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ON CR-SUBMANIFOLDS OF A S—-MANIFOLD ENDOWED
WITH A SEMI-SYMMETRIC NON-METRIC CONNECTION

MEHMET AKIF AKYOL AND RAMAZAN SARI

ABSTRACT. In this paper, we study C'R—submanifolds of an S—manifold en-
dowed with a semi-symmetric non-metric connection. We give an example,
investigating integrabilities of horizontal and vertical distributions of C R—sub
manifolds endowed with a semi-symmetric non-metric connection. We also
consider parallel horizontal distributions of C R—submanifolds.

1. INTRODUCTION

In 1963, Yano [23] introduced the notion of f-structure on a C> m-dimensional
manifold M, as a non-vanishing tensor field f of type (1,1) on M which satisfies
f2+ f = 0 and has constant rank 7. It is known that r is even, say r = 2n.
Moreover, T'M splits into two complementary subbundles Imf and ker f and the
restriction of f to Im f determines a complex structure on such subbundle. It is also
known that the existence of an f-structure on M is equivalent to a reduction of the
structure group to U(n) x O(s) (see [9]), where s = m —2n. In 1970, Goldberg and
Yano [12] introduced globally frame f-manifolds (also called metric f- manifolds
and f.pk-manifolds). A wide class of globally frame f-manifolds was introduced in
[9] by Blair according to the following definition: a metric f-structure is said to be
a K-structure if the fundamental 2-form ®, defined usually as (X,Y) = g(X, fY),
for any vector fields X and Y on M, is closed and the normality condition holds,
that is, [f, f]4+2 Y., dn®E,; = 0, where [f, f] denotes the Nijenhuis torsion of f. A
K-manifold is called an S-manifold if dn* = ®, forall k = 1,...,s. The S-manifolds
have been studied by several authors (see, for instance, [2],[3],[5],[10],[11]).

On the other hand, the notion of a C'R—submanifold of Kaehlerian manifolds
was introduced by A. Bejancu in [6]. Later, the concept of C R—submanifolds has
been developed by [4], [8], [13], [14], [16], [18], [19], [20], [22] and others.
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Let V be a linear connection in an n—dimensional differentiable manifold M .
The torsion tensor T" and the curvature tensor R of V are given respectively by [7]

T(X,Y)=VxY - VyX — [X,Y],

R(X,Y)Z =VxVyZ—VyVxZ -V xy]Z.

The connection V is symmetric if the torsion tensor T vanishes, otherwise it is
non-symmetric. The connection V is a metric connection if there is a Riemannian
metric g in M such that Vg = 0, otherwise it is non-metric. It is well known
that a linear connection is symmetric and metric if it is the Levi-Civita connection.
In [17], Friedmann and Schouten introduced the notion of semi-symmetric linear
connections. More precisely, if V is a linear connection in a differentiable manifold
M, the torsion tensor T of V is given by T(X,Y) = VxY — Vy X — [X,Y], for
any vector fields X and Y on M. The connection V is said to be symmetric if the
torsion tensor T vanishes, otherwise it is said to be non-symmetric. In this case,
V is said to be a semi-symmetric connection if its torsion tensor 7' is of the form
T(X,Y) =n)X — n(X)Y, for any X,Y, where 7 is a 1-form on M. Moreover,
if g is a (pseudo)-Riemannian metric on M, V is called a metric connection if
Vg = 0, otherwise it is called non-metric. It is well known that the Riemannian
connection is the unique metric and symmetric linear connection on a Riemannian
manifold. In 1932, Hayden [15] defined a metric connection with torsion on a
Riemannian manifold. In [1] Agashe and Chafle defined a semi-symmetric non-
metric connection on a Riemannian manifold and studied some of its properties.
Later, the concept of semi-symmetric non-metric connection has been developed by
(see, for instance, [3], [21]) and others. In this paper we study C'R—submanifolds
of an S—manifold endowed with a semi-symmetric non-metric connection. We
consider integrabilities of horizontal and vertical distributions of C'R—submanifolds
with a semi-symmetric non-metric connection. We also consider parallel horizontal
distributions of C'R—submanifolds.

