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VECTOR-VALUED CESARO SUMMABLE GENERALIZED
LORENTZ SEQUENCE SPACE

OGUZ OGUR AND BIRSEN SAGIR

ABSTRACT. The main purpose of this paper is to introduce Cesaro summa-
ble generalized Lorentz sequence space C1 [d(v,p)]. We study some topologic
properties of this space and obtain some inclusion relations.

1. INTRODUCTION

Throughout this work, N, R and C denote the set of positive integers, real
numbers and complex numbers, respectively. For some properties of sequences, we
refer to [4,8].

For 1 < p < oo, the Cesaro sequence space is defined by

oo 1 7 p
Ces, = zew:z fZ\x(zﬂ <00y,
j=1 i=1
equipped with norm
o 1 j p %
Izl = { D | =D =)l
=\ o

This space was first introduced by Shiue [14] . It is very useful in the theory of matrix
operators and others. Later, many authors studied this space [see 1,5,11,13].

Let (E, ||-||) be a Banach space. The Lorentz sequence space I(p, ¢, E) (or I, 4(E))
for 1 < p,q < oo is the collection of all sequences {a;} € co(E) such that

%) 1/q
-~ (Z ja/p—1 Ha¢(i)||q) for1<p<oo, 1<qg<c0
{aitll,, = =

supiil/p Ha¢(i)H for1<p< oo, g=
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is finite, where {|lag;)||} is non-increasing rearrangement of {||as||} (We can inter-
pret that the decreasing rearrangement {Ha¢>(i) H} is obtained by rearranging {||a;|| }
in decreasing order). This space was introduced by Miyazaki in [9] and examined
comprehensively by Kato in [3] (see also [6,7]).

A weight sequence v = {v(¢)} is a positive decreasing sequence such that v(1) =
1, lim; oo v(i) = 0 and lim; . V(i) = oo, where V(i) = > v(n) for every i € N.

n
Popa [12] defined the generalized Lorentz sequence space d(v,p) for 0 < p < co as
follows

i=1

[e'e) 1/])
d(v,p) = §z ={z:} €w: ||z, , = sup (Z |$w(¢)|p1}(i)> <00,

where 7 ranges over all permutations of the positive integers and v = {v(i)} is a
weight sequence. It is know that d(v,p) C ¢o and hence for each z € d(v,p) there
exists a non-increasing rearrangement {z*} = {zI} of = and

o0 b
], , = (Z Ixi‘l”v(i)>
n=1

(see [10,12]).

Let (X, ||-|]) be a Banach space and v = {v(k)} be a weight sequence. We
introduce the vector-valued Cesdro summable generalized Lorentz sequence space
Cy [d(v,p)] for 0 < p < co. The space Cy [d(v, p)] is the collection of all X —valued
0—sequences {x,} ({zn} € ¢o {X}) such that

(i [,1 Zk: ||%(n>|\] pv(k)> %

k=1 n=1

is finite, where {||z(n)||} is non-increasing rearrangement of {[|z|}.
We shall need the following lemmas.

Lemma 1. (Hardy, Littlewood and Pdlya [2]). Let {ai},;<, and {bi},;<,, be two
sequences of positive numbers. Then we have

i i %

where {a;} is the non-increasing rearrangements of sequence {a;},;, and {b;}
and {*b;} are the non-increasing and non-decreasing rearrangements of sequence
{b’i}lgigm respectively.

Lemma 2. (Kato [3]) Let {xz(-“)} be an X—wvalued double sequence such that

lim; o0 acz(-“) = 0 for each p € N and let {z;} be an X —valued sequence such that
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(n) _ = x; (uniformly in ). Then lim; o, x; = 0 and for each i € N

(#) ‘

o0 (@)
where {||zg()||} and {Hx((;(l) H} are the non-increasing rearrangements of {|z;||}

and {‘ x;

lim,, .o ;

lzoeo | < lim

} ., respectively.
K3

2. MAIN RESULTS

Theorem 1. The space Cy [d(v,p)] for 0 < p < 0o is a linear space over the field
K =R orC.

Proof. Let xz,y € Cy[d(v,p)]. Since v is non-increasing, the non-increasing re-
arrangements of v is itself. Thus, using the inequality > a; - b; < > af - bf from
i i

Lemma 1, we have

1< g
Z 2 2 v +vum | (k)
n=1

M8

k p
lzlc D (vl + Hymn)H)] v(k)
DZ[ > eyl

n=1

1

k

1< 3
P3| S Inenl | 9

=1 n=

[,1
+DI§ [

< 0o,

where D = max {1,277 }. Here {{[zgm [}, {[lynonll} and {[|zyem) + vy |}
denote the non-increasing rearrangements of the sequences {||z,|}, {lly.|l} and
{l|Zn + ynl|}, respectively. Let o € K. Hence we get

oo k p 00 k p
ZliZHa%(n)M (k) = Z[zzlu%(n)”] v(k)

k=1 n=1

b
Il

p

IN

+

M=

IN
@

||x¢<n>||]

1

k P
5 ||yn<n>||] o)
n=1

3
Il

| =

-y [ Zr|w¢<n>||] olk)

<
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This shows that z +y € Cy [d(v,p)], az € Cy[d(v,p)] and so C; [d(v,p)] is a
linear space. ([l

Theorem 2. The space Cy [d(v,p)] for 1 < p < oo is normed space with the norm

oo k p
bl = (35 [ ool <00
k=1 n=1

where {||zy(n)||} denotes the non-increasing rearrangements of {||ay||}.

