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STRONG AND WEAK CONVERGENCE OF AN ITERATIVE
PROCESS FOR A FINITE FAMILY OF MULTIVALUED
MAPPINGS SATISFYING THE CONDITION (C)

ISA YILDIRIM

ABSTRACT. The aim of this paper is to introduce an iterative process with
errors for a finite family of multivalued mappings satisfying the condition (C)
which is weaker than nonexpansiveness. We also prove some strong and weak
convergence theorems for such mappings in uniformly convex Banach spaces.

1. INTRODUCTION

Fixed point theory is one of the most important tool of modern mathematics.
This deals with the conditions which guarantee that a singlevalued mapping 7' of
a set X into itself admits one or more fixed points, that is, points z of X which
solve an operator equation x = Tz, called a fixed point equation. Fixed point
theory serves as an essential tool for solving problems arising in various branches of
mathematical analysis. These problems can be modeled by the equation Tx = x;
where T is a nonlinear operator defined on a set equipped with some topological or
order structure.

The study of fixed points for multivalued contractions and nonexpansive map-
pings using the Hausdorff metric was initiated by Markin [9] and Nadler [10]. The-
ory of multivalued mappings is harder than the corresponding theory of singleval-
ued mappings. Theory of multivalued mappings has applications in control theory,
convex optimization, differential equations and economics.

Throughout this paper, the letter N will denote the set of natural numbers. We
recall some definitions as follows:

Let X be a real Banach space. A subset F is called proximinal if for each x € X,
there exists an element y € E such that

d(z,y) =inf{||lr — 2| : z € E} =d (2, E).
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It is known that a weakly compact convex subsets of a Banach space and closed
convex subsets of a uniformly convex Banach space are proximinal. We shall de-
note by CB(E), K (F) and P (E) the collection of all nonempty closed bounded
subsets, nonempty compact subsets, and nonempty proximal bounded subsets of
FE, respectively. Let H be a Hausdorff metric induced by the metric d of X, that is

H(A, B) = max{sup d(x, B),sup d(y, A)}
z€eA yeB

for every A, B € CB(E). It is obvious that P(E) C CB(E).

Let T : E — CB(F) be a multivalued mapping. An element x € E is said to be
a fixed point of T, if x € Tz. The set of fixed points of T will be denote by F (T).
Moreover, we will write 7 = NJ_, F'(T;) for the set of all common fixed points of
the mappings T4, T, ..., T;-. The mapping T : E — CB(E) is said to be

(i) nonexpansive if H(Txz,Ty) < ||z —y||, for all z,y € E;

(i) quasi-nonexpansive if H(Tx,Tp) < |z — p||, for all z € E and p € F (T).

In 2008, Suzuki [17] introduced a condition on mappings, called (C') which is
weaker than nonexpansiveness and stronger than quasi-nonexpansiveness. A mul-
tivalued mapping T : E — CB(F) is said to satisfy condition (C) provided that

1
7d (@, T2) < |lz —y|| = H(Tz, Ty) < [|lz -y

for all z,y € FE.

From the above definitions, it follows that a nonexpansive mapping must be
quasi-nonexpansive mapping. However, the converse of this statement is not true,
in general. If T : E — CB(F) is a multivalued nonexpansive mapping, then T'
satisfies the condition (C) ([1]). Moreover, if T : E — CB(FE) is a multivalued
mapping which satisfies the condition (C) and has a fixed point, then T is a quasi-
nonexpansive mapping ([5]).

Different iterative processes have been used to approximate fixed points of multi-
valued nonexpansive mappings. Among these iterative processes, Sastry and Babu
[13] considered the following.

Let E be a nonempty convex subset of a Banach space X, T : E — P(F) a
multi-valued mapping with p € T'p.

