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A—ALMOST DIFFERENCE SEQUENCES OF FUZZY NUMBERS

YAVUZ ALTIN

ABSTRACT. In this study, we introduce several sets of sequences of fuzzy num-
bers using various sequences A and g in the class A and examine some inclusion
relations among these sets.

1. INTRODUCTION

Zadeh [41] introduced the notion of fuzzy sets. The theory of fuzzy sets is
used almost all sciences such as mathematical and physical sciences, social and
management sciences, information sciences including computer sciences, biological
sciences, medicine and engineering.

The concept of sequences of fuzzy numbers was introduced by Matloka [26].
Matloka [26] introduced bounded and convergent sequences of fuzzy numbers and
showed that every convergent sequence of fuzzy numbers is bounded. Later on,
Nanda [36] showed that the set of bounded and convergent sequences of fuzzy num-
bers forms complete metric space. Subrahmanyam [36] defined Cesaro summability
for fuzzy numbers and he examined a few Tauberian theorems generalizing the clas-
sical results to fuzzy real numbers. For some further works in this direction we refer
( Ganak ([11],[12] [13] [14] ), Onder et al.[29], Sezer and Canak [34]) . Recently, Nu-
ray and Savag [28] introduced statistical convergence of sequence of fuzzy numbers.
Kwon [22] introduced strongly p -Cesaro summability of sequence of fuzzy numbers.
He examined the relationship between strongly p -Cesaro summability and statisti-
cal convergence of sequence of fuzzy numbers. Subsequently, many authors enriched
the sequences of fuzzy numbers (see[1],[4],[5],[7],[9],[15],[20],[37],[38],[39],[40] ).

The concept of statistical convergence of number sequences was introduced by
Steinhaus [35] and Fast [18] later reintroduced by Schoenberg [33] independently
for real and complex sequences. Statistical convergence plays a central role in
the theory of Fourier analysis, ergodic theory, approximation theory and number
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theory. Later on it was further investigated from the sequence space point of view
and linked with summability theory by Connor [8], Fridy [19] and many others.
Denote ¢ the set of all almost convergent sequences. Lorentz [24] proved that

n
x = (zy) € ¢ if and only if lim,, % > Xpm exists, uniformly in m.
k=1

Later, Maddox [25] defined z to be strongly almost convergent to a number L if

n
lim E Z |Zkt+m — L] =0, uniformly in m.
Ryt
It can be shown that the sequence x = (1,0,1,0,1,0,...) is strongly almost
convergent to % By [¢] we denote the space of all strongly almost convergent
sequences. It is easy to see that ¢ C [¢] C é C £ and the inclusions are strict, for
example the sequence = = () = ((71)k> is almost convergent but not strongly

almost convergent.
The generalized de la Vallée-Poussin mean is defined by Leindler [23] as

tn (z) = )\i Z Tk,

" kel,

where A\ = (\,) is a non-decreasing sequence of positive numbers such that A\, <
A+, A =1\, 5ocasn—ooand I, =[n— A\, +1,n]. A sequence = = (xx)
is said to be (V, A) —summable to a number L if ¢, (xr) — L as n — oco. The set of
all such sequences will be denoted by A.

The notion of A-statistical convergence was introduced by Mursaleen [27] as
follows:

Let K C N and define the A— density of K by

n—oo

1
Ix(K) = lim )\—|{n—)\n—|—1§k§n:k€K}|.

dx (K) reduces to the asymptotic density ¢ (K) in case of A\, = n for all n € N (see
[27]).
A sequence x = (xg) is said to be A— statistically convergent to L if for every
e >0 (see [27])
1
lim I {kel,: |z, —L| >¢e}| =0.

n—oo

The concept of almost A-statistical convergence was studied by Savag [31]. Addi-
tionally, Colak[10] introduced and studied on the sets of A—statistical convergence
and strongly Cesaro summability for sequences of complex numbers. Subsequently,
Savag [32] , Altinok et al [2] extended the idea of A—statistical convergence and
applied in generalized difference sequences of fuzzy numbers.

In this paper, we give some results on generalized fuzzy sequences and some
inclusion theorems.
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2. DEFINITIONS AND PRELIMINARIES

In this section we give the basic notions and some know definitions related to
fuzzy numbers.

A fuzzy set v on R is called a fuzzy number if it has the following properties:

i) u is normal, that is, there exists an zo € R such that u(zg) = 1;

i1) u is fuzzy convex, that is, for z,y € Rand 0 < A < Liu(Az + (1 — N)y) >
minfu(z), u(y)];

141) u is upper semicontinuous;

iv) suppu = cl{x € R : u(x) > 0}, or denoted by [u]’, is compact.

a—level set [u]* of a fuzzy number u is defined by

] = {zeR:u(x) >a}, ifaec(0,1]
ue = supp u, if « =0.

