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COLIMITS IN THE CATEGORY OF QUADRATIC MODULES

HASAN ATIK

ABSTRACT. To use of colimits to put structures together is not uncommon in
mathematics; coproducts particularly of structures such as groups and vector
spaces have been known for a long time. Colimits have also been used in
computer science for example to put together labeled graphs, in system theory
etc. The importance of category for theoretical computer scientists is everyday
increasing. In order to contribute usage of colimits, we show existence of
finite (co)limits in the category of quadratic modules of groups by careful
construction of (co)product object and (co)equilaser of morphisms of quadratic

modules. Moreover, we give some examples of coproduct.

INTRODUCTION

Crossed modules were initially defined by Whitehead [12] as an algebraic model
for homotopy connected 2-types. Corresponding definitions were given for some
varieties of algebras in [8, 11, 10]. Brown, Higgins and Siviera [5] gave a construction
of a coproduct object in the category of crossed modules over a group R. Then they
obtained the colimits for the category of crossed R-modules of groups by using the
equivalence of categories of Cat!-groups and that of crossed modules. In his thesis,
Nizar [9] has shown the existence of finite limits and colimits in the category of
crossed R-modules of commutative algebras. The Lie algebra case of the similar
work has been done by Ladra and Casas in [7].

Recently, Baues [2] defined the notion of a quadratic module of groups as an alge-
braic model for homotopy connected 3-types and gave a relation between quadratic
modules and simplicial groups. In [1] Arvasi and Ulualan have explored relations
among some algebraic models for homotopy 3-types such as quadratic modules,

2-crossed module,crossed square and simplicial groups.
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To understand the working category of quadratic modules we need the descrip-
tion of its very remarkable constructions. One of the important categorical con-
structions is colimit. In this paper, we show the existence of finite colimits of
category of quadratic modules. The interest in computing colimits of quadratic
modules for algebraic topology is the 2-dimensional Van Kampen theorem due to
Brown and Higgins [4, 3, 6, 7]. The following proposition [5] leads us to find finite
colimit in the category of quadratic modules.

Proposition : If functors S — C admit (co)products and (co)equilasers, then they
admit (co)limits.

Therefore, we construct the notions of products and coproducts for quadratic
R-modules and we explore equilaser and coequilaser of morphisms of quadratic
modules with the same domain and codomain. Hence we show the existence of

finite limits and colimits in the category of quadratic R-modules.

1. QUADRATIC MODULES

Recall that a pre-crossed module is a group homomorphism 0 : M — @ together
with an action of @ on M, written m? for ¢ € @ and m € M, satisfying the
condition d(m?) = ¢~ 1d(m)q for all m € M and q € Q.

Let 0 : M — @ be a pre-crossed module. The Peiffer commutator is defined as

1 19(m)

(m,m'y =m~tm/~tmm . The pre-crossed modules in which all Peiffer commu-

tators are trivial are precisely the crossed modules. Namely, a crossed module is a
pre-crossed module @ : M — Q satisfying the extra condition: m/?(™ = m=tm/m
for all m,m’ € M. We will denote the category of crossed modules by XMod.

Since the Peiffer commutators are always defined in a pre-crossed module, it is a
natural idea to factor out by the normal subgroup that they generate and consider
the induced map from the quotient. The Peiffer subgroup P»(9) = (M, M) of M
is the subgroup of M generated by all Peiffer commutators. For any pre-crossed
module 9 : M — @, the Peiffer subgroup P5(9) of M is an N-invariant normal
subgroup. Let M = M/P»(0). This quotient group is a @-group. Then we can
say that for the pre-crossed module 0 : M — @, the induced map gives a crossed
module 9" : M — (@ which is called the crossed module associated to 0.

A nil(2)-module [2] is a pre-crossed module 9 : M — @ with an additional
“nilpotency” condition. This condition is P5(9) = 1, where P5(0) is the subgroup

of M generated by Peiffer commutator (m,m’; m”) of length 3 for m, m’,m"” € M.
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We shall denote the category of nil(2)-modules by Nil(2). Now we give the

following definition from [2].