(i) The sequences of Mann iterates is defined by z; € K,

Tn1 = (1 - an)xn + anYn, (1'1)

where for all n € N and y,, € Tz,;
(ii) The sequence of Ishikawa iterates is defined by x; € E,

{xn+1 = (1 - an)xn + ApUp, (12)

Yn = (1 - Bn)zn + B %n,

where for all n € N, u,, € Ty,, and z, € Tz,.
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They proved that the Mann and Ishikawa iteration processes for multivalued
mapping 7" with a fixed point p converge to a fixed point g of T" under certain con-
ditions. They also claimed that the fixed point ¢ may be different from p. Panyanak
[12] extended result of Sastry and Babu [13] to uniformly convex Banach spaces.
After, Song and Wang [15] noted that there was a gap in the proof of the main
result in [12]. They further revised the gap and also gave the affirmative answer to
Panyanak’s open question. Shazad and Zegeye [16] extended and improved results
already appeared in the papers [12, 13, 15].

Khan and Yildirim [8] further generalized the results of Song and Cho [14] and
Shahzad and Zegeye [16] partly by incorporating and unifying their techniques. For
results on a three step iteration process, see for example, Khan et al. [7].

Recently, Yildirim and Ozdemir ([19], [20]) proved some strong and weak con-
vergence result for nonexpansive and quasi-nonexpansive mappings by using the
following multistep iteration process: For an arbitrary fixed order r > 2,

Tnt+1 = (1 - aln) Yntr—2 + alnlen+T—2a
Yn+r—2 = (1 - a2n) Yntr—3 + a?nT2yn+r73a
: (1.3)

Yn4+1 = (1 - a(rfl)n) Yn + O‘(rfl)nTrflynv
Yn = (1 - arn) Ty + O‘rnTrmny

or, in short,

Tp+1 = (]- - aln) Yn+r—2 + alnlen%»era
Yntr—i = (1 — an) Yntr—(i+1) T ainTiyrH»rf(iJrl)v (1.4)
Yn = (1 - Oérn) Tn + arnTrxna

where for all n € N, {a1,,} and {a;,}, i = 2,...r, are real sequences in [0, 1).

It =Ty,=..=T,=Tand o, =0 for i = 2,...r and all n € N, then (1.3)
reduces to (1.1).

In 2011, Eslamian and Homaeipour [6] introduced a new three-step iterative
process for multivalued mappings in Banach spaces. They also proved some con-
vergence theorems for multivalued mappings satisfying condition (C') in uniformly
convex Banach spaces. Their iteration process with errors as follows:

Let E be a nonempty convex subset of a Banach space X and 11,715,713 : £ —
CB(FE) be three multivalued mappings. Then for z; € E,

Tn41 = (1 — Oy — Bn)xn + QpUnp + 67}5/7;7
Yn = (1 — Cp — dn)xn + cpun + dnSn, (15)
wp, = (1 —ap — by)xy, + anzy + brsp,
where for all n € N, u,, € Tyyn, v, € Tow, and z, € T2y, {an}, {bn}, {cn}, {dn},
{an}, {6,} C[0,1] and {s,}, {S;L} and {s;;} are bounded sequences in X.

Inspired by the above works, we introduce the following iterative process for a
finite familiy of multivalued mappings.



54 ISA YILDIRIM

Let E be a nonempty convex subset of a Banach space X and T; : E — CB(E)
(i=1,2,...,7) be a finite family of multivalued mappings. For an arbitrary fixed
order r > 2,

Tpt1 = (1 = a1n — B1p) Yntr—2 + Q1nzn1 + B, Uin,
yn+r72 - (]- — Qo — 6277,) yn+r73 + a2nz77,,2 + ﬂQn'UQn,

: (1.6)
Yn+1 = (1 — Q(r—1)n — ﬁ(r—l)n) Yn + X(r—1)n?n,r—1 + ﬂ(r—l)nu(r—l)na

Yn = (]- — Oy — ﬁrn) Ty + QrpZn,r + 5rnurna

where for all n € N, 2z, € T, (z,,) and z,,,; € T; (yn+r_(i+1)) fori=1,2,3,...,r
and {ain},{B;n} C [0,1] and {u;,} are bounded sequences in X.

Finding common fixed points of a finite family of mappings is an important
problem. Altough many algorithms have been introduced for various classes of
mappings, the existence of common fixed points of a family of mappings are not
known in many situations. So, it is natural to consider approximation results for
such mappings.

