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a-7-CONVERGENCE, o-v-ACCUMULATION AND
a-v-COMPACTNESS

ALIAS B. KHALAF AND HARIWAN Z. IBRAHIM

ABSTRACT. The aim of the present paper is to introduce the concept of a-v-
compactness by means of y-operation defined on the family of a-open sets of
a topological space. We define the a-vy-convergence, a-y-accumulation points
of a filterbase and give some of their properties. Some characterizations and
properties of a-y-compact spaces are obtained.

1. INTRODUCTION

The notion of compactness is useful and fundamental notion of not only general
topology but also of other advanced branches of mathematics. Many researchers
have investigated the basic properties of compactness. The productivity and fruit-
fulness of this notion of compactness motivated mathematicians to generalize this
notion. Njastad [5] introduced a new class of generalized open sets in a topologi-
cal space called a-open sets. The concept of operation v was initiated by Ibrahim
[6]. He also introduced the concept of a.-open sets. The aim of this paper is
to introduce the concept of a-vy-compactness in topological spaces and is to give
some characterizations of a-y-compact spaces. The notion of a-y-convergence and
a-y-accumulation are defined and are used to characterize a-vy-compactness.

2. PRELIMINARIES

Throughout the present paper (X, 7) (or simply X) denotes a topological space.
Let A be a subset of X. We denote the interior and the closure of a set A by
Int(A) and CI(A), respectively. A subset A of X is said to be a-open [5] if A C
Int(Cl(Int(A))). The complement of an a-open set is said to be a-closed. The
family of all a-open sets in a topological space (X, 7) is denoted by aO(X, 7). An
operation v : aO(X,7) — P(X) [6] is a mapping satisfying the condition, V' C V7
for each V' € aO(X, 7). We call the mapping -y an operation on «O(X, 7). A subset
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A of X is called an a.-open set [6] if for each point & € A, there exists an a-open
set U of X containing « such that UY C A. The complement of an a,-open set
is said to be a,-closed. We denote the set of all ay-open (resp., ay-closed) sets
of (X,7) by aO(X,7), (resp., aC(X,T),). A point € X is in aCl,-closure [6]
of aset A C X, if UTNA # ¢ for each a-open set U containing . The aCl,-
closure of A is denoted by aCl,(A). An operation v on aO(X, ) is said to be
a-regular [6] if for every a-open sets U and V containing a point € X, there
exists an a-open set W containing = such that WY C UY N V7. An operation
on aO(X, 1) is said to be a-open [6] if for every a-open set U containing z € X,
there, exists an ay-open set V' of X such that x € V and V' C U”. An operation
v :aO(X) — P(X) is said to be a-monotone [3] if for all A,B € aO(X), AC B
implies AY C BY. The operation id : «O(X,7) — P(X) is defined by id(V) = V for
any set V € aO(X, 7) this operation is called the identity operation on «O(X, 7) [6].
An operation v : «O(X) — P(X) is said to be a-additive [3] if (AUB)Y = AYUB”
for all A, B € aO(X).

Definition 1. [1] A topological space (X,T) is said to be a~-reqular if for each
x € X and for each a-open set V in X containing x, there exists an a-open set U
i X containing x such that UY C V.

Definition 2. [2] Let H be any subset of X, o|H ={V =UNH :U € aO(X)}.
An operation vy from aO(X) to P(X) is said to be a-stable with respect to H if ~
induces an operation vy : o|H — P(H) satisfying the following two properties:

(1) (UNH)Ys =UYNH for every U € aO(X) and

(2) WNH=S5nNH implies that WYNH =SYNH for every W, S € aO(X).
Definition 3. [4] A space X with an operation v on aO(X) is called a-y-Ty space if

for any two distinct points x,y € X, there exist two a-open sets U and V' containing
x and y, respectively, such that UT NV = ¢.

Definition 4. [8] A filterbase F is said to be a-converges to a point x € X if for
each a-open set V' containing x, there exists an F' € F such that FF C V.