Definition 1.1. A quadratic module (w,02,01) is a diagram

el Ye

7

Cy —— ] — ()

of homomorphisms between groups such that the following axioms are satisfied.
QM1) The homomorphism 01 : C; — Cy is a nil(2)-module with Peiffer com-
mutator map w defined above. The quotient map C; — C = (C§") is given by
x — {x}, where {2} € C denotes the class represented by v € Cy and C = (Cf")*®
is the abelianization of the associated crossed module C{" — Cj.

QM2) The boundary homomorphisms Oy and 01 satisfy 9102 = 1 and the quadratic
map w is a lift of the Peiffer commutator map w, that is Oow = w.

QM3) C5 is a Cy-group and all homomorphisms of the diagram are equivariant
with respect to the action of Cy. Moreover, the action of Cy on Co satisfies the
formula (a € Co,z € Cy)

a" = w(({z} ® {82a}) ({20} @ {x}))a.
QM4) Commutators in Cy satisfy the formula (a,b € Cy)
w({02a} @ {92b}) = [b, a].

A morphism ¢ : (w,ds,01) — (W', 0%, J7) between quadratic modules is given by

a commutative diagram, ¢ = (f2, f1, fo)

w ¢ ~ 2 ~
C{):(}C—s-(,gie-(lis-(q

©x By l T2 l f1 l fo l

N Yal all . al . al
R — 0 — 01—

Y2 A

where (f1, fo) is a morphism between nil(2)-modules which induces ¢, : C — C’ and

where f5 is an fy-equivariant homomorphism. We denote the category of quadratic
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wy - CieC wy _— Cr @ Cy
(L] l / w3 l
LT e . T . .
oLy % C 5 R, a Loy A D a R

modules by Quad. With a fixed group R, consider the category of quadratic R-
modules

ceC

;‘
¥
2 1

~ R,

We will denote the category of such quadratic modules by Quad/R. A morphism
between quadratic R-modules is a quadratic module morphism ¢ = (fo, f1, fo) as
defined above in which fy is the identity homomorphism on the group R.

2. FINITE LimITS IN Quad/R

In this section, we will show that the category of quadratic R-modules has finite
limits by constructing the product of two quadratic modules and equaliser of two

morphisms in the category of quadratic R-modules.

Proposition 2.1. In Quad/R every pair of morphisms with common domain and

codomain has an equaliser.

Proof: Let (f,g) : (L1,C, R) — (L2, D, R) be two morphisms of quadratic modules
where

f=(fe, i) and g = (92,91), fo,92: L1 — L2, f1,91: C — D. Let E and
F be sets as follows E = {c € C : fi(c) = gi(c)} and F ={l; € Ly : fo(lh) =
g2(l1)}. Tt is clear that (F, E,e2,e1) is a subquadratic module of (Ly, C,0s,0;) in
which €5 and e; are induced from 9, and 0; respectively. The inclusion (i,7) :
(F,E,R) — (L1,C, R) is a morphism of quadratic R-modules. Suppose that there
exist a quadratic module (F’, E’ &), ¢}) and a morphism (¢/,5') : (F',E',R) —
(L1,C, R) of quadratic R-modules such that f2i'(y) = g20'(y), fri () = g15' ()
for all x € E',y € F'. Hence i'(y) € F,j'(z) € E. Thus we define v : E' — E as
v(z) = j'(z) and B : F' — F as B(y) = ¢'(y). The fact (¢/,5’) being a quadratic

module morphism immediately gives that (v, /) is one as well. This morphism is
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unique for the commutative diagram

Namely, jy = j',i8 = i’. Thus the morphism (i, j) is an equalizer of (f, g). O
Proposition 2.2. The category Quad/R has pullbacks.