The purpose of this paper is to study convergence of the sequence in (1.6) to a
common fixed point of a finite family of multivalued mappings in uniformly convex
Banach spaces. Our work is a significant generalization of the corresponding results
in the literature.

2. PRELIMINARIES

Let X be a real normed linear space. The modulus of convexity of X is the
function 0 : (0,2] — [0, 1] defined by

rT+y
22| et = = 1l vl = o

§p(c) = inf {1 -

X is called uniformly convez if and only if dx(¢) > 0 for all € € (0, 2].

A mapping T : E — CB(FE) is said to be semicompact if, for any sequence {z,, }
in E such that d(x,,Tz,) — 0 as n — oo, there exists a subsequence {x,, } of
{zy} such that z,,, — p € E. We note that if E is compact, then every multivalued
mappings T : E — CB(FE) is semicompact.

A mapping T : E — CB(FE) is said to satisfy condition (I) if there is a nonde-
creasing function g : [0, 00) — [0, 00) with g(0) =0, g(t) > 0 for all ¢ € (0, c0) such
that

d(z,Tz) > g(d(z, F(T))).

Let T; : E — CB(E) (i = 1,2,...,7) be a finite family of mappings. The mappings
T; for all i (i =1,2,...,7) are said to satisfy condition (II) if there exist a nonde-
creasing function g : [0, 00) — [0, 00) with g(0) = 0, g(¢) > 0 for all ¢ € (0, c0) such
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that .
> d(z,Tiz) > g(d(x, F)),

i=1
where F = NI_, F (T;).

Throughout this paper, we will denote the weak convergence and the strong
convergence by — and —, respectively.

A Banach space E is said to satisfy Opial’s condition [11] if for any sequence
{zn} in E, z, — x implies that

limsup ||z, — z|| < limsup ||z, — y||
n—oo n—oo
for all y € F with y # x.

Examples of Banach spaces satisfying this condition are Hilbert spaces and all
I? spaces (1 < p < 00). On the other hand, L?[0, 2] with 1 < p # 2 fail to satisfy
Opial’s condition.

The mapping T : E — CB(E) is called demi-closed if for every sequence
{z,} C E and any y,, € Tz, such that z,, — x and y,, — y, we have z € F and
y € Tx. If the space E satisfies Opial’s condition, then I — T is demi-closed at 0,
where T : E — K(FE) is a nonexpansive multivalued mapping ([4]).

We use the following lemmas to prove our main results.

Lemma 1. [2] Let E be a nonempty subset of a uniformly convex Banach space X
and T : E — CB(E) be a multivalued mapping with convez-valued and satisfying
the condition (C) then

H(Tz,Ty) <2d(z,Tz) + [z —yl|, Vo,yekE.

Lemma 2. [2] (Demi-closed principle) Let X be a uniformly convexr Banach space
satisfying the Opial condition, E be a nonempty closed and convex subset of X.
Let T : E — CB(FE) be a multi-valued mapping with convez-values and satisfying
the condition (C). Let {x,} be a sequence in E such that x,, = p € E, and let
lim,, oo d (2, T2y) =0, then p € Tp, i.e., I — T is demi-closed at zero.

Lemma 3. [1] Let T : E — CB(FE) be a multivalued nonexpansive mapping, then
T satisfies the condition (C').

Lemma 4. [18] Let {an},{bn} and {6} be sequence of nonnegative real numbers
satisfying the inequality

ant1 < (14 6,) an + by,
If > 6n < o0 and Y o7 by < o0, then lim, .o ay, exists. In particular, if {a,}
has a subsequence converging to 0, then lim, ., a, = 0.

Lemma 5. [3] Let X be a uniformly convex Banach space and B, = {x € X : ||z| < r},
r > 0. Then there exists a continuous, strictly increasing and convex function
v :[0,00) — [0, 00) with ©(0) =0 such that

2 2 2 2
lo + By + vzl < allz]” + Bllyll” + v lIzlI” — aBe (l= - yll),
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for all x,y,z € B, and all o, 8, € [0,1] with a4+ 5+~ = 1.

