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INVERSE NODAL PROBLEM FOR p—LAPLACIAN DIFFUSION
EQUATION WITH POLYNOMIALLY DEPENDENT SPECTRAL
PARAMETER

TUBA GULSEN AND EMRAH YILMAZ

ABSTRACT. In this study, solution of inverse nodal problem for one-dimensional
p-Laplacian diffusion equation is extended to the case that boundary condi-
tion depends on polynomial eigenparameter. To find the spectral datas as
eigenvalues and nodal parameters of this problem, we used a modified Priifer
substitution. Then, reconstruction formula of the potential function is also
given by using nodal lenghts. Furthermore, this method is similar to used in
[1], our results are more general.

(Dedicated to Prof. E. S. Panakhov on his 60-th birthday)

1. INTRODUCTION

Let us consider following p—Laplacian diffusion eigenvalue problem [1]

- <y/(p_1)), =(p—1) (X = gm(x) = 2Xrpm(2)) y®» Y, 0< 2 <1, (1.1)

with the boundary conditions

y(0) =0,y'(0) =1,
1, 1

y'(LA) + f(Ny(LA) =0, (1.2)
where p > 1 is a constant, [2]
FO) = aiA+aa X’ + ...+ ap A\, a; € R,ay, #0,m € Z7F, (1.3)

) is a spectral parameter and y®—1) = \y|(p72) y. Throughout this study, we suppose
that g, (z) € L*(0,1) and r,,(x) € W4 (0, 1) are real-valued functions defined in the
interval 0 < x < 1 for all m € Z". Equation (1.1) becomes following well-known
diffusion equation (or quadratic pencil of differential pencil)

4"+ [gm + 23]y = N2y, (1.4)
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for p = 2. Equation (1.4) is extremely important for both classical and quantum
mechanics. For instance, such problems arise in solving the Klein-Gordon equations,
which describe the motion of massless particles such as photons. Diffusion equations
are also used for modelling vibrations of mechanical systems in viscous media (see
[3]). We note that in this type of problem the spectral parameter X is related to the
energy of the system, and this motivates the terminology ‘energy-dependent’ used
for the spectral problem of the form (1.4). Inverse problems of quadratic pencil
have been studied by numerous authors (see [4], [5], [6], [7], [8], [9], [10], [11], [12],
[13], [14], [15], [16], [17], [18], [19], [20]).

Inverse spectral problem consists in recovering differential equation from its spec-
tral parameters like eigenvalues, norming constants and nodal points (zeros of eigen-
functions). These type problems divide into two parts as inverse eigenvalue problem
and inverse nodal problem. They play important role and also have many appli-
cations in applied mathematics. Inverse nodal problem has been firstly studied by
McLaughlin in 1988. She showed that the knowledge of a dense subset of nodal
points is sufficient to determine the potential function of Sturm-Liouville problem
up to a constant [21]. Also, some numerical results about this problem were given
in [22]. Nowadays, many authors have given some interesting results about inverse
nodal problems for different type operators (see [23], [24], [25], [26], [27]).

In this study, we concern ourselves with the inverse nodal problem for p—Laplacian
diffusion equation with boundary condition polynomially dependent on spectral pa-
rameter. As far as we know, this problem has not been considered before. Fur-
thermore, we give asymptotics of eigenparameters and reconstructing formula for
potential function. Note that inverse eigenvalue problems for different p—Laplacian
operators have been studied by several authors (see [28], [29], [30], [31], [32], [33],
[34], [35], [36]).

The zero set X,, = {x;lm };:11 of the eigenfunction yy, ., (x,\) corresponding to

An,m is called the set of nodal points where 0 = x(()n)n < m??n < ... < :cEl”_)Lm

m%”%@ =1forallm e Z*. And, Uy = Ty — 25 18 referred to the nodal length
of Yy m. The eigenfunction y,, ,,(z) has exactly n — 1 nodal points in (0, 1).
Firstly, we need to introduce generalized sine function S}, which is the solution

of the initial value problem

’ !
~(57) = - 18P, (1.4)

<

Sp(0) =0, S;,(O) =1.
Sp and S;, are periodic functions satisfying the identity
[Sp(@)[” + [ S, (2)[" =1,

for arbitrary = € R. These functions are p—analogues of classical sine and cosine
functions and are known as generalized sine and cosine functions. It is well known
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that

1
P / 2 dt = 27 ,

; (1—tr)» psin (%)
is the first zero of S}, in positive axis (See [28], [29]). Note that following lemma is
crucial in our results.