Definition 5. [7] A space X is said to be a-compact iff every a-open cover of X
has a finite subcover

3. a-y-CONVERGENCE, @-7-ACCUMULATION AND a-y-COMPACT

Definition 6. A filterbase F in a topological space (X, T) with an operation vy on
aO(X) is said to be:
(1) a-y-converges to a point © € X if for every a-open set V containing x,
there exists I' € F such that ' C V7.
(2) a-y-accumulates to a point x € X if FNV7Y #£ ¢, for every a-open set V
containing x and every F € F.

Remark 1. If a filterbase F in a topological space (X, T) is a-converges to a point
xz € X, then F is a-y-converges to a point x € X
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The converse of above remark is not true in general as it is shown in the following
example.

Example 1. Let X = {a,b,c}, 7 = {¢,X,{a}} be a topology on X and F =
{{b},{b,c}} be a filterbase. For each A € aO(X) we define v on aO(X) by AY =
Cl(A). Then, F is a~y-converges to a point a € X, but F is not a-converges to a.

Corollary 1. Let (X,7) be a topological space and v be an operation on aO(X).
If a filterbase F in X, a-y-converges to a point x € X, then F a-y-accumulates to
x.

The converse of above corollary is not true in general as it is shown in the
following example.

Example 2. Let X = {a,b,c}, 7 = {¢, X, {a}, {b}, {a,b}} be a topology on X and
F ={{a,b}} be a filterbase. For each A € aO(X) we define v on aO(X) by

L[ ClA) ifA={b)
A —{ X if A+ {b}.

Then, F is a-y-accumulates to a point b € X, but F is not a-y-converges to b.

Proposition 1. Let F be a filterbase in a topological space (X, T), v is a-open and
E is any o, -open set containing x. If there exists an F' € F such that F' C E, then
F is a-y-converges to a point x € X.

Proof. Obvious. O

Proposition 2. Let F be a filterbase in a topological space (X, T), v is a-open and
E is any oy -open set containing x such that F N E # ¢ for each F' € F, then F is
a-y-accumulation to a point x € X.

Proof. The proof is similar to Proposition 1. O

Theorem 1. If a filterbase F in X is contained in a filterbase which is a-y-
accumulate to x € X, then F is a-y-accumulate to x.

Proof. Obvious. O

Theorem 2. Let (X,7) be a topological space and vy an a-regular operation on
aO(X). If a filterbase F in X is a-y-accumulates to x, then there exists a filterbase
H in X such that F C'H and 'H is a-y-converges to x.

Proof. Let the filterbase F be a-y-accumulate to x. Hence for every a-open set
U containing x and for each A € F, ANU"Y # ¢. Then z € aCl,(A), for every
A € F. Consider the set G = {ANU" : U is a-open set of X containing x and
A c .7:} Suppose that Gl,GQ € G. Then G NGy = (A1 n Uiy) n (AQ N U;) =
(A1NA)N(UNUY ) for every Ay, Ay € F and Uy, Us are a-open sets of X containing
x. Since 7 is a-regular, then there exists an a-open set Us of X containing x such
that U] C Uy NU,. Since F is a filterbase, then there exists As € F such that
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A3z C A; N Ay. Hence A3 NU, € G1NGs. Thus we see that G is a filterbase. Now
the set H = {B : 3C € G with C C B} is filter generated by G. For each a-open
set U containing x and for each A € 7, UY D ANU"Y € H, where ANUY € G. So
‘H is a-y-converges to z. Also for each A € F, A= X"NA €, and thus A € H.
Hence, F C 'H. O

Corollary 2. Let (X, 7) be a topological space and vy be an a-monotone operation
on «O(X). If a mazimal filterbase in X, a-y-accumulates to a point x € X then it
a-y-converges to x.