3. MAIN RESULTS

We start with the following lemma.

Lemma 6. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X. Let T; : E — CB(E), (i=1,2,..,7) be a finite family of
multivalued mappings satisfying the condition (C). Assume that F = Ni_, F (T;) #
0, T; (p) = {p}.(i=1,2,...,7) for each p € F and > o> B;, < 0o for each i.
Let {xz,} be the sequence as defined in (1.6). Then lim,,_, ||z, — p|| exist for any
peF.

Proof. Suppose that p € F. Since the sequences {u;, } are bounded fori = 1,2, ..., r,
there exists A > 0 such that

max {Sup ||U1n _pH , Sup ||u2n - pH y ey SUP ”urn - pH} <A

Using (1.6) and the condition (C'), we have

[zns1 —pll < (1= ain = Bin) [Ynsr—2 = Pl + e1n 1201 = pll + Bip lurn — pll
< (L= a1 = Bi) [Wntr—2 = pll + @1nd (20,1, T1 () + By lurn — 1|
< (I —am = B1,) [Yntr—2 — pll + a1n H (T1 (Yntr—2) , T1 (p))
B llurn — pll
< (= a1n = Bin) lntr—2 = pll + €in |Yntr—2 — pll + B1yp luin — 1|
= (1= B1) lyn+r—2 — pll + By luin — pll
< Yngr—2 = pll + B1A
and
Yntr—2 = pll
< (1= a2n — Ban) lYntr—s — pll + a2n [2n2 — Pl + Ban [luen — pl|
< (1= 2n = Bop) lYntr—s — pll + a2nd (20,2, T2 (p)) + Bay [[u2n — pl|
< (L= azn = Bon) [Yntr—3 = pll + a2n (T2 (Yntr—3) , T2 (P)) + Ban [[uzn — |
< (1= a2 = Bop) [Yntr—3 = Il + 02 [[Yntr—3 — Pl + Baop luzn — 1
= (1= B2,) |Yn+r—3 = pll + Bay, [uzn — pll

IN

Hyn+r73 - P|| + ﬂQn)‘
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Similarly, we have

p” +Ot (r—1)n

H (T,

— ||

(1= atr1yn = Bur—yn) 9 =PIl + -1yn 2001 =]

(1 — Q(r—1)n — ﬂ(r n ||yn _pH + a('r‘fl)nd (ZTL,T717T7‘71 (p))

~1(Yn), Tr-1(p))

=l + By urn — pll

—pll + arnd (2o, Ty (P)) + By l|ttrm — |
—pll + arnH (T) (2) , T () + B [[t4rm — 1|
=l + By urn — pll

- 6271) Bln)‘

+ (1 - Brn) (1 - B(Tfl)n) (1 - ﬁSn) 6277,)‘ e

- p” + ﬁln)‘ + 52n>‘ +.o+ ﬁ(rfl)n)‘ + Brn)‘
- p” + (ﬂln + BZn + o+ B(rfl)n + 67“77,)/\

lynes —ll - < )
+ﬂ(r 1)n Hu (r—)n — p”
< )
+/B(T 1)n Hu(’f’ Hn — pH
< (1 — CQ(r—1)n — ﬁ(r 1)n) ||yn
B4 1yn | t-1yn — 1|
< (1= ap-vn =B g0 =Pl + ag-1yn v =Pl
+Br—1ym [[ur—1)n = D||
= (1 - /B(T—l)n) 1yn = DIl + Br—1yn [|ur—1)n
< Hyn _pH + ﬁ(r—l)nAy
and
ln =2l < (1= rn = B 20 — DIl + tom 12,
< (I=amn = By) 7
< (=apn =B llzn
< (1 = Byn) |20 = pll + o ||z
<z —pll + BrnA.
Therefore
Jonsr = ol < lon=pl+ 0= B) (1= Biory) - (1
+ (1 - 5rn) B(Tfl)n)‘ + Brn)‘
< zn
= |z,
<

Hl’n _pH + (ﬂln + 6271 +ot B(rfl)n +ﬂrn) A

|Zn

(3.1)

where p,, = A (ﬂln + Bop + -+ Broyn + ,BM). Using the fact that Y2 | p1,, < 00

and Lemma 4, we conclude that lim,,_, ||z,

We now give some strong convergence theorems.