The paper is organized as follows: In section 2, we give a brief introduction
to S—manifolds. In section 3, we study CR—submanifolds of S-manifolds. We
find necessary conditions for the induced connection on a C'R—submanifold of
an S—manifold with semi-symmetric non-metric connection to be also a semi-
symmetric non-metric connection. In section 4, We study integrabilities of hori-
zontal and vertical distributions of C' R—submanifolds with a semi-symmetric non-
metric connection.

2. S—MANIFOLDS

A (2n+s)—dimensional differentiable manifold M is called a metric f-manifold if
there exist an (1, 1) type tensor field f, s vector fields &,,. .., &, s I-forms !, ... n*
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and a Riemannian metric g on M such that

f2:—[+zni®fi, ni(‘gj):&‘j’ f&=0,n0f=0, (2.1)
i=1
g(f X, 1Y) = g(X,Y) = > n'(X)n'(Y), (22)
=1

for any X,Y € F(TM), i,j7 € {1,...,s}. In addition we have:
1'(X) = 9(X, &), 9(X, fY) = —g(fX,Y). (2.3)

Moreover, a metric f-manifold is normal if

(£, 1142 dn* ©@ &, =0
a=1
where [f, f] is Nijenhuis tensor of f.
Then a 2-form F is defined by F(X,Y) = g(X, fY), for any X,Y € I'(TM),

called the fundamental 2-form. Then M is said to be an S-manifold if the f
structure is normal and

Nt A AR A (dn®)™ # 0, F =dn®

for any a =1, ..., s. In the case s = 1, an S—manifold is a Sasakian manifold.
Now, if V denotes the Riemannian connection associated with g, then [7]

(Vaf) Y =Y {g (X Y) o+ (V) F2X ), (2:4)

for all X,Y € F(TM). From (2.4), it is deduced that
6Xgoz = _fXa (25)
for any X,Y € I‘(TM), ae{l,.. s}

3. CR—SUBMANIFOLD OF S—MANIFOLDS

Definition 3.1. An (2m+s)—dimensional Riemannian submanifold M of S—manifold
M is called a CR—submanifold if £1,€,, ... ,&, is tangent to M and there exists on
M two differentiable distributions D and D+ on M satisfying:
(i) TM = D @® D+ @ spl{&y, ..., & };
(ii) The distribution D is invariant under f, that is fD, = D, for any x € M,
(iii) The distribution D+ is anti-invariant under f, that is, fD+ C T-M for
any © € M, where T, M and T,M~* are the tangent space of M at x.

We denote by 2p and ¢ the real dimensions of D, and D} respectively, for any
x € M. Then if p = 0 we have an anti-invariant submanifold tangent to £;, &, ..., &,
and if ¢ = 0, we have an invariant submanifold.
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Example 3.1. In what follows, (R, f,n, £, g) will denote the manifold R?"+*
with its usual S-structure given by

o 1 = )
no= i(dza - ;yzdlﬁ)v ga = 2%

" 0 0 > 0 - 0 0 * - 0
f(Z(ng + Yz@) + ZZQQT) = Z(Yzaiz - Xz%) + ZZKZ/ZaT
1 K3 1 a=1 (6% 1 1 K3 «

i= i= a=1li=1
s 1 n
g=> n"@n"+ Z(Zdﬂ% ® dz; + dy; ® dy;),
a=1 i=1

(T1y ooy Ty YLy oy Yny 215 -, 25 ) denoting the Cartesian coordinates on R?"TS. The
consider a submanifold of R® defined by
M = X(’LL, v, ka lv tla t2) = 2(“” 07 k7 v, l7 07 t17 t2)

Then local frame of TM

e = 2%, €2 :28%/17
e3 = 2%, eq :Qaiy27
es = 2%251, 66:2%252
and 5
el :287302’ €5 :287313

from a basis of T*M. We determine Dy = sp{e;,ea} and Dy = sp{es,es}, then
Dy, Dy are invariant and anti-invariant distribution. Thus TM = D1 @ Dy @
spl{&y, &5} is a CR—submanifold of RS.

