? U L (exp (r“))]

+explP~1 L (exp (exp (,urA))) (21)

log[m'H] T (exp (TA) ,fo g) S explP~1 L (exp (eXP (NTA))) +0@)

i.€.,

log™ T (exp (ri) , L(f)) log T" (exp (r#) , L(f))
wrian [ (G +e) ewh = L) -
ok +2 g™/ T (exp (), L)) [

Again from (21) we get for a sequence of values of r tending to infinity that

log" U T (exp (r4) , f o g)
log!™ T (exp (ri) , L(f)) + explP=1 L (exp (exp (ur4)))
O (1) = p'rA=m - explP=U L (exp (r"))
“log!™ T (exp (r#) , L(f)) + explP=1 L (exp (exp (ur4)))

/T(A— 1) m
(52 ) et 7 (xp (), 247)

log"™) T (exp (r) , L(f)) + explP~1 L (exp (exp (ur)))
. exp? 1 L (exp (exp (ur)))
log"™ T (exp (r#) , L(f)) + explr=1 L (exp (exp (ur#)))

_|_
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log™ T (exp (r*), fog)

i.e.,
log!™ T (exp (r#) , L(f)) + explr =11 L (exp (exp (ur?)))
O(l)—u'r(Af‘L)»exp[pfll L(exp(r"))
expP~ 1] L(exp(exp(pr?)))
log!™ T'(exp(r#), L(f))
explr =T L(exp(exp(ar ) T !
p'rA=m [m] I
W log"™ T (exp (r*) , L(f)) 1
1+ explP—1 L(exp(exp(ur4))) + 1+ log[m T (exp(r#),L(f)) (23)

logl™ T (exp(r#),L(f))

Case I. If r* = o {exp[p_l] L (exp (exp (,urA)))} then it follows from (22) that

- 1og!" T (exp (1), f o g)
lim sup =
T—00 IOg[m] T (eXP (TIL) ) L(f))

Case II. r* #£ o {exp[p’l] L (exp (exp (,uTA)))} then the following two sub cases
may arise:

Sub case (a). If expP~1 L (exp (exp (ur?))) = o {log[m] T (exp (r*) 7L(f))}7
then we get from (23) that

expl 1T L(exp(exp(ur?)))

[m+1] A
lim sup log T (exl)) (rt), fog) .

r—oo logl™ T (exp (r#) , L(f)) + L (exp (exp (ur4)))
Sub case (b). If expP~1 L (exp (exp (ur?))) ~ log™ T (exp (r*) , L(f)) then

. expp_l]L{eXP (exp (l” ))} _

=% log"I T (exp () , L(f))
and we obtain from (23) that

lim sup ogh™ T (exp (1), fog)
r—oo logl™ T (exp (1), L(f)) + L (exp (exp (ur4)))
Combining Case I and Case II we obtain that

i logm+ T (exp (r), fog)
im sup =0,
T—00 log[m]T(eXp (TH) 7L(f)) J'_K(Taga L)

=0 .

Oifr* =o {exp[p*” L (exp (exp (/M’A)))} as r — 0o
expP~1 L (exp (exp (,urA))) otherwise .
This proves the theorem. ([

where K (r,g; L) = {

Theorem 44. Let f be a meromorphic function and g be transcendental entire

such that E")L))\f >0, (pt < oo and Y 6(a;g) + (005 9) = 2 where m and p
aF#oo
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are any two positive integers. Then for any positive real number A,

e 108" T (exp (r2)  fog)
e og T (exp (), L(9)) + K (1, f3 1) ’

where 0 < p < p, and

v _J 0ifrt =0 {exp[p_l] L (eXp (eXp (,W’A)))} as r — oo
K(rf:1)= { expP~U L (exp (exp (ur?))) otherwise .

The proof is omitted because it can be carried out in the line of Theorem 43.

Remark 9. Theorem 43 and Theorem 44 are respectively improve Theorem 12 and
Theorem 13 of Datta et. al. { cf. [5]}.
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