— p|| exist for any p € F. O
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Theorem 1. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X. Let T; : E — CB(E), (i=1,2,...,7) be a finite family of
multivalued mappings with nonempty convezr-values and satisfying the condition
(C). Assume that F = Ni_F(T;) #0, T; (p) = {p}, (i = 1,2,...,r) for eachp € F
and T; (1 =1,2,...,7) satisfying the condition (IT). Let a, + B, € [a,b] C (0,1)
fori=1,2,..,r and Y o, B;, < o< for eachi. Then the sequence {x,} defined in

(1.6) converges strongly to a common fixed point of T; fori=1,2,...,.

Proof. We will do our proof in two steps.

Step 1. Assume that p € F. By Lemma 6, lim,, . ||z, — p|| exists. Since {x,}
is bounded, there exists r > 0 such that z,, — p, yntr—m — p € B, (0) all for some
positive integer m,2 < m < r and n € N. As Step 1, there exists 7 > 0 such that

2 2 2
maxx {supfur, —pll*, sup |z, = pII* ..o up [ = p* } < .

It follows from Lemma 5 that

lonss =pI* < (1= aoin = Beun) ez = pl* +a1a lza ol (3:2)
+B1 lurn = pI* = @1n (1 = 01n = B1,) @ ([Ynsr—2 — 2n 1)
< (1= awm = B) [Ynsr—z — p|> + a10d (20,1, T1 (p))?
+B1 lurn = pI* = a1 (1= 01n = B1,) @ ([Yn4r—2 — 2n1l)
< (1= an = Br) lnsr—2 = plI* + 010 H (T1 (Yngr—2) . T1 ()
+B1, [un = plI? = a1n (1= a1 = B1n) @ ([Yntr—2 — Znall)
< (1= Br) [Yntr—2 = 2> + Bup llutn — oIl
—a1y (1= a1n = B1,) ¢ IYntr—2 — 2n,1ll)
< Nyntr—2 = pl* + Bran — a1 (1= @10 = B1,) @ ([Ynsr—2 — Znall)
and
[ynar—2 —pI* < (1= a2n — Bay) lYntr—s — plI* + a2n | 20,2 — pII” (3.3)
+Bap ltzn — PII* = ct2n (1 — 020 = B2,) @ ([Ynsr—3 — 2n.2l)
< (1= o020 — Bon) lnsr—s — 2> + 2 d (25,2, T2 (»)?
+Ban 20 — plI* = c2n (1 = a2n — B2,) @ ([Yntr—3 — zn.2l)
< (1= 020 — Bon) lYnsr—s — pI* + c2n H (T2 (ynsr—3) , T2 (p)°
+Bap ltzn — PI* = ct2n (1 = 02n = B2,) @ ([Yn4r—35 — 2n2l)
< (1= azn = Ba0) [wnrr—s — pl* + con [ymir—s — pl*
+Bay luzn — PII* = c2n (1 = @2n = B2,) @ ([Yn4r—35 — 2n2l)
< N Yntr—s — pl* + Baun

—Q2n (1 — Qan — Bo,) @ (||yn+r73 - Zn,2||) .