Let V be the Levi-Civita connection of M with respect to the induced metric g.
Then Gauss and Weingarten formulas are given by

VxY = V%Y + h(X,Y) (3.1)
and

VxN = —AnX + VN (3.2)
for any X,Y € T'(TM) and N € T(T*+M). V** is the connection in the normal
bundle, h is the second fundamental from of M and A ~ is the Weingarten endomor-
phism associated with N. The second fundamental form /& and the shape operator
A related by

g(MX,Y),N) = g(AnX,Y) (3.3)

for any X,Y € I(TM) and N € T'(T+M).
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A CR—submanifold is said to be D—totally geodesic if h(X,Y) = 0 for any
X,Y € I'(D) and it is said to be Dt —totall geodesic if h(Z,W) = 0 for any
Z,W € T(D4).

The projection morphisms of TM to D and D= are denoted by P and Q respec-
tively. For any X,Y € T'(TM) and N € I'(T+ M) we have

X=PX+QX+ Y n*(X){,, 1<a<s (3.4)
a=1
fN=BN+CN (3.5)

where BN (resp. CN) denotes the tangential (resp. normal) component of ¢N.
Now, we define a connection V as

VxY =VxYV+ ) n* (V)X
a=1

Theorem 3.1. Let V be the Riemannian connection on a S—manifold M. Then
the linear connection which is defined as

VxY =VxY + Y o (Y)X, VXY eT(TM) (3.6)
a=1

s a semi-symmetric non metric connection on M.

Proof. Using new connection and the fact that the Riemannian connection is torsion
free, the torsion tensor 7' of the connection V is given by

T(X,Y) =) {1"(¥)X —n*(X)Y} (3.7)

for all X, Y € I'(TM). Moreover, by using (3.6) again, for all X,Y,Z € I'(TM)
and since V is a metric connection, we have

(Vxg)(Y.Z2) = =) {g(X,Y)n™(Z) = g(X, Z)n*(Y)}. (3-8)
a=1

From (3.7) and (3.8) we conclude that the linear connection V is a semi-symmetric
non-metric connection on M. u

Theorem 3.2. Let M be a CR submanifold of S-manifold M . Then

(VxHY =D {g(X, V)&, —n*“(V)(X + £X)} (3.9)

a=1

for all X, Y e T(T'M).
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Proof. From (3.6), we get
(VxHY =Y {g(X, V) —n= (V)X —n° (V) fX}
a=1

for all X,Y € I'(T'M). Therefore we obtain the result from (2.4). O

Corollary 3.1. Let M be a CR submanifold of S-manifold M with semi-symmetric
non-metric connection V. Then

Vx€, =—fX+X (3.10)
for all X e T(T'M).

We denote by same symbol g both metrics on M and M. Let V¥ be the semi-
symmetric non-metric connection on M and V be the induced connection on M.
Then,

VxY =VxY +m(X,Y) (3.11)
where m is a T'(T+M)—valued symmetric tensor field on CR- submanifold M. If
V* denotes the induced connection from the Riemannian connection V, then

VxY =ViY +h(X,Y), (3.12)

where h is the second fundamental form. Using (3.1) and (3.4), we have

VxY +m(X,Y) = ViV +h(X,Y)+ > n*(YV)X.
a=1
Equating tangential and normal components from both the sides, we get
m(X,Y) = h(X,Y)

and

VxY =ViY + ) n*(YV)X. (3.13)

i=1

Thus V is also a semi-symmetric non-metric connection. From (3.2) and (3.13), we
have

VxN =VyN+ ) n*(N)X

a=1
= —ANX + VN + > n*(N)X,
a=1

where X € T(TM) and N € T(T+M).
Now, Gauss and Weingarten formulas for a CR-submanifolds of a S-manifold
with a semi-symmetric non-metric connection is

VxY =VxY +h(X,Y) (3.14)
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VxN =—-AyX + VN + > n*(N)X (3.15)

a=1

for any X,Y € I'(TM) and N € T(T+M), h second fundamental form of M and
Ap is the Weingarten endomorphism associated with N.