Proof: Let (fa, f1): (L1,C,R) — (L2, B, R) and (g2,¢91) : (L3, D, R) — (L2, B, R)
be two morphisms of quadratic modules where

oy Cr@Cy o L4 % C B R
oy Co Co o Lo 5 - B 5 R
gg: Cy3®Cy o Ls % = 5 =~ R

are quadratic R-modules. We form the groups X,Y such that X = {(c,d) : f1(c) =
g1(d)} cC xDandY = {(l1,13) : fa(l1) = g2(I3)} C L1 x L3 and morphisms z,y
such that  : X — B is given by (¢,d) — fi1(c) = g1(d) and y : Y — X is given
by (l1,13) — (02(11), 02(ls))-

Thus we obtain the following commutative diagram.

1

Since

Brz((e,d)") =
Brx(c”,d")

Bi(f1(c") = By (fr(e)") = 7' By (fa(e))r = v (Bra(e,d))r
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for all » € R, (¢,d) € X, the map S,z is a pre-crossed module. For (¢, d), (¢, d’),
(¢",d") € X we obtain

(e d), (), (" d ™ e d) (e, dPmeD, (&, )
<(C / C d- 1dl 1d)( d/'glflc,(cﬁ,d”»
<(c—1 /— 1CCI,B flc 1d/_1dd/’81flc),(C’l,d//»
<(cfl /— 1 /81c dfldlfldd/ﬁlgld)’ (C//,d//»

= (({e;c),(d,d)), (c",d"))
((C,C <d d- 1)(0//_1,(1//_1)«0, C/>7 <d, d/>)(C”,dllﬁlw(<c’cl>’<d’d/>)
(<C, Ll 1<C c >C//[31f1((c,c’>)7 <d, d/_ld/,_1<d, d/>d//6191((d,d’>))
({{e. ), "), {{d, d'), d"))
(1,1).

Therefore, 8,z : X — R is a nil(2)-module.
Now, we will show that

W - M" @ M

is a quadratic R-module.
QM1) We know that S,z : X — R is a nil(2)-module. We have also

Prey(ly,ls) = Br2(92(l), 02(l3)) = B1(f2(92(1))) = B1(B2(f1(l))) = B1B2(frh) =1

QM2) For {(c,d)}o{(d,d")} € M"@M", we define w”’ : M" x M" — Y as follows:

W'({(e.d)} @{(c,d)}) = (wi({c} @ {'}),wa({d} @ {d'})).
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Then we have

' ({(ed)} @{(d,d)}) = ylwi({c}®@{c}),wa({d} @ {d'}))
(O2w1({c} ® {¢'}), daw2({d} ® {d'}))
(w1 ({c} @ {c'}), wa({d} @ {d'}))

= (e, @), (d,d))
((e,d), (¢, d))

w'({(e;d)} @ {(c,d)}).

QM3) For(ly,l3) € Y, (¢,d) € X, we get

W ({y(l1,13)} @ {(c; ) H(c,d)} @ {y(l1,13)})
W ({(Oaly1,0213)} @ {(c, d)H(c,d)} @ {(Dal1, dal3)}
w1({02l1} ® {c}), wa({d} ® {d203})) (w1 ({c} ® {021 }), w2({d2l3} ® {d}))

(

(wi1({02l1} @ {c})({c} @ {0201}), w2 ({d} ® {0213})) ({0213} ® {d}))
(l 1131 (c) N 1551(61)) (l ll/f 1fi(e )7lgll§1g1(d))
(Iy
(

I 115 1f1(e) l 1l6 fl(C)) (ll,l3)_1(l17l3)ﬁlf1(c)

I, 13) 7 (1, Ig)reted),

QM4) For (I1,13), (I1,1,) € Y, we obtain

W'{y(, ) @ {y(lh,15)}) = &"({(9201,0203)} ® {(0a11,0205)})
(wW1({02l1} ® {011}, wa ({0215} ® {dal5}))
(CRANENA)