||yn+
<

IN

IN

IN

IN

and

AN ITERATIVE PROCESS FOR MULTIVALUED MAPPINGS 59
Again, we apply Lemma 5 to conclude that
1 *sz
(1= @iy = Bir—tyn ) llom =PI + o1y 1251 = I (3.4
By 61 =PI = a1 (1= @13n = Bir—1yn) @ (I = Zn2l)
(1= atiyn = Biryn) I = 21 + @ 1ynd (21, T2 (0)°
Bty ue—1n = I” = ann (1= @1n = Bu—yn) ¢ (I = 202l)
(1= at1n = Bevn) v = I + ariyuH (Tt ()  Trs @)
+/8(T—1)n ||u(r—1)n —pH2 — Q(r—1)n (1 — Q(r—1)n /3(r 1)77,) ¥ (Hyn - Zn2||)
(1= a1y = Be—iyn) I = 2l + atr1ya 19 — I
B [ue—1n = pl* = @1 (1= a—1n = Br—nya) @ (I — zn.21)
(1= Btr—1ya) g = BII” + By
—Q(r—1)n (1 Ar—1)n — B l)n) @ (lyn — zn,2ll)
—plF < (U= = B lon =PI + @ 2 =PI + B e — pI*(3.5)

”yn

—COlp (1 — Qrp — Brn) ¥ (”xn - ZTLJ'”)

< (I=am = By) [lon — pH2 + arnd (2n,r, Ty (p))2 + By [ trn — p||2
—Olrp (1 — Qpp — B'rn) ¥ (“.’En - Z”J’H)
< (L= apm = Bp) l2n = pl* + 0 H (T, (2) , T, (p))°

+Bpn trn, —p||2 —apn (1= = Bp) @ ([[2n — Znﬂ'”)
< (= = By) [lon — sz + e ||lTn —p||2 + Brnn

—Olrp (1 — Qpp — B'rn) ¥ (“.’En - Z”J’H)

2
< lwn = pll” + Brntt — rn (1= — Bry) @ (20 — Zn,r”) .

By using (3.2), (3.3), (3.4) and (3.5), we obtain

|$n+1_p”2 < Hx’ﬂ_p”2+ﬁlnn+62nn++6T—ln+/8rn77
(r—1)

_Hazn Z — Qn _Bin)w(nyn-&-r—(i—i—l) _Zn,iH)

=1
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From the condition oy, + §;, € [a,b] C (0,1) for i = 1,2, ...,r, we obtain

"> (1=0) @ ([ynsr—is1) = 2nl])
=1

< Hain lz (1 — Qin _/Bin)w(”yn+T7(i+1) _Zn,lH)‘|
i=1 i=1
< Non = pIP = Ionss = 2l + (Bun + Bon + o+ Bir—rya + Brn ) 0

This implies that

Z la’“ Z (1-be (Hyn+r7(i+1) - ZmH)l

n=1 =1

2
< ”xl_pH +Z(51n+52n++B(T71)n+ﬂrn>n<oo
n=1
from which it follows that lim,,_, ¢ (Hyn+r_(i+1) — anH) = 0. Since ¢ is contin-
uous at 0 and is strictly increasing, we have

lim HynJrrf(ile) - Zn,LH =0. (36)

n—oo

Hence for i = 1,2, ...,7, we have

Wm [ynir—2 = Znall = 1M flynir—s — 2n2ll = ... = lm [Jzn, — 20| = 0. (3.7)
n—oo n—oo n—oo
Also, using (1.6), (3.7) and > 2 | B;, < oo for each i, we have
lim |ly, — 2| = lm (arm [[20,r — 2ol + Bpp [[urn — 240]) = 0, (3-8)
n—oo n—oo
fim flyn —@all = Tim ((1=agin = Boiyn) v = oal
n—o0 n— oo
+ ar—1yn |2n,r—1 — 20| + ﬁ(rfl)n ||U(7-—1)n - $n||)
=0
im ||zpt1 —2,l| = lm (o [[2ne — 2ol + By [urn — 24|) = 0.
n—oo n—oo
From (1.6), we obtain
[Zn+1 = 2zn1ll = (L = a1n = Bin) [Yntr—2 = 2n,1ll + Bip lun — 2nall-

It follows from (3.7) and > 7, 3, < oo for each ¢ that
nhHH;O [#n+1 — 2n1| = 0.

From the triangle inequality, we have

|zn — Zn,l” <#n = Tpga || + |Tngr — zn’lll .
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Taking the limit of both sides of this inequality and using (3.8), we have

lim ||z, — 2n,1]| = 0.
n—oo

Again, by the triangle inequality, we obtain for each i = 1,2,...,r
|zn — Zn,zH < Hxn — Yntr—(i+1) H + HynJrrf(ile)_Zn,iH .