It is clear that u is a fuzzy number if and only if [u]* is a closed interval for each
a €1[0,1] and [u]* # 0.

A real number r can be regarded as a fuzzy number 7 defined by
oy 1, =
7 (@) = { 0, z#r
If uw € L(R), then u is called a fuzzy number, and L(R) is said to be a fuzzy number
space.

Let u,v € L(R) and the a—level sets of fuzzy numbers u and v be [u]” = [u®, u®]
and [v]* = [v*,7%], @ € (0,1]. Then, a partial ordering " < " in L(R) is defined
by u < v <& u® <v* and u®* < v° for all @ € (0,1].

In order to calculate the distance between two fuzzy numbers v and v, we use
the metric
d(u,v) = sup dy ([u]*,[v]")
0<a<1
where dy is the Hausdorff metric defined by

dp ([u]”, [v]") = max {[u® — [, [2* — %[}

It is known that d is a metric on L(R), and (L(R),d) is a complete metric space
[16].

A sequence X = (Xj) of fuzzy numbers is a function X from the set N of all
positive integers into L(R). Thus, a sequence of fuzzy numbers (Xj) is a corre-
spondence from the set of positive integers to a set of fuzzy numbers, i.e., to each
positive integer k there corresponds a fuzzy number X (k). It is more common to
write Xy, rather than X (k) and to denote the sequence by (X} ) rather than X. The
fuzzy number X}, is called the k-th term of the sequence.

The sequence X = (Xj) of fuzzy numbers is said to be bounded if there exist
fuzzy numbers v and v such that u < X < v for each k € N and convergent
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to the fuzzy number X, written as li]£n X = X, if for every € > 0 there exists a

positive integer ko such that d (X, Xo) < € for k& > ko. Let lo (F) and ¢ (F) denote
the set of all bounded sequences and all convergent sequences of fuzzy numbers,
respectively [26].

Nuray and Savag [28] defined the notion of statistical convergence for sequences
of fuzzy numbers:
Let X = (X}) be a sequence of fuzzy numbers. Then (X}) is said to be statisti-
cally convergent to the fuzzy number X, if
lim 1 {k <n:d(Xg, Xo) >e}| =0
n—oo N
for every € > 0, where the vertical bars indicate the number of elements in the
enclosed set. In this case, we write S — lim Xj, = X or X; — Xp.
Kwon [22] defined the concept of strong p—Cesaro summability for sequences of
fuzzy numbers as follows:
Let p be a positive real number. A sequence X = (Xj) of fuzzy numbers is
said to be strongly p—Cesaro summable to the fuzzy number Xy, if there is a fuzzy

number X such that
n

.1 »

Jim ; [d (X}, Xo)]" = 0.

The difference sequence spaces £, (A), ¢(A) and ¢o (A), consisting of all real

valued sequences x = () such that Az = (z; — 7541) in the sequence spaces £,

c and ¢, were defined by Kizmaz [21]. Bagar and Altay [6] have recently introduced

the difference sequence space bv, of real sequences whose A—transforms are in the

space {p,, where Az = (2, — x;—1) and 1 < p < co. The idea of difference sequences
was generalized by Et and Colak [17].

Let w” be the set of all sequences of fuzzy numbers. The operator A™ : w

w” is defined by

(A°X), = Xp, (AX), = AX) = Xp—Xpy1, (A" X), = A(A™7'X), ,(m > 2), forall k € N.
The A—statistically convergence for difference sequences of fuzzy numbers was

introduced by Altinok et al. [2]
Et et al. [5] defined the notion of A}*'— almost statistical convergence for se-

quences of fuzzy numbers:
Let A = (A\y) € A. A sequence X = (X}) of fuzzy numbers is said to be

AV —almost statistically convergent or Sy (A™ F) —convergent to Xy if for every

e>0

F

1
lim o Hk eI, : d(A™ X1, Xo) > €}| = 0, uniformly in ¢,

where I, = [n — A, + 1,n]. In this case we write Sy (A™, F)—lim X, = X, or X}, —
Xo(Sx (A™, F)), and Sy (A™, F) = {X = (X3) : 8x (A™, F) — lim X, = X, for some Xo} .

We can give following example choosing m = 0.
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Example 2.1. Consider the sequence X = (Xgy;) of fuzzy numbers defined by
x—k—1, fork+i+1<ax<k+i+2

t—k+i+3, fork+i+2<z<k+i+3 dfn— [V +1<k+i<n
Xpa () = 0, otherwise
' r—4, forda<z<5h
—r+6, for5<x<6 = X , otherwise
0, otherwise

Then, we calculate a—level set of this sequence as follows:

(Xpri]® = k+ita+lLk+i+3—0a], ifn—[VA]+1<k+i<n
kil = [ —4,6 —a], otherwise

For instance, if we take v/, = v/n, we can write

4

1
lim — [{k € I, : d([X4]*, [Xo]®) > e}| < lim Y2 =0

n—o0 )\n n—oo \/’E,

Hence, we conclude that (Xj;) is A— statistically convergent to fuzzy number Xy,
where [Xo]" = [ — 4,6 — a.