(11, 13), (13, 13)]-

Thus the diagram
" ?l'I” |:>-<) ﬂ'{”

Ve

Y Y - X Prx - R

is a quadratic R-module.
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There are two induced morphisms p1,ps : ¢’/ — o1 and q1,q2 : 0" — o3 given
by projections; note that fp = gq, and this shows that the diagram

y o PP

o 1

_nn s
Jh-fa
oy ————=0

91,92 2

1,92

is commutative and the morphisms p and ¢ satisfy the universal property: let
(p,p5) : 0/ — o1 and (¢},q5) : ' — o3 be any morphisms of quadratic modules
with fp’ = ¢g¢' and ¢/ : L’ — A — R, then there exists a unique morphism
(b1 ha) o — 0" given by ha(x') = (Ph(2'), (")) and ha(y’) = (Bh(y'), dh(¥"))
for ' € A,y € L' such that the diagram

’ a -
1.0 \\p' o
lf//ﬂz ho i \i 2
i ~
~ ¥ ™
o3 = e = T
ST am =01
-
91927 . ik
a2

is commutative; i.e. p1hy = p), poha = Py, g1h1 = ¢q] and g2ho = ¢5. Then we say
that Quad/R has pullbacks. O
We note that the category of quadratic modules has terminal object, oy, thus

the proof of the following is easy.
Proposition 2.3. Quad/R has finite products.
Proof: It is of course sufficient to prove the proposition for a family having just

two members say oy and o3. The product oy M o3 will be the pullback over the

terminal object o; where

o C1®Cy

w1 8 it

g3: U3 & Cy—— L3 =D ——R

i3 da a1

= Ly—= R - R

g CaC
id
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and the diagram

P10}

oy Moy =T
P2 -rJél lfg R
T3 = (T}

g2.01

is commutative i.e. fop; = gapa, O1p) = 01ph. Then it is easy to check that

UlﬂUB:L'IHLSI_,iQ"CHDT"R

is a quadratic module where 8, : C 1D — R is given by 8,(¢,d) = d1p](c,d) =
d1p5(c,d) and By : L1 M Lg — C M D is given by By(l1,l3) = (9a2l1,0203) and
wis : ((CMID)eT )@ (CIID)e" )y — LyM Ly s given by wis({(c, d)} @ (¢, d)}) =
(wi({e} @ {'}), ws({d} @ {d'})).

Then by induction, Quad/R. has finite products. O
Proposition 2.4. Quad/R has a limit for any functor F : ¢ — Quad/R with o
finite.

Proof: As Quad/R has finite products and equilasers, the result follows. O
Therefore the category Quad/R is finitely complete, i.e. it has all finite limits.
3. FINITE CoLIMITS IN Quad/R

This section will describe the construction of finite colimits of quadratic modules
over a group R. First we will give the coequalizer of two morphisms then the

construction of the coproducts of two quadratic R-modules.

Proposition 3.1. In Quad/R every pair of morphisms of crossed modules with

common domain and codomain has a coequilaser.

Proof: Let f = (f1,f2), 9 = (91,92) : 01 — o3 be two quadratic R-module
morphisms as given in the following diagram.

w_~C1®CY
;
ay . Ll o 3 ﬂfl o -~
F?ZHfz 91“_;‘1 H
ag L-z > ﬂ-ir-g — R

da a1
\ TM

w2 () @ Oy



62 HASAN ATIK

— 3

E’:f M —=R

Let I be a normal subgroup of My generated by elements of the form f;(m)—g1(m),
for all m € M; and J be the normal subgroup of Lo generated by elements of the
form fa(l) — g2(1), for all I € Ly. Note that I C kerd; and Imdy is the normal
subgroup of I. Set the factor groups M = M, /I and L = Ly/J. Define §, : M — R
as 01(mal) = 61(mg) and 63 : L — M as §3(l2J) = 62(l2)I. In this case