Proof. Similar to the proof of Theorem 2. O

Definition 7. A topological space (X,7) is said to be a-y-compact if for every
a-open cover {V; : i1 € I} of X, there exists a finite subset Iy of I such that
X =U{V" :i € Iy}.

Theorem 3. Every a-compact space is a-y-compact.
Proof. Obvious. O

Remark 2. The converse of above theorem is not true in general as it is shown in
the following example.

Example 3. Let N be the set of all natural numbers with the discrete topology T.
For a topological space (N, 1), we have, «O(N,7) = 7. Let v: aO(N,7) — P(N)
be an operation defined by AY = N for every set A € aO(N, 7). Then, N is
a-y-compact but not a-compact.

Remark 3. If v is a-identity operation, then a-y-compactness coincides with c-
compact.

Theorem 4. If a topological space (X, T) is a-y-compact for some operation v on
aO(X) such that (X, T) is ay-regular, then (X, T) is a-compact.

Proof. Let U = {U; : i € I} be an a-open cover of X. Since X is a,-regular, then
for each i € I, V7 C U;. Since V; is a-open set, therefore the set {V; : i € I} is an
a-open cover of X. Since X is a-vy-compact, there is a finite subset I of I such
that X = (J{V;” : @ € Iy}. For each i € Iy, there exists U; such that V;) C U,
therefore we have X = (J{U; : 7 € Iy} and so X is a-compact. O

Theorem 5. Let (X, 7) be a topological space, and ~y an a-monotone operation on
aO(X). Then, the following conditions are equivalent:

(1) (X,7) is a~y-compact.

(2) Each mazimal filterbase in X a-y-converges to some point of X.

(3) Each filterbase in X a-y-accumulates to some point of X.

Proof. (1) = (2): Suppose that X is a-y-compact space and let F = {F; :i € I}
be a maximal filterbase. Suppose that F does not a-y-converges to any point of X.
Since F is maximal, by Corollary 2, F does not a-y-accumulates to any point of X.
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This implies that for every z € X, there exists an a-open set V, and an Fj,) € F
such that Fj,y N V) = ¢. The family {V, : € X} is an a-open cover of X and
by hypothesis, there exists a finite number of points x1, x2, ..., z, of X such that
X = U{V(lj) :7=1,2,...,n}. Since F is a filterbase on X, there exists an Fy € F
such that Fy € N{Fj,;) : j = 1,2,...,n}. Hence Fy N V(lj) =¢ for j =1,2,...,n.
Which implies that Fy N {UV(L.) :j=1,2,...,n} = FoN X = ¢. Therefore, we
obtain Fy = ¢. Contracting the fact that Fy # ¢.

(2) = (3): Let F be any filterbase on X. Then, there exists a maximal filterbase
Fo such that F C Fy. By hypothesis, Fy a-y-converges to some point x € X. For
every F' € F and every a-open set V containing z, there exists an Fjy € Fy such
that Fy C V7, hence ¢ # FyNF C VYN F. This shows that F a-vy-accumulates at
x.

(3) = (1): Let U = {U; : i € I} be an a-open cover of X such that X # U™, U
Let B denote the set of all sets of the form (;_,(U;)¢. Since N(U;])¢ # ¢, B is
filterbase in X and so by our assumption, it a-y-accumulates to some point x € X.
But then x does belong to some U € U and so (U7)¢ € B yields a contradiction
(UMeNU # ¢. This completes the proof. O

Proposition 3. Let X be an a-y-compact space. Then, for every reqular open cover

{F;:i €I} of X, there exists a finite subset Iy of I such that X = J{F; :i € Ip}.

Proof. Let {F; : i € I} be any regular open cover of X. Since, F; € aO(X) for
each ¢ € I, then the family {F; : ¢ € I} forms a-open of X, since X is a-y-compact
space, there exists a finite subset Iy of I such that X = (J{F} :4 € 10}. O

Proposition 4. Let X be an a-y-compact space. Then, for every family {X \ V; :
i € I} of regular closed subsets of X such that (\{X \V; :4 € I} = ¢, there exists
a finite subset Iy of I such that ({X \V;" :i € I} = ¢.