1
P

k
Proof. 1t is clear that [|0]|,, , = 0. Let ||z[|s,, , = 0. Then we have 2 Nzem|l =
0, v, =

0 for all £ € N. Hence we get ||m¢(n)|| =0foralln € Nand so z =0.
Let z,y € C; [d(v,p)]. Since weight sequence v is decreasing, the non-increasing
rearrangements of v is itself. Thus, using the inequality > a; - b; < > al - bf from

Lemma 1, we have

=

oo 1 k p
Iz +vllow, = (Z %Z |xw<n>+yw<n>||] ’U(k)>
k

k=1

o '1 p % L k P %
= Z % 2 HW” I > 7 2 lwswll] o)
= (Z %Z ||x¢(n)H‘| U(k)> (Z lli Z \yn(n)M v(k))
k=1L n=1 k=1 =1

12l p + 19l

where {|[zg0m |} {[lynen |} and {[l2um) + guem
arrangements of {||z, ||}, {llynll} and {||z, + ynH} respectively.

Let A be an element in K and let & be a vector in C [d(v, p)] . Hence we have

([ Pl

n=1

v(k)>

X (i [,ﬁ 5 \w¢<n>|lrv<k>);

n=1

H>\x||c,v7p

Azl p -
(]

Theorem 3. The space C1 [d(v,p)] for 1 < p < oo is complete with respect to its
norm.
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Proof. Let {z(®)} be an arbitrary Cauchy sequence in Cj [d(v,p)] with z(®) =

()1
{xn‘ } ) for all s € N. Then we have
» b
) o

} denotes the non—increasing rearrangement of

(t)
LTrgin) ~ Trgi(n)

, for a fixed n € N, is a Cauchy sequence in X.

z®

Trq t(n) ‘ﬂ'e,t,(")

lim ‘x(s) —z®

s,t—00

= lim ( [ E ‘
C,v,p s,t—00

(s) 2®

mot(n) ~ Troi(n)

where {‘
(s) _ glt)
e

S
and so {xn

X

} Hence we obtain limg ;o ‘

Then, there exists z,, € X such that :L"sf) — x, as s — oo. Let © = {x,}.

() — = 0 for each s € N, by Lemma 2 we have lim,, .., z, = 0.

() }

Try(n) — xﬂ"t( )

Since lim,, o Tn

Therefore we can choose the non-increasing rearrangement {‘

_wn

} . Also, for an arbitrary £ > 0 there exists N € N such that
n

] v(k)) : <e (2)

for s,t > N. Let t be an arbitrary positive integer with t > N and fixed. If we put

(t)
Trgt(n) ‘ﬂ'et(”)

([ixhe

y =al) — ) and oy, =z, -2l

then we have

lim y(*) =0 for each s € N and lim y) =y, (uniformly in 7).
§—00

n—00

Thus by Lemma 2 we get

loll < Jim_ [,
for each n € N, that is,

|

20

71'S t(n)

§— 00
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for each n € N. Hence, by (2), (3) we get

< e
Also, since C1 [d(v,p)] is a linear space we have {z,} = {xn - xglN)} + {x%N)} €

C4 [d(v,p)] . Hence the space C [d(v,p)] is complete with respect to its norm. O

Theorem 4. Let 1 < p < oo. Then, the inclusion d(v,p) C Cy [d(v,p)] holds.

Proof. Let © € d(v,p). Then there exists T > 0 such that

P

o <Z_:1 ||l’¢<n>“p”(")> = (Z_:l H%(n)“pv(n)) < T < oo,

where {||z4(,)||} denotes the non-increasing rearrangements of {||z,[}. Since
o]

k%, < oo for 1 < p < oo and v is decreasing, we get
k=1

oo k p oo k P
Z[;ZH%(n)H] (k) = Z;[ZH%WH] v(k)
k=1

k=1 n=1 n=1
0o k
_ 1

< w1273 |3 a0

=1 n—=
< Temax {1,271} ) %

k=1
< o0.
This completes the proof. [l

Theorem 5. If 1 < p < q < o0, then Cy [d(v,p)] C C1 [d(v,q)].
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Proof. Let z € Cy [d(v, p)] and let {||z(n)|} denotes the non-increasing rearrange-
ment of {||z,||}. Since v(k) is decreasing we have

[e%S) 1 k P % 1
(Z lkZH%(n)M v(k)> > (Z [k (e n>||] )
k=1 n=1 k=1 n=1
> (3 )
=1
> zsml| (w(m)) > m
for every m € N. Hence we get
1 L1 k z
ool <ty (35S el o00)
k=1 n=1
< (m) 77 elo,
for every m € N. Thus
L g < [k P L p
S [l -3 13 H%(n)n] 13 ol
k=1 n=1 k=1 n=1 n=1
< [k L p
sZ[ka(n e ||CU,,,] lkzuwn)u] o(k)
= n=1 =1
k=1 q i ,
< ((U(n))_E ||39||c,v,p lk > [z ] (k)
k=1 n=1
< o0.
This implies that « € Cy [d(v,q)]. O

Comment. If we put A™z instead of z, Where m € Nand A%z, = {a}, Az =

T — Ty, AMap = A gy, — Ay = Z (1) (:'f)a:kJrv for all k¥ € N in the
v=1
definition of Cy [d(v, p)], we obtain Cesaro summable generalized Lorentz difference
sequence space C1 [d(v, A™,p)] of order m. It can be shown that the sequence space
Cy [d(v, A™, p)] is a Banach space with norm

m [e%s) k p %
o= Sl + (3 [ E hamscol| v9)
k=1

k=1 n=1

where {||Amm¢(n) ||} denotes the non-increasing rearrangements of {||A™z, ||}, and
properties in this work.
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