Similarly, for i =1,2,...,r

| =o0. (3.10)

lim ||z, — 25
n—oo

Hence, it follows from Lemma 1, (3.7), (3.8) and (3.10) that

d(zn,T1 (vn)) < d(@n, T1 (Ynyr—2)) + H (11 (Yntr—2), 11 (z0))

< d (xna Ty (yn-l-r—Q)) +2d (y7L+7'—27 Ty (yn+7'—2)) + ||yn+7'—2 - an

< Mzn =zl + 2 1Yntr—2 — 2ol + [[Yntr—2 — Tn|l = 0 as n — oo,
and
d (:Ena T (xn)) < d (xnv 15 (yn+r—3)) +H (TZ (yn+r—3) T (mn))

< d(wn, Ty (yn+r—3)) +2d (Yntr—3, T2 (Yntr—3)) + ||yn+r—3 - xn”

< zn = zn2ll + 2 [Yntr—3 — Zn2ll + [[Yntr—3 — n|| as n — oo.

In a similar way, for each ¢ = 1,2, ..., we obtain that

lim d(z,,T;(x,)) =0.

n—oo

Step 2. We now show that {x,} converges strongly to g € F.
From Step 1, we know that lim,, . d (zn, T; (z)) = 0. Since the condition (I7),
lim,, 00 d (21, F) = 0. Therefore, we can choose a sequence {z,,} of {z,} and a
sequence pg in F such that for all £k € N

1
s = il < 5z

From (3.1), we have the following inequality for all p € F,

|#ns =Pl < o =2l +
< ”x”Hl*? —pH T b —2 T Hongyy -1
nk+17nk71
< ane =2l + D g

=1
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which implies that

Ng1—Nnk—1

[, —prl + D B
=1

IN

||xnk+1 —pH

nk+1—nk—1

< 27+ Z Honpi
=1

Now, we will show that {py} is a Cauchy sequence in E. Note that

k1 — el < [|Prsr = T ||+ || — x|
1 1 nk_*_lfnkfl
< G tor T Dl Hmew
1=1

’ﬂk+1—’ﬂk—1

1
< k-1 + Z Fongo 41+
=1

Thus {px} is a Cauchy sequence in E. Since F is complete, this sequence
is convergent. Let lim, .. pr = q. We need to show that ¢ € F. Since for
1=1,2,...,r

d(px,Ti (¢)) < H (Ti (px) , Ti (¢)) < [lpr — all

and pr, — q as k — 00, it follows that d (¢, T; (¢)) = 0fori =1,2,...,7. Hence ¢ € F
and {z,, } converges strongly to g. Since lim,,_, ||z, — ¢|| exists, we conclude that
{zn} converges strongly to g. O

Since the condition (IT) is weaker than the compactness of K and the semi-
compactness of the multivalued mappings {T; : i = 1,2, ..., r}, therefore we already
have the following theorem.

Theorem 2. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X. Let T; : E — CB(E), (i=1,2,....,7) be a finite family of
multivalued mappings with nonempty convex-values and satisfying the condition
(C). Assume that F = Ni_ F (T;) # 0 and T; (p) = {p},(i=1,2,...,7) for each
p € F. Let {x,} be defined in (1.6), and oy + B, € [a,b] C (0,1) fori=1,2,...,r
and >°07 1 By, < oo for each i. Assume that either E is compact or one of the
multivalued mappings {T; : i =1,2,...,r} is semicompact. Then {x,} converges
strongly to a common fixed point of T; fori=1,2,...,r.