Lemma 1.1. [2§]
a) For S}, # 0,
p—2

%" g,

(5p) =~ 5

p

b)
, l
(5,77 0) = IS5" = 0= )| S5 = 1= pIS,I" = (1= p) + ]S, [

Using Sp(x) and S, (), the generalized tangent function T, (x) can be defined
by [28]
Sp(x) 1\ .
- f 2 ) 4
T,(x) Si@)’ orx# (k+ 5 )7

This study is organized as follows: In Section 2, we give some asymptotic formu-
las for eigenvalues and nodal parameters for p—Laplacian diffusion eigenvalue prob-
lem (1.1)-(1.2) with polynomially dependent spectral parameter by using modified
Priifer substitution. In Section 3, we give a reconstruction formula of the potential
functions for the problem (1.1)-(1.2). Finally, we expressed some conclusions in
Section 4.

2. ASYMPTOTICS OF SOME EIGENPARAMETERS

In this section, we present some important results for the problem (1.1)-(1.2).
To do this, we need to consider modified Priifer’s transformation which is one of
the most powerful method for solution of inverse problem. Recalling that Priifer’s
transformation for a nonzero solution y of (1.1) takes the form

y(x) = R(x)S, ()\2/” 9(96,)\)) , (2.1)
Y (x) = \¥PR(x)S, (WP o(z, )\)) :

or

1 (\2/p
y/(z) _ )\2/1) Sp ()\ 9(%, )\))

y(x) S, (AZ/P oz, /\)) ’ 22
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where R(x) is amplitude and 0(x) is Priifer variable [37]. After some straightforward
computations, one can get easily [1]

0 (z,\) =1— A( )sp (WP o(z, A)) - grm(x)Sz’,’ (/\2/p G(x,)\)) L (23)

Lemma 2.1. [30] Define 6(x, An.) as in (2.1) and ¢, (z) = ¥ ()\2/” 0z, nm)),

1
~. Then, for any g € L*(0,1)
p

/1 ¢ (2)g(x)de = 0.

Theorem 2.1. The eigenvalues X\, of the p— Laplacian diffusion eigenvalue
problem given in (1.1)-(1.2) have the form

1 1
1 1 1

Ai/f = ni— =z T =1 /91($)d$+ / z)dx+0 ( 2) ,
ay (nwt) 2 p (n#t)” 5 p(ni) =) -

1
1 1
)\i{g = nF— —= - + /qg(x)dx
0

2 frieso(5h), 25
0

1
1 1
2P = g — — — + G () da
n,m . pT . p2 ( ,\)p 1
ay (n) 2 + ...+ ap (n7) p(nm )
1
2 1
+ﬁ/rm(x)dz + 0 < p—l) , (2.6)
p(nft) = ¢ "

for m =1, m = 2 and m > 3, respectively as n — oc.

Proof: Let 6(0,A) = 0 for the problem (1.1)-(1.2). Integrating both sides of (2.3)
with respect to x from 0 to 1, we get
1 1
1 2
—1_ — p (\2/p z p (\2/P
oL =1 / ()57 ()\ oz, )\)) -3 / )SY (A oz, )\))
0

0
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By lemma 2.1, one can obtain

qum(x) {Sg (Af/p 0(z, A)) — ;} dz = o(1), as n — oo.

Hence, we obtain

1 1
1 1
A2/PQ(1,0) = AP/P — . /qm(m)da: - % /rm(x)dx +0 (}\2_2) . (2.7)
p P P
0

22
pAT

Let An,m be an eigenvalue of the problem (1.1)-(1.2) for all m. Now, we will prove
the lemma for m = 1. By (1.2), we have

XARWS, (W7 00, A00)) + adaa RS, (A7 0(1,000)) =0,
or

AT S (e au)

. n,l

ay S’ ( \2/P P O(1, A 1))

=T, (X"/p (1, Ay 1))

As n is sufficiently large, it follows

2_1 2_1
AP AP 4_

NP1 N = Tt [ =22l | g Dol +0<A;;12>. (2.8)
al aq ’

By considering (2.7) and (2.8) together, we get

1 1

1 1
NY = i — = P 1/Q1 dw+ /7‘1 da:+0< 2).
ay (n7) 9 )

For the case m = 2, by using the similar process as in m = 1, we can easily obtain

XER)S, (N 001, 0m2)) + (a1dn2 + 4202 0) RS, (A5 0(1,002)) =0,

or
2 2/p
b s (A2 01, 7)) _r (o
~ g T, (322 0(1, M)
@Anz +a2dny G ()\né) (1, )\ng))
and

2/ )\52 )‘52

NP 01, Apa) = mit — ——"2 4o , (2.9)

2 2
a1An,2 + G225 (a1 A2 + azAi,z)
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Therefore, we have