Proof. let {X \'V; : i € I} be a family of regular closed such that ({X \V; : i €
I} = ¢. So {V; : i € I} is a family of regular open and X = | J{V; : i € I}, by
Proposition 3, there exists a finite subset Iy of I such that X = [J{V;" : i € Iy}
implies that ¢ = ({X \ V;" : i € I} O

Definition 8. A subset A of a topological space (X, T) is said to be a-y-compact
of X if for every a-open cover {V; :i € I} of A, there exists a finite subset Iy of T
such that A C | J{V;" :i € Ip}.

Theorem 6. Let (X, T) be a topological space, K be a subset of X and ~y be operation
on aO(X) which is a-stable with respect to K. If X is a-y-compact and K is o -
closed, then K 1is oy -compact.

Proof. Let U = {Ug}ger be an a-open cover of K by a|K. Lets U* be the family of
all a-open sets such that for each V- € U*, VNK € U. Since X\ K is c,-open, we can
take an a-open cover of X \ K say W = {W, € aO(X): W) C X\ K,z € X\ K}.
Then the collection U* U W is an a-open cover of X. Since X is a-vy-compact,
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we have two finite subcollections {Vi,...,V,,} C U* and {W1q,...., W;,,} € W such
that X = {UL,V;"} U{UL, W]} Then K = {U7_, V) N K} U{UL W/ NK} =

L (VinK)'x = Ui (U;) 7%, since W/ NK = ¢ for j = 1,2,...,m and vy is a-stable
with respect to K. Therefore K is a-v-compact. ([l

Theorem 7. Let (X,7) be a topological space and K be a subset of X. Let ~y be
an operation on «O(X) and a-stable with respect to K. Then K is a-y-compact if
and only if K is a-yg-compact.

Proof. Suppose that K C X is a-y-compact and let C be an a-open cover of K by
a|K. Then the set C of all G € aO(X) with GN K € C is an a-open cover of K,
and hence we can find a subfamily {G1,Ga,...,G,} of C such that K C U ,G.
Therefore we have

K = (U, G N K = U, (G] N K) = U, (Gs N K)'x

Conversely, suppose that K is a-vp-compact. If C is an a-open cover of K, then
{GNK :G € a0(X)} C a|K is a cover of K, and so there exists a finite subfamily
{G1,G3,...,Gy} of C such that

K=U",(G,NK)"x =U",(G] NK) CU",G]. O

Theorem 8. Let K be a subset of X, v: aO(X) — P(X) and g : | K — P(K)
be operations satisfying the following properties, (V N K)'x C VYN K for any a-
open set V of X such that VN K # ¢. If K is a-y-compact in (K, a|K), then K
18 a-y-compact.

Proof. Let C be an a-open cover of K. Then {(GNK : G € C} C a|K is a
cover of K and so there exists a finite subfamily {G1, Ga, ..., G} of C such that
K=U",(GiNnK)'x CU" ,G]NK CU,G]. Therefore, K is a-y-compact. [J

Theorem 9. A space X is a-y-compact if and only if every proper a-closed subset
of X is a-y-compact.

Proof. Let F be any proper a-closed subset of X. Let {V; : ¢ € I} be an a-open
cover of F. Since F is a-closed set, then X \ F is a-open set. So the family
{Vi:ieI}UX\F is an a-open cover of X. Since X is a-y-compact, there exists
a finite subset Iy of I such that X = [J{V;" : ¢ € Iy} U (X \ F)?. Therefore, we
obtain F C [ J{V," :i € I)} U (X \ F)". Hence F is a-y-compact of X.

