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A NEW SUBCLASS OF MEROMORPHIC FUNCTIONS WITH
POSITIVE AND FIXED SECOND COEFFICIENTS DEFINED BY
THE RAFID-OPERATOR

ARZU AKGUL

ABSTRACT. The aim of the present paper is to introduce a new subclass of
meromorphic functions with positive and fixed second coefficients by means
of Rafid-operator by fixing second coefficient. We give a necessary and suffi-
cient condition for a function f to be in this class. Also we obtain coefficient
inequality, distortion properties, meromorphically radii of close-to-convexity,
starlikeness and convexity, extreme points, convex linear combinations, for the
functions f in this class.

1. INTRODUCTION

Let ¥ denote the class of functions of the form
1 oo
= - nz", N={1,2,3,... 1.1
J@ =+ S ws neN={123..) (1)

which are analytic in the punctured unit disc
U ={2€C:0< 2| <1} =U-{0}.

Analytically a function f € ¥ given by (1.1) is said to be meromorphically starlike
of order « if it satisfies the following

_2f(2)
f(2)

for some a(0 < « < 1). We say that f is in the class Y "(«a) of such functions.
Similarly a function f € ¥ given by (1.1) is said to be meromorphically convex of

R >a, (z€U)
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order « if it satisfies the following:

O o (2
(7)o e

for some a(0 < o < 1). We say that f is in the class ) («) of such functions.
For a function f € ¥ given by (1.1) is said to be meromorphically close-to-convex
of order 3 and type « if there exists a function g € 3" («) such that

R(-ZLE) L5 0<a<10<p<1, zeU)
9(2)
We say that f is in the class K(3, ).

The class >_"(a) and varius other subclasses of ¥ have been studied rather
extensively by J.Clunie [7], J. E. Miller [12], Ch. Pommerenke [13], W. C. Royster
[15]. See also P. L. Duren [8](pages 29-137) and H. M. Srivastava, S. Owa [17]
(pages 86-429), Akgiil [1], Akgiil [2] and Akgiil and Bulut [3]. Recent years, many
authors investigated the subclass of meromorphic functions with positive coefficient.
In 1985, Junea and Reddy [10] introduced the class of }  functions of the form

! n
- - n 9 n Z 0 1'2
fz) =~ +n§:1a 2% a (1.2)

which are regular and univalent in U. The functions in this class are said to be
meromorphic functions with positive coefficient. In [4], Athsan and Buti introduced
Rafid-operator for analytic functions and T. Rosy and S. Sunil Varma [16] modified
their operator to meromorphic functions as follows.

Lemma 1 ([16]). For f € > given by(1.1), 0 < p < 1 and 0 < v < 1, if the
operator S : > — ) is defined by

1 > ¢
SUE) = T ), e T G (13)
then
S1f(z) =2+ > L(n, p,y)anz" (1.4)
n=2

where L(n,p,vy) = (1 — M)RHW and I' is the familiar Gamma function.

Using the equation (1.4), it is easily seen that
St (21 () = 2(524(2))

We defined the subclass Zp S(a, A, p, q,¢) of ¥, for meromorphic functions with
positive coefficient associated with the integral operator S} f () and investigated
the certain properties of this class.

/

(1.5)
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Definition 1. A function f € > is said to be in the classd) . S(a, \, u, q,¢) if and
only if satisfies the inequality:
z(2(2))

—2((2))
" {@()} 24752

whereOS,u<1,0§C<1,0§a§A<%, q >0 and

B(z) = Aaz?(STf(2))" + (A — @) 2(S1f(2)) + (1 = A+ @) SIf(2). (1.7)

It is easily shown that there is following equality between these subclasses
DSl h g, ¢) =Y Sl A g, N .
P p

Theorem 1. A meromorphic function f defined by the equation (1.2) in the class
Zp S(av )‘7 Hy 7Y, C7 q) 'Lf and 07’Lly ’Lf

1| +¢ (1.6)

oo

Y M+ Q) +a(n+ 1] [(n—1) (nAa+ A = )] L(n, 1, 7)an

n=1
<(1-¢)2ar—22+2a+1). (1.8)
forsom60§C<1,ﬂ>0,0§p<1,0§7§1,0§a§>\<%anquO,
In view of (1.8), we can see that the functions f(z) defined by (1.2) in the class
Zp S(a, A\, 11, q,¢) satisfy the coefficient inequality

(I-=¢) (2aN—2 \+2a+1)
2¢+¢+1)

L(1, p,v)ar < (1.9)

Hence we may take

(I1-=¢) 2ar—2 \+2a+1)

L 1, 5 a; = c,
(L, p,y)aa EYEE)
Making use of equation (1.10), we now introduce the following class of func-

tions: Let Zp S(a, A, i, q, ¢, c) denote the subclass of Zp S(a, A, i, q,¢) consisting

of functions of the form

1 (1-¢)(Rar—22+2a+1)c
f@) =2+ 2¢+C+1)