1
1 1

)\i{g = nr-— 3 - + - /qg(x)d:c

ai (nt) = +ag (na)? p (n#) )

1
+%/r2(:ﬂ)d$ +0 < pl_l) ,
p(nd) T ) n

by using (2.7) and (2.9). Finally, let us find the asymptotic expansion of A, ,,, for
m > 3. Similarly, by using (1.2), we have

X2/ R()S) (A28, 6012 m))
+ (01 A+ o+ AT ) R(1)S, (AEL{;; o(1, An,m)) =0,
or

Mo Sy (3202, 601, Mm))
a1 An,m + . + amAﬁm - st (Ai/f:l 0(1,/\n,m))

—T, (Ai{}; 9(1,)\,17,,1)) . (2.10)

By considering (2.7) and (2.10) together and using similar procedure, we deduce
that

1
. 1
)\i{;‘; = nr— = — + 1 /qm(x)dx
ay (n) 2 + ..+ ay (na) 2 p(n#) 0

Theorem 2.2. Asymptotic estimates of the nodal points for the problem (1.1)-
(1.2) satisfies
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1 1
J J 2j
noo= Z_ t)dt t)dt
Ti:2 nooan"i% 4 agnpa? Pn”“ p0/q2 i pnitizs 0/T2( )
52 i
1 )
SPdt , t)S2dt + O , 2.12
+(n7¢r)P/QQ() + (nﬁ')g/ () + < p+1> ( )
0 0
and
1
e o= L J /q
Jm n al’l’LP 2 g + .. t+apnz Ty +1AT pnp+1 PO m
Y 1 €5 m
7 1
m(T)dt SPdt
ogongt | 0 o [ante
0 0
z;ﬁm
+—2 [ ramsrat+o (- (2.13)
E ] O i) '
0
for m =1, m = 2 and m > 3, respectively as n — oo.
Proof: Integrating (2.3) from 0 to 7, and letting 6(z7,,, \) = )\32%, we have
n,m
. 1 ;L7n 2 ;an
n _ JT
T, = VT + 32 /qm(t)Sgdt+ - /rm(t)Sgdt. (2.14)
n,m n,m 0 ’

Now, we will find the asymptotic estimate of nodal points for m = 1. From the
formula (2.4), we deduce
1 1

1 1 1 / 1
= — — iz I (]1 dt+ B /7‘1 dt+0< ),
)\i{f nT ay (n#) 22 p+ ) p (n 2+10
(2.15)
and therefore we obtain the formula (2.11) by using (2.14) and (2.15).
In (2.11), if we take 2 i tasn— 00, we obtain
n
1 1
J J J
T1== - dt
AT e | 000+ % e ACL
0 0
1 1
+ ! / (t)dt + / (t)dt + O < ! > (2.16)
o r o *
p (n#)” n p(nm)2 ' nzt!
0 0
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By using (2.5), the asymptotic estimate of eigenvalues 1/)\3/5 for m = 2 is
considered as

1
1 1 1 /
—7 = —=— ~ + - q2(t)dt
NPT 0)F g ()T p ()T
1
2 t)dt+ O ! 2.17
+W 7’2() + W s ( )
0

and, we conclude the formula (2.12) by using (2.14) and (2.17).

In the formula (2.12), if we take 2 i lasn— 00, we have
n

1 1
J J J 2]
xl, == — = - t)dt + — p/rtdt
72 (:Llanzrrzﬁ'E + aonPa? pnpTigP 0/(12( ) pnztlaz / 2(t)
1 1
+ 1 / (t)dt + _ / (t)dt + O (1 ) (2.18)
P q2 p [ T2 2 ) )
p (n#)” p(n)? nzt!
0 0
For m > 3, from the formula (2.6), it can be easily obtain that
1
1 1 1 1
— = —- — / i (2)dt
b nE g (7)) 4t am (i) D (n#t)"* v
: m 0
1
42 / (t)dt+0< ! ) (2.19)
—— [ ™m — ] :
p(ni)E ) et
and we get the formula (2.13) by using (2.14) and (2.19).
In (2.13), if we take L lasn— 00, we obtain
n
1
n J J J
. m ~ m (t)dt
B T s 0/q W

s om0 (). 220
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Theorem 2.3. Asymptotic estimate of the nodal lengths for the problem (1.1)-
(1.2) satisfies

Tjt1,2 Tit1.2
1 2 1
+ [ wspar T | nspae+o (an) ,

and

1
1 1
Lm = = t)dt
oon R 4 4ann TR ernp“fr”/qm( )
0

p+1

P (£)SE dt+0< ! ) (2.23)

for m =1, m = 2 and m > 3, respectively as n — oo.
Proof: For large n € N, integrating (2.3) in [27,,, 27, ,,] and using the definition
of nodal lengths, we have

n n
Tjt+1,m ZTjt+1,m

n 7 1 2
lim =2 T2 Gm (t)SPdt + i (t)SPdt, (2.24)

jym

or
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TH1m TP i1m
T 1 2 1
noo= o (L)dt m®dt+0 [ —— ).
‘/L‘j/ﬂn ;L,m

For m = 1, m = 2 and m > 3, we can obtain easily (2.21), (2.22) and (2.23) by
using the formulas (2.15), (2.17), (2.19), respectively.