Conversely, let {V; : i € I} be an a-open cover of X. Suppose that X # V;, # ¢
for every iy € I. Then X \ V;, is a proper a-closed subset of X. Therefore, by
hypothesis, there exists a finite subset Iy of I such that X \ V;; C U{V," : i € Ip}.
Therefore, we obtain X = (J{V;" : i € I} UV;/. Which shows that X is a-y-
compact. 0

Theorem 10. Let A and B be subsets of a space X such that AN B # ¢. If A is
a-y-compact subset of X and B is a-closed set, then AN B is a-y-compact subset
of X.
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Proof. Let {V; : i € I'} be any a-open cover of AN B. Since B is a-closed set, then
X \ B is a-open. So the family {V; :4 € I} UX \ B is an a-open cover of A. Since
A is a-y-compact subset of X, then there exists a finite subset Iy of I such that
ACH{V, :i € Ih}U(X\B)". Therefore, we obtain ANB C {V," :i € [(}U(X\B)".
Hence AN B is a-y-compact subset of X. O

Corollary 3. Let A be an a-y-compact subset of X. If B is an a-closed set of X
and B C A, then B is a~y-compact subset of X.

Theorem 11. Let A be any subset of a topological space (X,T) such that A and
X\ A are a-y-compact subsets of X, then X is a-y-compact.

Proof. Let {V; : i € I} be any a-open cover of X = AU X \ A. Then {V; :¢ € I}
is an a-open cover of A and X \ A. Therefore, there exists finite subfamilies I
and I; of I such that A C (J{V;" : i € Iy} and X \ A C (J{V;" : i € I}. Thus,
X=AUX\AC{V, :i€IyUI}. This completes the proof. O

Corollary 4. The finite union of a-y-compact subsets of X is a-y-compact.
Proof. Straightforward. O

Theorem 12. Let B be a-y-compact subset of X and G be a-open subset of a space
X such that G C B. Then B\ G is a~y-compact subset of X.

Proof. Obvious. O

Theorem 13. Let (X,7) be a topological space and v be a-regular operation on
aO(X). If X is a-y-Ty and K C X is a-y-compact, then K is o -closed.

Proof. We need to prove that X \ K is ay-open. Solet p € X\ K. Foreachy € K,
there exists a-open sets U, and V), such that zo € Uy, y € V}, and U) NV = ¢.
In this way we construct an a-open cover U = {V,, : y € K} of K. Since K is a-y-
compact, there exists a finite collection {V},,...,V,, } of U such that K C U, V).
Let U = Ni_,U,,. We can see that U is an a-open set containing xo, but it
does not have to happen that U” C X \ K. Here we need the a-regularity of
7 to achieve our purpose. Since Uy,,...,U,, are a-open sets containing x, then
using the a-regularity of + there exists an a-open set W containing z¢, such that
W C W7 C X\ K. This implies that X \ K is a,-open, and hence K is a,-
closed. O

Theorem 14. Let (X, 7) be a topological space and v an a-additive operation on
aO(X). If Y C X is a-y-compact, x € X \Y and (X, 1) is a-y-Ts, then there exist
a-open sets U and V withxz € U, Y CVY and U"NV?Y = ¢.

Proof. For each y € Y, let V,, and VY be a-open sets such that V' N VYT = ¢, with
y € Vy and x € VY. The collection V = {V,, : y € Y} is an a-open cover of Y. Now,
since Y is a-y-compact, there exists a finite subcollection {Vj,,...,V,, } of V such
that Y C UL, V. Let U = M V¥ and V = U, V,,. Since U C V" for every
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i €{1,2,...,n}, then UY NV} = ¢ for every i € {1,2,...,n}. Then UT NV = ¢ as
7 is an a-additive operation on «O(X) and Y C V7. O

Theorem 15. Let (X, 7) be a topological space and v an a-additive operation on
aO(X). Suppose that ﬂle K] C (ﬂle K;)7 for any collection {K;, Ks, ..., K} C
aO(X). If A and B are disjoint a-y-compact subsets of X and (X,7) is a-y-Ts,
then there exist disjoint a-open sets U and V' such that A CU” and B C V7.
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