Theorem 3.3. The connection induced on C R—submanifold of a S-manifold with
semi-symmetric non-metric connection is also a semi-symmetric non-metric con-
nection.

Proof. From (3.7) and (3.8), we get
T(X,Y)=T(X,Y) and (Vxg)(Y, Z) = (Vxg)(Y, Z)

for any X,Y € I'(T'M), where T is the torsion tensor of V. O

4. INTEGRABILITY AND PARALLEL OF DISTRIBUTIONS

Lemma 4.1. Let M be a C R—submanifold of an S—manifold M with semi-symmetric
non-metric connection. Then,

PVxfPY — PA;oy X — fPVxY = —ina (V) (PX + fPX), (4.1)
a=1
QVxfPY — QArov X —th(X,Y) ==Y n*(Y)QX, (4.2)
a=1
h(X,fPY) = fQVXY + VX fQY =nh(X,Y) = > n*(Y) fQX,  (4.3)
a=1

for all XY e T'(TM).
Proof. By direct covariant differentiation, we have
VxfY =(Vxf)Y + f(VxY).
for any X,Y € I'(T'M). By virtue of (3.4),(3.9),(3.14) and (3.15) we get

VX [PY +h(X, PY)+ (~Asqy X + VE[QY)
= {9 (X, Y) & = (V) (X + X)}+ [VxY + JR(XY).

a=1
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Using (3.4) again, we have
PVxfPY +QVxfPY + h(X,fPY)— PAjoy X — QArov X + Vi fQY
= ¥ {9 (X.Y) ey +9(X.Y) Q0 =" (V) PX
1% (V) QX —n* (Y) fPX —n*(Y) fQX}
+fPVXY + fQVXY +th(X,Y) +nh(X,Y).

Equations (4.1)-(4.3) follow by comparing the horizontal, vertical and normal com-
ponents. O

Lemma 4.2. Let M be a C R—submanifold of an S—manifold M with semi-symmetric
non-metric connection. Then,

~AywZ — fPNZW —th(Z,W) Zg (Z,W)E,, (4.4)
a=1
VW = fQV W + nh(Z,W) (4.5)

for any Z,W € T(D%).
Proof. From (3.9), we have

(V)W =Y {g(fZ. fW) &0 +na (W) (£°Z - f2Z)}
a=1
for any Z, W € T'(D1). Since n® (W) = 0 for W € I'(D), using (2.2) we get

(V2f) W = ngZfW Zg (Z,W)¢

a=1

Therefore
VW = VW = g(Z,W)§,.

a=1

In above equation, using (3.14) and (3.15), we have

—ApwZ + VG fW = VW = fh(Z,W) = g(2,W)E,

~Apw Z 4+ NV fW — fPV W — fQV W — th(Z, W) —nh (Z,W)
= Y g(Z W),

Now comparing tangent and normal parts in above equation, we obtain (4.4) and
(4.5). (|
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Lemma 4.3. Let M be a C R—submanifold of an S—manifold M with semi-symmetric
non-metric connection. Then,

VxfY = fPVXY =) g(X,Y)§, +th(X,Y), (4.6)
a=1
h(X,fY)= fQVxY +nh(X,Y) (4.7)

for any X, Y € I'(D).
Proof. From (3.9), we have

(VxH)Y = {gUX, fY) &+ (V) (f°X - fX)}

a=1

for any X,Y € I'(D). Using n* (Y') = 0 for each Y € T'(D) and (2.2) we obtain

(VxN)Y =) g(fX,fY)E,
a=1

=Y 9(X, V)&,
a=1
Moreover, we have

VxfY = fUxY =) g(X,Y)&,.

a=1

Now using (3.14), we have

S

Vx[Y +h(X,fY) = fVxY — fR(X,Y) =Y g(X,Y)¢,
a=1
VxfY +h(X,fY)— fPVxY — fQVxY —th(X,Y) —nh(X,Y)
= > g(X\)Y)¢,.
a=1
Now comparing tangent and normal parts, we obtain (4.6) and (4.7). O