3. RECONSTRUCTION OF THE POTENTIAL FUNCTION

In this section, we give an explicit formula for the potential functions of the
diffusion equation (1.1) by using nodal lengths. The method used in the proof of the
theorem is similar to classical problems; p—Laplacian Sturm-Liouville eigenvalue

problem and p—Laplacian energy-dependent Sturm-Liouville eigenvalue problem
(see [1], [29], [30], [31]).

Theorem 3.1. Let g, (x) € L?*(0,1) and r,,(x) € W4 (0,1) are real-valued func-
tions defined in the interval 0 < z < 1 for all m. Then

242
p/\fi,m lnm 2
qm(z) = lim | ——2" —pX2 |, (2.25)
n—oo e ’
and )
PN A
rm(@) = lim | = e )

for j = jnm(x) =max {j: x?,, < z} and m € Z7T.

Proof: We need to consider Theorem 2.3 for proof. From (2.24), we have

\2/P+2 \2/P i 2/p1 S

pAY pAY Ay

= P g D / am (0)S3 + L / i (1) S,
w"L w"L

J,m J,m

Then, we can use similar procedure as those in [29] for j = j, m(z) = max{j :
z?,, <z} to show
A\2/p it

n,m

~ Qm(t)dt — dm ("E)a
Y

and

)\2/17 Jj+1,m 1
PPnm / () (S;; - p> dt — 0,
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pointwise almost everywhere. Hence, we get

By using similar way, we can easily get the asymptotic expansion of 7, (z).

Theorem 3.2. Let {lj(ﬁzl j=1,2,...,n— 1}00 be a set of nodal lengths of the

problem (1.1)-(1.2) where ¢ () and ry,(x) are real-valued functions on 0 <z <1
for all m. Let us define

1 (t)dt, (2.26)

;ﬁ
S
I
IS
3
2

i)
~~
£,
S~
=)
—_
~—
i
£}
5
=8
~
no
+
O\H
=
=
U
o~
+
[N}
&)
2
=
~
o
O\H

(2.27)
(n) p (n7)"?
Fom(x) = p(na)? (nlj::nfl> ——
a1+ ... + am (n7) " 2
1 1
+ [ anttiat +20)"" [ rn i (2.28)
0 0
and
(nin)} 1 1
__pnm 2 (n) _ D
Gi(z) = (anl 1) 01 T / i (t)dt + / ri(t)dt, (2.29)
0 0
Gn,Q(x) = p(n;) (nl§g)_1) - 2 P
2 (al + as (nfr)2)
. 1 1
2 (n7) , ]
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g = PODTw gy v
G (2) 2 ( i 1) 2(a1+...+am (nﬁ)%)
1 /
+W!qm(t)dt+o/rm(t)dt (2.31)

for m =1, m = 2 and m > 3, respectively. Then, {Fy, m(z)} and {Gnm(z)}
converge to g, and r,, pointwise almost everywhere in L'(0,1), respectively, for all
cases.

Proof: We will prove this theorem only for F, ;. Other cases can be shown
similarly. By the asymptotic formulas of eigenvalues (2.4) and nodal lengths (2.21),
we get

/o » /
PAL L (W - ) = AL, (nl ) _ 1) — L (na)P/2H? l(" +nl /ql(t)dt
o

am
0

(SN
=

+2n( mrp/Ql(”)/ t)dt + o(1).
0

Considering nlj(.nl) =1+ 0(1), as n — oo, we have

)

N n P
Pt (1) 2 @it

O\H

1
q (t)dt — 2 ( mrp/2/7“1
0

pointwise almost everywhere in L!(0,1). By using similar way, it is not difficult
to show that {G,, m(z)} converges to r,, pointwise almost everywhere in L*(0,1),
respectively, for all m € Z™.

4. CONCLUSION

In this study, we give some asymptotic estimates for eigenvalues, nodal parame-
ters and potential function of the p—Laplacian diffusion eigenvalue problem (1.1)-
(1.2) with polynomially dependent spectral parameter. We show that the obtained
results are generalizations of the classical problem.
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