3. Main Results

In this section, we give some inclusion relations between the sets Sy (A™,F)
A . P . P .
and 8, (A™, F) [V,AJL and [v, ﬂ,f]A . Sy (A™, F) and [V, i, FIR,. for
various sequences A, f in the class A.
In the following by the statement " for all n € N,,," we mean "for all n € N

except finite numbers of positive integers" where N,,, = {ng,no + 1,170 + 2, ...} for
some ng € N={1,2,3,...}.

n

Definition 3.1. Let X = (Xj) be a sequence of fuzzy numbers and p be a positive
. F
real number. Then the set {V, )\,p} A is defined by

[V,A,f}im - {X — (X)) € w” : Ai S [ (A™ Xysi, Xo)]” — 0, } .

" kel,

If A, = n then we will write {C’, 1, ]-"K instead of [f/, A f]p

Am

m

Theorem 3.2 Let A = (\,,) and = (u,,) be two sequences in A such that A\, < u,,
for all n > ng.
(¢) It

lim inf 2 >0 (1)

n=oo i,
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then S, (A™, F) C S\ (A™, F).
(ii) If
lim —* =1 (2)
then Sy (A™, F) = 8, (A™, F).

Proof (i) Let (1) hold such that A\, < pu, for all n > ng and X = (Xi) be a
sequence of fuzzy numbers. Then we get I,, C J,, and

Hk € J,: d (A" Xkyi, Xo) > e} > {k € I, : d (A" Xiyi, Xo) > €}
for ¢ > 0 and so we obtain
1 , A 1
; ‘{k‘ € Jy: d(A"LXk;Jri,XO) > E}‘ > ;r |{]€ el,: d(A”nXkJri,XO) > €}|
for all n > ng, where J,, = [n — u,, + 1,n]. Now using (1) and taking the limit as
n — oo in the last inequality we have S,, (A™, F) C Sy (A™, F).

(#4) Consider the sequence X = (X}) of fuzzy numbers. Let (Xj) € S\ (A™, F)
and (2) hold. Since I,, C J,, we write

1 1
o ke Jp:d (A" Xpq4, Xo) > €} = . Hn —p, +1<Ek<n-—X,:d(A™Xpyi, Xo) > €}

n n

1
=+ ; |{k € In : d(Aka-&-MXO) > 5}|

n

Hn — /\n

IN

1
+ o [k € L d (A" Xy, Xo) > €}

n

An 1
(1 - ) + 5 Mk € Lo d(A™ Xy, Xo) 2 €}

n

IA

for ¢ > 0 and for all n > ng. Since (X;) € Sy (A™, F) and lim ,’1— = 1, the right hand

side of the last inequality tends to 0 as n — oo. It means that (Xj) € S, (A™, F)
and therefore we have Sy (A™, F) C S, (A™, F). Since (2) holds, then the we have
equation (1) and hence Sy (A™, F) = S, (A™, F).

If we take pr = (u,,) = (n) in the statement (ii) of Theorem 3.2, then- we have
the following result.

Corollary 3.3 Let A = (\,) = 1 then we have

SA')\ (Am7 }") (Am, )

Theorem 3.4 Let A = (\,) and u = (u,,) be two sequences in A such that A\, < pu,,
for all n > ng.

(3) 1f liminf 2= > 0 holds then [V, u,]-'r c [v.a f]

n—oo Moy

A™m
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(77) Let X = (Xk) be a A™— bounded sequence of fuzzy number. If lim 2—” =1,

n—oo Mn

then {V,)\,}‘KM c[vm J—"]Zm

Proof (i) Suppose that lim inf 2 > 0 fulfills such that A, < p,, for all n > n.

n—oo Hn

Then we may write I,, C J,, and obtain

1 1
— 3 [d(A" Xppi, Xo)I" =2 — 37 [d (A" Xpyi, Xo)I”
Mn kEJn :u’n kJEIﬂ,

for all n > ng. So we get
1 Ap 1 m
LY A Xy, Xo) = 22l Y (AT X, X0
o, ked, Moy /\’ﬂ kel,

N P
Now using (1) and taking limit as n — oo in the last inequality, we derive {V, W, }"} C

S
[V, A, f] 3

A"l'
(#4) Now suppose that X = (Xj) is A™— bounded sequence of fuzzy number.