- &

I -
7:L- 2.3 %-R

is a quadratic module with the quadratic map
@: (M) @ (M) — T which is given by {maI}@{m4I} — w({ma}@{mb}).
Since &1 ((mol)") = 51 (mo"I) = 61( ma") = r= 101 (ma)r = r~ 101 (mal)r
and for mol, mhyI, m4I € M,
(malmb D) ms Ty = {(my 1) (™ D)(ma )y "0, (m3 1)
= (my'mh lmgméél( 2)I, (m41))
<m27m2>1 m/2/I> <<m2am/2>7m/2,>1

(
=1

b

the map 0; is a nil(2)-module. We leave as an exercise to the reader the verification
of remaining quadratic module axioms. Moreover, the induced map p = (p1,p2) :

o9 — 0 is a quadratic module morphism. Namely the diagram

f: _
L ! LELL

g2
%l 52] J’E
f1 J

M My —— 1T

|
e
\\.
~—
~

is commutative. Finally we will check the universal property of p. If there exist a

quadratic module and a quadratic module morphism p’ = (p},p5) : 02 — & then

there exists a unique quadratic module morphism ¢ = (¢}, p5) : @ — @ which

is p5(1J) = ps(l) and ¢} (mJ) = pj(m) and satisfying pip1 = p} and phps = p.
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w_—C1®Cy wy _—Ca®Cs
oy Ly ra— C s R. oo : Lo = X 5 R

Then p is universal morphism so we get the following commutative diagram

Therefore, p is an coequilaser of f and g. O
Construction of Coproduct
We give the construction of coproduct of two quadratic modules in the category
of quadratic R-modules. Let

be two quadratic modules. Suppose that X acts on C via d1, so we can form the

semidirect product
XxC=A{(z,c):z€X,ceC}

with the multiplication (z,¢)(2’,¢) = (za'*'¢) for (z,¢), (2',¢) € X x C, where
an action of R on X x C is given by (z,¢)” = (z",c¢") for r € R. We get the
injections i1 : X — X x C, i1(z) = (z,1) and j; : C — X x C, j1(¢) = (1,¢). We
define 8] : X x C — R by B(z,¢) = 61x01c. It is clear that 8] is a well-defined
homomorphism. Let P be a normal subgroup of X x C generated by elements of
the forms:

(1) {(=z,¢), (&', ), (z", "))
(2) ((z,0), (@', ), (=", "))

for (z,¢),(2',c), (2", ") e X x C.

Thus we can form the factor group X x C'/ P and we get an induced morphism f; :
XxC/P — Ras f((z,c)P) = 61x0;c. Clearly 3, is a nil(2)-module. Furthermore,
Lo acts on Ly via d105. Since 0105 = 1, the semidirect product of Ly and Lq is
direct product of Lo and Lq, that is Ly X L1 = Lo X L;. We get the injections
iy 1 Ly — Ly x Ly, ia(l2) = (I2,1) and jo : L1 — Lo x L1, jo(l1) = (1,11). We
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define the map ,8,2 : Lg X L1 — X xC by /8/2(127l1) = (5212,82[1). 6/2 is also a well-
defined group homomorphism. Let P’ be a normal subgroup of Ly x L; generated
by elements of the forms

(1) (we({z1} @ {{z2, 23)}), w1 ({1} @ {(c2,¢3)})),
(2) (wal{{z1, 2)} @ {z3}),w1({(c1,c2)} ® {e3}))
for all (x1,¢1), (z2,c2), (x3,¢3) € X x C.
We can form the factor group Lo X Ly /P’ and we define amap 85 : Lo x L1 /P’ —
X x C/P as B5((l2,11)P") = (d2l2, O2l1)P. An action of X x C'/P on Ly x Li/P’
is given via (8, such that ((lg, 1) P'®F = ((Iy, 1) PPr@P = (1,002 1,91¢) P’ for
(x,c)P € X x C/P and (l2,11)P’ € Ly x L1/P’. Then we get the following result.