Lemma 4.4. Let M be a C R—submanifold of an S—manifold M with semi-symmetric
non-metric connection. Then,

Vxé, =—fPX+X, VX €I(TM) (4.8)
h(X,€,)=—-fQX, VX eIl(T'M) (4.9)
Avé, € DY, YV e T(THM) (4.10)
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Proof. Using (3.14) in (3.10), we easily obtain
Vxéa=—-fX+X=>Vxé, +h(X,6)=-fX+X

which gives
Now comparing tangent and normal parts, we get

Vxé,=-fPX+ X and h(X,¢,) = —fQX.
On the other hand, using (3.3) we have
9(Av€y, X) =g(h(X,£,),V)=9(0,V)=0
for X € T'(D) and V € T'(T*+M). Using (4.9) in the above equation, we get
g(Avé,,X)=0, VX €T(D) which leads to Ay, € ['(D™)
also
G(Av€a, X) =0,  ¥X €T(D) = g(AyEn, X) = 1, (A X) =0
which gives (4.10). O

Theorem 4.1. Let M be a C R—submanifold of a S-manifold M with semi-symmetric
non-metric connection. Then the distribution D is not integrable.

Proof. For any X,Y € I'(D), we have
(X Y].6) = —g(Y. Vx&) + 9(X, Vy&)).
Using (3.10) and (3.14), we have
9([X,Y],&) = —g(Y,Vx¢ — X) +g(X, Vv, —Y)
=—g(Y, fX) +9(X, fY).

Thus D is integrable if and only if g(X, fY) = g(Y, fX). From (2.3), the proof is
complete. 0O

Theorem 4.2. Let M be a CR—submanifold of an S—manifold M with semi-
symmetric non-metric connection. The distribution D ® Sp{&;, ...,&,} is integrable
if and only if
h(X,fY) =h(Y, fX)

for any XY € T(D & Sp{&y, ..., &, })-
Proof. From (4.7), we have

h(X,fPY)=fQVxY +nh(X,Y), VX,Y e T(D @ sp{&y,....,&.}). (4.11)
Interchanging X and Y, we have

h(Y,fPX)=fQVyX +nh(Y,X), VX,Y e (D @ sp{&y,...,&,}).  (4.12)
Adding (4.11) and (4.12), we obtain

h(X, fY) —h(Y, fX) = fQ[X,Y].
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Then we have [X,Y] € T'(D @ sp{&;,...,&,}) if and only if A (X, fY) = h (Y, fX).
O

Corollary 4.1. Let M be a CR—submanifold of an S—manifold M with semi-
symmetric non-metric connection. The distribution D & Sp{&;, ...,&,} is integrable
if and only if

ANfX =—fANX
fOT any X S F(D EB Sp{gla )gs})
Definition 4.1. A CR—submanifold is said to be mized totally geodesic if (X, Z) =
0, for any X € T(D) and Z € T(D%).

Lemma 4.5. Let M be a C R—submanifold of an S—manifold M with semi-symmetric
non-metric connection. Then M is mized totaly geodesic if and only if one of the
following satisfied;

AyX €D (VX eI(D), Vel (T*M) ), (4.13)
Ay X € D* (VX eT(D*), Vel(TTM)). (4.14)
Proof. For X € I'(D), V € I'(T+M) and Y € T(D1), consider Ay X, then from
(3.3) we get
9(AvX,Y) = g(h(X,Y),V)
=0 AyX e T(D).
Hence, we have
gh(X,)Y),V)=0<h(X,Y)=0
s Ay X eT(D) VX eI(D), Vel(T+M),
which gives (4.13). In a similar way is deduced relation (4.14). O

Definition 4.2. The horizontal (resp.vertical) distribution on D (resp. D) is
said to be parallel with respect to the connection V on M if

VxY € T(D) (resp.VzW € T(D)) for any X,Y € T(D) (resp. Z,W € T'(D*)).
Theorem 4.3. Let M be a &,—horizontal C R—submanifold of an S—manifold M

with semi-symmetric non-metric connection. Then, the horizontal distribution D
is parallel if and only if

(X, fY)=h(Y,fX)=fh(X,Y) (4.15)
for all XY € T'(D).