0<c< 1. (1.10)

n=1
where

ap, >0and 0<c< 1.
In this paper, coefficient estimates, extreme points, growth and distortion bounds,
radii of meromorphically starlikeness, convexity and close-to-convexity are obtained
for the class Zp S(a, A, iy q,¢,¢) by fixing the second coefficient. Further, it is
shown that the class Zp S(a, A\, 11, q, ¢, c) is closed under convex linear combination.
Techniques used are similar to those of Aouf and Darwish [5], Aouf and Josi [6],
Ghanim and Darus [9] and Ureagaldi [18].
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2. COEFFICIENT BOUNDS

Theorem 2. Let the function defined by the equality (1.11). Then the function
f(2) is in the class Zp S(a, A, w1y q,C,¢) if and only if

o0

Y I+ Q) +a(n+ D] [(n 1) (nAa+ A — )] L(n, 1, 7)an
< (1-0)(20A—22+20+1) (1 - o). (2.1)

The result is sharp.
Proof. By putting in the inequality(1.8)

1-¢@Rar—2 \+2a+1)c
(2+¢+1) ’

L(1, p,y)ay = 0<ex1

the result is easily obtained. The result is sharp for the function

1 (1-0Rar—22+2a+1)c
f(z) = ;-i- CEYESY
(1-¢) (2aA =2\ +2a+ 1) (1 —¢) §
O tam+ Dn—D e+ r—ay+1]° > =% 22

+

O

Corollary 1. Let the function f defined by the equation (1.11) be in the class
Zp(OZ?)‘?/ivq,CaC)' Then

an < (1-¢) (2aA =2+ 20+ 1) (1 —¢)
"TIn+ O+ g+ D][(n—1)(nAa+ X —a)+ 1] L(n, p,7y)’

n>2  (2.3)

The result is sharp for the function given by the equation (1.2)

Corollary 2. If 0 < ¢1 < ca < 1, then

ZS(OaAaM7QaC7C2) C ZS<O7)‘,Maq7<acl)-
P

p

3. DISTORTION BOUNDS

In this section, we obtain growth and distortion bounds for the class
>op S A g, ¢ 0).
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Theorem 3. If the function f € 3}, given by the equation (1.11) is in the class
Zp S(a, A\, p1,q,C,¢) for 0 < |z| =r <1, then one has

1 1-¢R2ar—2XA+2a+1)c
r 2q+C+1) "
(1-¢) Rar—2x+2a+1)(1—-¢) ,
T ety tarDy | =G
<}+(1—C)(2a)\—2)\+2a+1)c
~r (2¢+(¢+1)
(1-¢) 2ar—2x+2a+1)(1—¢) ,

Bq+C+1)(2ar—At+a+1)

and the result is sharp for the function f given by

1 (1-¢R2ar—-2x+2a+1)c

z (2¢+¢+1)
(1-¢)(2aA =22 +2a+1)(1 —¢)

(n+¢) +q(n+1D][(n—1) (nAa+ X —a)+1]

+ 2", n>2. (3.2)

Proof. Since f € Zp(a, A, 14, G, €, ¢) in view of Theorem 2, yields

1-¢) 2ar—2x+2a+1)(1—¢)

T O Tt D=1 (matr—a+1 =2

)

L(n, pt,7)an < i

and we have
o0

Bg+C¢+1)(2ah—A+a+1) Z L(n, u,v)ay,

n=2

<D ln+ Q) +a(n+1)][(n—1) (MAa+ A — ) + 1] L(n, 1, 7)an

<(1-¢Rar—2x+2a+1)(1-c¢)
which gives

(1-¢) 2ar—2x+2a+1)(1—¢)
(Bg+C+1)(2aA—A+a+1)

> L, y)an <

n=2

(3.3)
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Thus, for 0 < |z] =r < 1,

1] (1-¢(2aX—22+2a+1)c > n

1 (1-0@2ar—22+2a+1)c g
< - 2¢+ ¢+ 1) r+r ;L(n,uﬁ)an

1 (1-¢@ar-2A+2a+1)c
S 2q+C+1) '

1-¢) 2ar—22+2a+1)(1—c¢) ,
T T B ) ar—rta+l) | (34)

Similarly, we obtain
1 (1-¢02ar—2A+2a+1)c
I it
(=0 Car—2A+2a+1) (1—0)762 (3.5)

Ba+Ct1)(2ar—rtatl)

Combining the inequalities ( 3.4) and ( 3.5) we get desired result and the result is
sharp for the function given by the equation ( 3.2). O

Theorem 4. If the function f € Zp given by the equation(1.11) is in the class
Zp S(a, A\, p1,q,C,¢) for 0 < |z| =r <1, then one has

1 1-¢QRar—2X2+2a+1)c
2 (2¢+C+1)
(1-¢) (2ar—22+2a+1)(1—
 Bg+C+1D)(2ar—A+a+1)
<i+(1—§)(2a)\—2/\+2a+1)c
r2 (2g+(¢+1)
(1-¢)(2ar—2x+2a+1)(1—¢)