Proposition 3.2.

v —C®C

et

o:Lyx Li/P —=Xx C/P ——R

is a quadratic R-module.
Proof: Firstly, we define the quadratic map w by
w({(z, )P} @ {(2', ) P}) = (w2({z} @ {'}), wi({c} ® {'})) P

for (z,c)P, (2',)P € X x C/P.
QM1) We know that §; is a nil(2)-module and

B182((l2, 1) P) = B1((92(l2), 02(11)) P) = 6102(l2)010201 = 1.

QM2) For (z,¢)P, (z',)P € X x C/P we get

Baw({(z, c) P} @ {(a', ') P})

Ba((w2({z} ® {2}), w1 ({c} @ {¢'})P)
= (Gawa({z} @ {2}), Oawr({c} @ {}))P
= (w({z} @ {2'}), wi({c} @ {<})P)

= ({&,2), (e, )P ={(z,0), (&, ) P

= w({(z, )P} @ {(2',¢)P}).
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w —Cr@Cy w Cy @ Cy

o1 : L ——=C — R aa: Lo -
o oy Oz dy

QM3) For (x,¢)P € X x C/P and (l2,11)P’ € Ly x L1/P’, we obtain

{B2((l2,11)P")} @ {(@,c) PH (@, c) P} ® {B5((l2, 1) P') })
{(0202,0201) P} @ {(z, ) PH (=, c) P} ® {(02l2, 0211 ) P})

(w2 ({022} ® {zH{z} ® {dala}), w1 ({d2l2} ® {c}Hc} @ {0202})) P
(12 ll 61 (x) l —ll dl(c))P/ (12711)7 (12611-,1101C)P/

(Iz, 1) (la, 1)1 @OF pr

w

(
(

w

QM4) For (Iy,11)P', (I,,1})P' € Ly x Ly /P’, we have

w({(d2la, 02l1) P} @ { (02, 02l1) P})
(w2 ({0212} ® {d2l5}), w1 ({0211} @ {0a11})) P’
([l2, 18], [11, 13 ]) P’

[(I2, 1) P, (15, 11) P'].

w({B2((l2, 1)) P1)} @ {B2((15, 1) P")})

Theorem 3.3. The constructed quadratic module

w —CaC
/ ]1(‘

g:lyol—=Xo(C——~R
Ha et
where Lyo Ly = Lo X L1 /P and X oC = X x C/P with the morphisms i = (i1, i2),
j = (J1,J2) is the coproduct of the quadratic modules

Proof: We will check the universal property of morphisms (i1, j1) into (X x
C/P,By) and (i2, j2) into (L2 X L1 /P, B,).
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Lo X R, Ly C R
fzj flj H ;22‘ 91‘ H
B, By R B; By R.

Consider an arbitrary quadratic R-module

W CRC

-

ar

¥
op:By—B——R
Ug Lfl
and morphisms of quadratic R-modules f = (fa2, f1) : 02 = 05, g = (92,91) : 01 —
op, i.e.
Then there is a map h = (h1, ho) : 0 — op given by hi((l2,11)P") = f1(l2)g1(l1),

ha((z,c)P) = f2(x)ga(c).

LyxL/P'—=XxC/P—=R

h]j. hgl.
By

By R

It is a unique morphism of quadratic modules for the diagram

i1,ia J1uja

02 o= a1
- hl'V
m ] P 91,92
ap

to commute. Actually we obtain

The construction of coproducts in Quad/R will give us a functor

o: Quad/R x Quad/R — Quad/R
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which is left adjoint to the diagonal functor
A : Quad/R — Quad/R x Quad/R.

Proposition 3.4. Quad/R has all colimits for any functor J : 0 — Quad/R,
i.e. Quad/R is cocomplete.

Proof: Since Quad/R has coproduct and coequilaser, it is clear. ([l

4. EXAMPLE FOR COPRODUCT OF QUADRATIC MODULES

We will give a description of the coproduct of quadratic modules in the particular
case of two quadratic modules 8, : L1y - C — R and 35 : Ly — X — R in the

useful case when v1(X) C p,(C) and there is a P-equivariant section o : pc — C

of py.