Let (X3) € [V,)\,f}i and (2) hold. Then there exists some M > 0 such that

d(A™X4i, Xo) < M for all k. Now, since A\, < p,, and so that i < )\%, and

I, C J, for all n > ng, we may write

1 , 1 , 1 )
— > [d(A" Xy, Xo)]" = — 3 [d(A"Xpyi, Xo)]" + — 3 [d (A" Xppi, Xo)]”
/‘Ln keJn /‘L’I’L k=Jn—1In Mn kel,

Moy — )\n D 1 m p
ST———MP+ — 3 [d (A" Xyqi, Xo)]
,LL'n, :u"n, kel,
An 1 m »
< {1——)MP+— > [d(A™Xkti,X0)]
o, n kel,

~ P
for all n > ng. Since (X},) € [V,)\,}"]A and lim 2> = 1, the right hand side of

n Hn
. P
last inequality tends to 0 as n — oo, that is (Xj) € [V,M,}"}A . This completes

proof.
From Theorem 3.4 we have the following result.

Corollary 3.5 Let X = (Xj) be a A™— bounded sequence of fuzzy number,
A= (\,) and p = (p,,) be two sequences in A such that A, < p,, for all n > ng. If

lim 2= =1 holds then we have [V,)\,]—'} = [V,,u,}'} Zm.

P
n—oo Hn A™m

Theorem 3.6 Let A = (\,) and u = (u,,) be two sequences in A such that A\, < u,,
for all n > nyg.
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(i) If lim inf 22 > 0 holds then

X — X, [V,m]-'}im — Xy — X (SA (Am,]—')) .

(13) Let X = (X)) be a A™— bounded sequence of fuzzy number, and X} —
. . P
Xo (SA (Am,]-')) then X — X [V,u,]—"} , whenever lim 2= =1,

n—oo n

(#i) Let X = (Xx) be a A™— bounded sequence of fuzzy number, lim 2—" =1
holds then Sy (A™, F) = [f/, “ f] .

p
Proof (i) Let us assume that ¢ > 0 and X}, — X {V ,u,]-"} . Then, we get

A™m

> (A" Xpyi, Xo))” 2 30 [d(A™ Xiyi, Xo)] = > [d (A" X4, X0)]”
keJn kel, kel,
[d(AXk,Xo)]ZE
>eP{k eI, : [d(A™ Xk1i, Xo)] > €}

for every € > 0 and so that

1 An 1 m

— 2 [d(A" Xy, X0)]" = === [{k € In : [d (A" Xp44, Xo)] > e} P

Hn ke, Mo, >\TL
for all n > ng. Then using (1) and taking limit as n — oo in the last inequality, we

p
deduce X — Xo (S,\ (A™) ) whenever X — X [V M,F}A

(i1) Let Xj — Xo (SA (Am)) and X = (Xj) be a A™— bounded sequence of

fuzzy number Then there exists some M > 0 such that d (A™Xy1,, Xo) < M for
all k. Since u— < i then we obtain

1 1 1
— 2 [d(A" Xy, Xo))" = — 3 [d(A" Xpqi, Xo)I" + — 2 [d (A" Xppi, X0)]”
Py ked, My ked,—1I, My ke,
Moy — )\n D 1 m P
< MP + — 37 [d (A" Xpyi, Xo)]
o, My kel,
An 1 )
S \1-— )M+ — X [d(A" Xpyi, Xo)]
n /\TL kel,
An 1 m »
1— =2 ) MP + — > [d(A™ X} 44, Xo)]
o )\’ﬂ kel,
d(Am'Xk,+i,X())ZE
1 ;
- > [d (A™ Xjyi, Xo0)]”

n kel,
d(A™ X1 14,X0)<e

An MP
(1 _ ) MP +5— |{s €1, : d(A" Xpyi, Xo) }| + €7

n
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. P
for every ¢ > 0 and for all n > ng. Using (2) we get X — X [V, Lt ,7-'} A whenever

X — Xo (S’A (Am,]-')) . Therefore, we have Sy (A™, F) C [V,,u,f]im .

(#4i) The proof follows from (i) and (7).

From the first statements of both Theorem 3.2 and Theorem 3.6 we obtain the
following result.

Corollary 3.7 If lim inf 2—” > 0 then S, (A™, F) O [V, i, Flam C Sy (A™, F).

n—oo n

If we take p,, = n for all n € N in Theorem 3.6 then, since lim 2—” = 1 implies
n—oo Mn

that liminf 22 = 1 > 0, we have the following result.

n—oo n

Corollary 3.8 Let lim % = 1. Then

n—oo

(1) Let X = (Xi) be a A™— bounded sequence of fuzzy number and X; —
. . P
X, (SA (Am,f)) _then X), — X [C, 1,}‘} .
Am,

N P ~
(id) I Xy — Xo |C, 1, 7] s then Xi = Xo (S (am, 7).
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