Bg+C¢+1)(2ar—A+a+1)

)y < £ (2)

(3.6)

for 0 < |z| =r < 1 and the result is sharp for the function f given by

1 (1= Rar=2 +2a+1)c (1 - (2ar -2 +2a+1)(1—c) ,
f(z)_;+ (2¢+C+1) ? Bg+(+1) e —A+a+1) '

Proof. In view of Theorem 2, it follows that

n(l—2¢)(2ar—2XA+2a+1)(1—c¢)
n+¢)+qn+D][(n—1)(nAa+X—a)+1]’

nL(n, u,y)a, < T n>2. (3.7
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Thus, for 0 < |z| = r < 1 and making use of (3.7), we obtain

, 1 1-¢)(2aN =22+ 2a +1 = e
Fof < |al s T kb
n=2
I (1-¢)2ar—2\+2a+1)c =
1 (1-¢QRar—22+2a+1)c
= 2t (2¢+¢+1)

(1-¢) 2ar—=22+2a+1)(1—¢)
Bg+(+1)2aA—A+a+1)

- (3.8)

and similarly,

, Il (1-0@aA—22+2a+1)c ne1
rel 2 || - AT - St e
1 (1-0RaA-22+2a+1c &
> r2 (2q+C+1) r;nL(n,u,y)an
S 1 (1-¢@ar-2A+2a+1)c
= g2 (2+¢+1)

(1-¢) (2ar—2Xx+2a+1)(1—-¢)
Bg+C¢+1)(2ar—A+a+1)

Combining the inequalities (3.8)and (3.9), we get desired result and the result is
sharp. [l

(3.9)

4. CoNVEX LINEAR COMBINATION

In this section, we shall prove the class Zp S(a, A, 11, q, ¢, c) is closed under convex
linear combination.

Theorem 5. The class Zp S(a, A, 1y q,C,¢) is closed under convex linear combi-
nation.

Proof. Let the functions f is given by(1.11) and the function g be given by
(z)—l (1-¢) (2ar—2x+2a+1)c
K== (2¢+C¢+1)

where b > 0, n > 2, 0 < ¢ < 1 are in the class ZPS(Q,)\,u,q,(,c). Then by
Theorem 2, we have

2+ Y L(n, ) ba] 2",

n=2

o

Y I+ Q) +a(n+ D] [(n—1) (MAa+ A = a)] L(n, 1, 7)an

n=2

<(1-¢) 2ar—22+2a+1)(1—¢)
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and

oo

D+ +am+ 1] [(n—1) (nAa+ A = a)] L(n, g,7) [bn]

n=2

<(1-¢Rarx—22+2a+1)(1—c¢).

Assuming that f and g in the classzp S(a, A, q, ¢, c), it is enough to prove that the

function h defined by
h(z) =7f(z) + (1 —7)g(2), 0<7<1,
is also in the class Zp S(a, A, q,¢,c). Since

h(z) = + z

(2¢+¢+1)

1 (1-¢2ar—2 +2a+1)c
z

o0
+ Z L(n, p, ) Itan + (1 — 7)bn2"[,

n=1

we observe that

[e )

(4.1)

(4.2)

D [+ Q) +aln+ DI (n —1) (A + X = a)] L(n, 1, 7) [rag + (1 = 7)bn2"|

n=1

<(1-¢) 2ar—2x+2a+1)(1—-c),
SO, h(Z) S Zp S(OZ,)\,/J:,(],C,C)

5. EXTREME POINT

Theorem 6. If

fl(z):lJr(1_4)(204)\—2)\4—20[_’_1)0

z (2¢+C¢+1)
and
1 (1-¢0Rar—22+2a+1)c
fn(2) z (2¢+¢+1)

> (1-¢) (2ax—2X+2a+1)(1—¢)
t 2 e

Y+qgn+D][(n—1)(nda+ X —a)+ 1] L(n,u,7)

then f € 3, S(a, A, p, 4, ¢, ¢) if and only if it can be represented in the form

n=1

where p,, >0 and > 07 pu, =1

(4.3)
O

(5.1)

2" ,(5.2)

(5.3)
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Proof. Assume that f(z) = > 00 pnfu(2), (t, >0, > 07, pt,, = 1). Then, from
equalities (5.1),(5.2) and (5.3), we have

) = > pakal?)

= M1f1(2)+ZMnfn(Z)
n=2
B 1+(1—C)(2a)\—2)\+2a+1)c
Tz (2¢ +¢+1)
> (1—=¢)(2aA =2 +2a+1) (1 —¢) N
*; [(n+ Q)+ aln+ D] [(n— 1) (mAa+ A~ a)] L 7)™

Since

i [(n+Q) +a(n+D][(n—1) (RAa+ A = )] L(n, u,7)
(1-¢) 2ar—22+2a+1)(1—¢)

(1-¢) 2ar—22+2a+1)(1—¢)
[(n+ Q) +a(n+D][(n = 1) (nAa+ A = a)] L(n, p,7)

Zunzl_:