Commun.Fac.Sci.Univ.Ank.Series A1l
Volume 64, Number 2, Pages 47-54 (2015)
DOI: 10.1501/Commual_ 0000000732
ISSN 1303-5991

PARALLEL SURFACES TO TRANSLATION SURFACES IN
EUCLIDEAN 3-SPACE

MUHAMMED CETIN AND YILMAZ TUNCER

ABSTRACT. In this paper, we investigate geometric properties of surfaces that
are parallel to translation surfaces in 3-dimensional Euclidean space which
are constructed by generator curves with constant curvatures and torsions are
given.

1. INTRODUCTION

The theory of translation surfaces is always one of interesting topics in Euclidean
space. Translation surfaces have been investigated by some differential geometers.
Verstraelen et al. investigated the minimal translation surfaces in n-dimensional
Euclidean spaces [5]. Liu gave the classification of the translation surfaces with
constant mean curvature or constant Gauss curvature in 3-dimensional Euclidean
space and 3-dimensional Minkowski space [3]. Yoon studied translation surfaces in
the 3-dimensional Minkowski space whose Gauss map satisfies the condition where
denotes the Laplacian of the surface with respect to the induced metric and the set
of real metrics [6]. Munteanu and Nistor studied the second fundamental form of
translation surfaces in [4]. They gave a non-existence result for polynomial trans-
lation surfaces in with vanishing second Gauss curvature. They classified those
translation surfaces for which and are proportional. Cetin et al. investigated the
translation surfaces in 3-dimensional Euclidean space by using non-planar space
curves and they gave the differential geometric properties for both translation sur-
faces and minimal translation surfaces [1].

In this paper, we investigate geometric properties of surfaces that are parallel
to translation surfaces in 3-dimensional Euclidean space which are constructed by
generator curves with constant curvatures and torsions are given.
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2. PARALLEL SURFACES TO TRANSLATION SURFACES IN EUCLIDEAN 3-SPACE

Let « (s) be a space curve with Frenet frame {7, N,, B,} and k., T, be cur-
vature and torsion of the curve « respectively, and let 3 (t) be a space curve with
Frenet frame {Tj3, Ng, Bg} and kg, Tg be curvature and torsion of the curve § re-
spectively. Let M (s,t) = a(s)+ B (¢) be a translation surface in Euclidean 3-Space
that is generated by two space curves with constant curvatures and torsions. Then
we can write the equation of parallel surface to translation surface M as follow.

M (s,t) = M(s,t) + A\U(s,t) (2.1)
where A € R (A # 0) and U(s, t) is the unit normal vector of M, and U(s,t) can be
written as follow.

To NT
U=-2""8 (2.2)
sin ¢
where ¢ (s) is the angle between tangent vector fields of « and /3. Here, because of
being easy the angle of ¢ has been constant.
Let a and (8 are space curves with non-zero curvature and torsion.
Differentiating (2.2) with respect to s, we get

Ko
Us = ——(Nao NT,
s SiHQD( @ ;5)7

and
2

K RaT
Ugeg = ——2 (T, AT, 2 2 (B, ATR).
Sm(p( )+ Sm(p( 3)

Similarly, differentiating (2.2) with respect to ¢, we get

kg
U, = Ty A Ng),
t sincp( ’8)
and
U (. ATy + T (T A B
tt——ﬁ(a B)*‘@(a )
Also,
Rakp

Ust = Uts =
sin

(Na A Nﬁ) .

Differentiating (2.1) with respect to s, we get,

AKq

M, =T, + 5 (Na ATp)

_ A2 Mo Te
M,y = kaNa — 2o (T ATh) + o2l (By ATh) .
SIHQO SIHQD

And differentiating (2.1) with respect to ¢, we get

—_— )\Hﬁ
M, =T — (T, NN,
t B+Sin(p( )
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I k2 AKBT
B BB
My = kgNg — To NT, T, N Bg).
w=rpNg sin<p( ) + g ( 3)
Also,
AKo K
Mg = Mys = — B(Na/\N/g).
sin

We can give following equalities.