Definition 4.1. If C acts on the group X we define [X,C] to be the subgroup of
X generated by the elements x~1z¢ for all z € X,c € C. This subgroup is called the

displacement subgroup.
Proposition 4.2. The displacement subgroup [X,C| is a normal subgroup of X.
Proof: Let c € C,z,x; € X. We easily check that
ey (a7 %)y = (wxy) " (way) (2 ta$) T € [X, O
|

Definition 4.3. We define X/[X,C] as a quotient of X by displacement subgroup.
The elements of X/[X,C] is written by [x]. It is clear that X/[X,C] is a trivial
C-module since [z¢] = [z].

Proposition 4.4. Let y; : C — R, wv1: X — R be nil(2)-modules, so that C acts
on X wia 1. Then R acts on X/[X,C] by [z]" = [z]" for r € R. Moreover this

action is trivial when restricted to p,C.

Proof: It is because (z~'z¢)" = (z~1)"(2¢)" = (2")"'(z")¢ for all z € X,c €
C,r € R. The action is trivial since [z]#1¢ = [z#1°] = [2°] = [z]. O

Proposition 4.5. Let y1; : C — R, wv; : X — R be nil(2)-modules, such that
v1(X) C py(C). Then X/[X,C] is Abelian and therefore € : C x X/[X,C] — R
given by e(c, [x]) = pqc is a nil(2)-module.
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Proof: Let x1,29,23 € X. Choose ¢ € C such that viz1 = p,c. Then

~~ A~ 0~

[
(257 ) g o o) gl Yoy Yl gy 12
[
[

111)

]

o) [y ] ][ [y g ) s

oy [y ] za]) 3]~ (fog ey ] [21]) " as] = 1.

therefore X/[X,C] is Abelian. Now we will show that ¢ is a nil(2)-module

<<(Cla [ml])a (CQa [xQ]»v (037 [wSD>

Clv[

C1,C2

((
((

=
({1, co
((
(«

1) ez, [w2]) 7 (e, [21]) (2, [w2]) D) (e3, [a]))

ey terdy ™ [m] T e T ] [w2]), (cs, [s]))

(c1,¢2),1), (e3, [w3]))

> ) (037 [ 3})_1«61, CQ), 1)((:3, [$3])5(<017C2)11)

)~ <01702>C§1(<61162>)a1)

<Clvc2> > 1) = (]-7 1)

O

Proposition 4.6. Let 3, : Ly 22, 0 B R and By i Ly 2 X 25 R be two
quadratic modules with v1(X) C p(C) and Lo is an Abelian group with trivial

action of p,C. Let oy

morphisms of quadratic modules

: 1 (C) — C be an R-equivariant section of w,. Then the
i1:C — CxX/[X,C]; ¢~ (c]1)

i22L1—>L1XL2; lll—>(ll,1)
J1: X — Cx X/[X,C]; =~ (01v1z,[z])
j21L2—>L1 XLQ; lQH(l,lg)

give a coproduct of quadratic modules. Hence the canonical morphism of quadratic

modules

CoX — CxX/[X,C]; cox— (coyviz,[z])

L10L2—>L1 XLQ; llolgr—>(l1,lg)

is an tsomorphism.
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Proof: It can be shown easily that

v _——CRC

Bzt Ly x La T Cx Xf[X,C] T R

is a quadratic module where

e1:Cx X/[X,C] — R; (c,[z]) — pqc
62:L1 XL2—>C><X/[X,C}; 62([1,[2)H(M211,1)
w:C@C — L1 x Ly {(c1,[x1])} @ {(c2, [22]) } = (wi1({e1} @ {e2}), 1)

Then one can show that pairs (i1, 1) and (ig, j2) satisfies the universal property of

the coproduct of quadratic modules. [l
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