Proof. Since every parallel is involutive then the first equality follows immediately.
Now since D is parallel, we have

VxfY eT(D), VX,Y eT(D).
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Then from (4.2), we have
th(X,Y)=0 VX,Y eT'(D). (4.16)
From (4.3), D is parallel if and only if
h(X,fY)=nh(X,Y).

But we have
fR(X,Y)=th(X,Y)+nh(X,Y),
and from (4.9), fh(X,Y) =nh(X,Y), which completes the proof. O
Theorem 4.4. Let M be a CR—submanifold of an S—manifold M with semi-
symmetric non-metric connection. The distribution DX @®Sp{&,, ..., €.} is integrable
if and only if
ApxY = Ay X = 3 (i (X)Y 1 (¥) X) (4.17)

a=1

for all X, Y € T(D+ @ spl&y, ..., &, }).
Proof. If X, Y € T(D+ @ sp{&y,...,&,}), then from (4.1) and (4.2) we have
—PAsoy X — fPVXY =0, (4.18)

~QAsgv X — th(X,Y) Z’? (4.19)

Adding (4.18) and (4.19), we have

—Apy X — fPVXY —th(X,Y) = => n*(YV)X. (4.20)
Now interchanging X and Y, we have

—AfxY = fPVyX —th(X,Y) = =) n*(X)Y. (4.21)
Subtracting (4.20) and (4.21), we obtain

~Ajy X + ApxY — fP[X,Y] = Z{ o (V)X +n> (X)Y}.

Hence P [X,Y] = 0, we obtain

& ApxY — Ay X = i{na (X)Y —n (V) X}

a=1

Therefore D+ is integrable < (4.17) holds. O
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Corollary 4.2. Let M be C R—submanifold of an S—manifold M with semi-symmetric
non metric connection. Then, the distribution D is integrable if and only if

Apy X = ApxY (4.22)
for all X,Y € T(D%).
Proof. The proof can be obtained directly from (4.17). O

Lemma 4.6. Let M be a C R—submanifold of an S—manifold M with semi-symmetric
non-metric connection. Then, the distribution D+ is parallel if and only if

—Asz: zs:g(Z,W)ga—Fth(Z,W) (423)

a=1
for all Z,W € T'(D").
Proof. From (4.4), we have

—AfwZ — [PV W =Y g(X,Y)E, +th(Z,W) VZ,W € T(D").

a=1
If Dt is parallel then we get
VW e I(D+) & PVZW =0,

which gives (4.23). O
Lemma 4.7. Let M be a C R—submanifold of an S—manifold M with semi-symmetric
non-metric connection. Then the distribution D+ is parallel if and only if

ApwZ € T(DF) (4.24)
for any Z,W € T'(D%).
Proof. For any Z,W € T'(D1), from (3.9) we have

(VzH)W =3 {g(fZ.fW) &+~ (W) (£°Z - fZ)} .

a=1

Using (3.14) and (3.15) we obtain
Vz2fW — VW
=> A9z W)+ (W) (122 - 12)}

a=1

— AgwZ + Vg fW = fV W — fh(Z,W)

=S {g(FZ.fW) e+ (W) (22 - £2)} .

a=1
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Taking inner product with Y € T'(D) in the above equation, we have

9(=AwZ.Y) + g (VEIW,Y) = g (f92W,Y) = g (Fh(Z,W),Y)

=> {9(fZ,fW)g (& Y) +n° (W) g (fPZ2.Y) == (W)g(fZ,Y)}.

a=1

Then we have

—9(Aw Z,Y) = g(fVZW,Y) = —g(VzW, fY).

This imply that

g(ArwZ,Y) =0 ApwZ € T(DH).

Therefore we obtain

[9]
[10]
[11]
[12]
[13]

[14

VW € Dt & AywZ € T(DY), VZ,W € T(Dh).
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