(To,Tg) = A1 (Ta,Ng) = Ay (Tu,Bg) = A3
(No,Tg) = Ay (No,Ng) = As (No,Bg) = Ag .
<Ba7T,3> :A'T <B047Nﬁ> :AS <BavBB> :A9

Also,
U =cos0,N, +sinb, B,
and
U = cos3Ng +sinf3Bgs.
can be written. From (2.4), we get
cosfgAy +sinfgAs = 0.
By using (2.3), we obtain
cosO, Ay +sinf,A7 = 0.
From (2.4), we get
UANTg =sinfgNg — cos0gBg.
From (2.3) and (2.7), we get
cos 0y sinfgAs — cosf, cos 0gAg + sinf, sinfgAg — sinf, cosgAg = 0.
By using (2.3), we get
UANT, =sinf,N, — cos0,B,.
From (2.4) and (2.9), we get

49

sin @, cos @3 A5 + sinf, sinfgAg — cosf, cosgAsg — cosb, sinfgAg = 0. (2.10)

Taking the inner product of the U and U, we get

cos @ cos0gAs + cosf, sinfgAg +sinf, cosgAs +sinf, sinfglg = 1. (2.11)

From (2.7), we obtain

sinfgAs — cosfgAs = —singp. (2.12)

By using (2.9), we get

(UNTy,Tg) =sinf,Ay — cosf,A7 =sinp. (2.13)

From (2.7) and (2.9), we get

sinf, sinfgA; —sin 0, cos 03 Ag — cos 0, sin g Ag + cos 0, cos g Ag = cos . (2.14)
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Also, (T,,,Tg) = cos, and thus we write
Ay = cos p. (2.15)

If the equation system consisting of (2.5), (2.6), (2.8), (2.10), (2.11), (2.12), (2.13),
(2.14) and (2.15) is solved we will get following equalities.

Ay = cosp, A= —sinfgsing, Az =cosbgsiny

Ay = sinfysing, As = cosf,cosbg +sinb,sinbgcose
A¢ = cosb,sinfg —sinf, cosbgcosp, A7 = —cosb,sing
Ag = sinf,cosfg — cosbysinfgcose

A9 = sinf,sinfg 4+ cosf, cosfgcosp

The first fundamental form I of the surface M is
T = Fds® + 2Fdsdt + Gdt?
where E, F and G are the coefficients of the I and
E = 1-2X2+ A (%)% + 22 (k) cot? o

N r2KB cot o 32

|
[

a, B 2
Ccos  — Kg kg COL™

sin ¢

_ 2
G 1—2X&P 4+ 22 (55)2 + A2 (kf) cot? ¢

Let U be the unit normal of the surface M. Then, it can be written as follow.

2,0 8 «
“ARIT, + (A hin, _ Ak )Na

sin ¢ sin ¢

= A2o P A2k%kP cot
— o _ gFn nfig
U H + <>\K’9 sin? @ sin ¢ T/3
MK
7sintpN’B + (Tu A Tg)
where
2 2 2
—2XK% — 2k — A7 (k9)T = A% (k)" — 2X° k0K cos
2 2 .
—2X3k2 (ng) cot? p + 2\* (ng‘) kP 4+ 2X2k%K8 + sin?
1 +)\4(n;’)2(nﬁ)2 _ 2)\4ngn‘;ngn§ cot® )\4(kf)2(n2)2 _ 2)\3(]@;’)2,{51
- = sin® ) si121 , sin? ¢ sin? ©,
K P07 23 (eg) (sn)T | 2XeR(en)” | aXkgwl | X(RY)
sin? ¢ sin? ®, , sin? sin? ¢ sin? ¢
)\4(/1;") (ng) cot? @ 2>\2r€gn§ cot ¢
+ sin? ¢ + sin ¢

The second fundamental form I7 of the surface M is

TT = 1ds® + 2mdsdt + ndt>
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where {,7 and 7 are the coefficients of the IT and

)\zkg‘ngng )\nzng(AZ(k?)2+)\kS cot Lp+1)

sin? ¢ sin ¢
- +,\(k;)2(mg+2mﬁf1) + A (k§)? kg cot (kb —1)
| = L ) 2 4 sin ¢ sin ¢
A2 (ke 2,
—(:;fli)wﬁn + A (FL;) sin ¢ + é\kgmg (AES cot p + Ak — cot )
+r2sing — A (k)" sing + MkSKS cos ¢
Makenfef N oot o((rg)?(k8) + (k5% (x5)%)
sin? ¢ B sin?
m=pu /\2H?K§(KZ+K£) )\3K/zk;K/Z,‘€§ cot? o
B 9 sin ¢ + 9 sin ¢
—1—)\2/{2 (/@'5) cot @ + A2 (ng‘) K cot o + )\Kglig sin
and
a B
A (55)2 sing + (Axh — 1) (A:;Li? + AkOK] cot <p)
P NES kP cotp | APRD (kﬁ)2
+ (1 - )‘K’g) ( anzfp -+ s sin ¢ + singp1
— 2,8 )\nf’ng /\nZn_ﬁ cot ¢
n=p +A kQ K’g sir‘f2 e siriga B K’?
A(KP)? )
+ S(inlg (—1 + k8 + kS cot <p) + K2 sin ¢