Proof. As in the proof of Theorem 1, we have lim,_ o d(2,,T; (x,)) = 0 for
each i. We assume that either F is compact or one of the multivalued mappings
{T;:i=1,2,...,r} is semicompact. Then there exists a subsequence {z,, } of {z,}
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such that limy_, x,, = z for some z € E. By Lemma 1, we have for : =1,2,...,r
d(z,Ti(z) < lz=znl+d(@n,,Ti(2))

< lz = angll + d (@ny, Ti (wn,) + H (Ti (2n,) , Ti (2))

< 3d(zp,,T; (Tn,)) + 2]z — zp, || = 0 as k — oo,

this implies that z € F. Since {z,,} converges strongly to z and the limit
lim,, oo || — 2|| exists (as in the proof Theorem 1), it follows that {z,} converges
strongly to z. O

Theorem 3. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X with the Opial property. Let T; : E — CB(E), (i =1,2,...,r) be
a finite family of multivalued mappings with nonempty convez-values and satisfying
the condition (C). Assume that F = 0F_, F (T;) # 0 and T; (p) = {p}, (i = 1,2,...,7)
for each p € F. Let {x,} be defined in (1.6), and oy, + B, € la,b] C (0,1) for
i=1,2,..,r and Y .2 | B;, < 0o for each i. Then {x,} converges weakly to a
common fized point of T; fori=1,2,...,r.

Proof. Tt follow from Lemma 6 and Theorem 1 that {z,} is bounded and lim,,
d(zy,T; (x,)) = 0 for each 4. Since a uniformly convex Banach space is reflexive,
there exists a subsequence {z,, } C {x,} such that z,, — ¢ as ny — oo for some
q € X. We will show that ¢ € F. By Lemma 2, I — T; is demi-closed at zero for
each . Hence from lim, o d (z,,T; (z,)) =0, ¢ € F(T;). By the arbitrariness of
i > 1, we have q € F.

If there exists another subsequence {z,,} C {z,} such that z,, — ¢* € E and
q # ¢*. As in the proof above, we can also prove that ¢* € F. So by Lemma 6,
limy,, o0 ||zn, — w|| and lim,, o ||, — 2|| exist. Then by using Opial’s property,

nlgrgo |zn —w| = nlim |€n, —wl|
k—00
<  lim ||zn, —z|| = lim ||z, — 2|
nj— 00 n—oo

= lim [z, -z < lm [z, —w|
n;—oo ny—o0

= lim ||z, — w|
n—oo

which is a contradiction. Therefore {x,,} converges weakly to a common fixed point
of T; fori=1,2,....7. O

From Lemma 3, we know that if T" is a multivalued nonexpansive mapping, then
T satisfies the condition (C). So we have the following results:

Corollary 1. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X. Let T; : E — CB(E), (i=1,2,....,7) be a finite family of
multivalued nonexpansive mappings. Assume that F = Ni_ F (T;) # 0 and T; (p) =
{p},(E=1,2,...,7) for each p € F. Let {z,} be defined in (1.6), and o,y + B;, €
la,b] € (0,1) fori =1,2,...,r and > .° | Bsn < 00 for each i. Assume that T;



64 ISA YILDIRIM

(i=1,2,...,r) satisfying the condition (II). Then {x,} converges strongly to a
common fixed point of T; fori1=1,2,...,r.

Corollary 2. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X. Let T; : E — CB(E), (i=1,2,..,7) be a finite family of
multivalued nonexpansive mappings. Assume that F = NI_F (T;) # 0 and T; (p) =
{p},(E=1,2,...,7) for each p € F. Let {x,} be defined in (1.6), and a;, + B;, €
la,b] C (0,1) fori=1,2,....,7 and > o— | B, < o0 for eachi. Assume that either E
is compact or one of the multivalued mappings {T; : i =1,2,...,7} is semicompact.
Then {x,} converges strongly to a common fized point of T; fori=1,2,...,r.

Corollary 3. Let E be a nonempty, closed and convex subset of a uniformly convex
Banach space X with the Opial property. Let T; : E — K(E), (i =1,2,...,r) be a
finite family of multivalued nonexpansive mappings. Assume that F = Ni_ F (T;) #
0 and T; (p) = {p}, (i =1,2,...,7) for each p € F. Let {x,} be defined in (1.6),
and ain+ B;, € a,b] C (0,1) fori=1,2,....,r and > ", B;n < o0 for each i. Then
{zn} converges weakly to a common fized point of T; fori=1,2,...r.
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