8\? 8
-2 (kl) sin g — kb k2 cos ¢
3. SHAPE OPERATOR MATRICES OF THE PARALLEL SURFACES TO
TRANSLATION SURFACES

In [5], authors gave the shape operator matrix S, the Gauss curvature K and
the mean curvature H of M are

1 K — COS PRS
S = " " 3.1
sin? ¢ { — cos ok, K (3:1)
a3
K = Znin (3.2)
sin® ¢
and 5
«
= T (3.3)
2sin” ¢

respectively. The shape operator matrix S of the parallel surface M is expressed in
the form

S=8(I-xS)"". (3.4)
Then, by substituting (3.1) into (3.4), we obtain
_ 1 o a,.B _
| e 09
sin2<p—/\(n%+ng)+/\ K& Kin n COS Y n n''n
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From (3.5), we can find the Gauss curvature K of M as

_ a B
K- fin T Fin , (3.6)
sin? w—A (/4:,05 + mg) + /\memﬁ
and the mean curvature H of M as
— a B _oNkOKP
T — Ky + Ky, K Ky, (3.7)

2 (sin2 ©—A (H% + mﬁ) + /\%i%lﬁﬁ) .

Also, the first and second principal curvature of M are

2
f-cfl‘+nﬁ + f-{%-‘rﬁfg _ H%HE
_ 2sin? ¢ 2sin? ¢ sin? ¢

k1=
2
1 . /\ N%Jrnﬁ + H%Jrﬁﬁ - K HEL
2sin? ¢ 2sin? ¢ sin? ¢
and
2
rothn retrn \ T _ KEKn
7o 2sin? ¢ 2sin? sin? ¢
5 =

1— )\ nfl‘+n2 _ n%«knﬁ 2 _ n%ng
2sin? ¢ 2sin? ¢ sin? ¢
respectively. In addition, we can find the harmonic mean curvature of M which is

defined as K/H. Thus harmonic mean curvature is

Ky + HE
= ) 3.8
K& + Ko — 2)\I$%liﬂ (38)

| =

Corollary 1. i. The parallel surface M of the translation surface M, which is
constructed by generator curves o and 8, is K-flat if and only if the curve o and
the curve B lying on the translation surface M are asymptotic line or k& = —rb.

ii. The parallel surface M of the translation surface M has constant Gaussian
curvature if and only if the surface M has constant normal curvatures along the
generator curves.

Corollary 2. 4. All parallel surfaces of M, which is constructed by generator
curves, is minimal if and only if the curve « and the curve B lying on M are

asymptotic line. If the generator curves lying on M aren’t asymptotic line, then
et B
there is a minimal parallel surface in parallel surfaces for A = %
#5. The parallel surface M of the translation surface M has constant mean
curvature if and only if the surface M has constant normal curvatures along the

genemtor CUrves.
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i44. The parallel surface M has the same Gauss and mean curvatures if and only
if A= =2 In this case, from (3.8) we get (ags") K2 and (agt") k% . Thus, both of
generator curves are asymptotic curves of M.

Let K and H be Gauss curvature and mean curvature of M. Then, Gauss
curvature and mean curvature of M given by (3.6) and (3.7) can be written in
terms K and H by using (3.2) and (3.3) as follow.

2H

K=— = _ 3.9
1—2)\H + \°’K (39)
and 0ok
H=— "0 (3.10)
1—2\H + \’°K

Both (3.9) and (3.10) give us important inequality H? < K which is guarantee
to us that A is neither % nor HEVH—K VIIgLK Thus, on these conditions, we can give
the following important remarks.

Remark 1. i. M is a minimal translation surface if and only if its parallel surface
is a K—flat.

i1. Only translation surface whose Gauss and mean curvatures satisfies H> < K
has parallel surfaces, so it can be clearly state that if a translation surface has
parallel surfaces then its Gauss curvature is positive.

itt. The harmonic mean curvature of M is equal to _Tl = const. if and only if
K=H.

tv. Parallel surfaces of any translation surface can not be minimal surface.

In addition, we can give following theorem.

Theorem 1. Let K and H be Gauss curvature and mean curvature of the trans-
lation surface M, and let K and H be Gauss curvature and mean curvature of the
parallel surface M, respectively. Then, the following equality is satisfied.

HK — \KK +2HH = 0.

By using (3.9) and (3.10), we can write harmonic mean curvature of the parallel
surface as

| =

- (3.11)

From (3.11), we obtain

il

Then, we can give following theorem.

Theorem 2. A translation surface has constant harmonic mean curvature if and
only if its parallel surface has constant harmonic mean curvature.
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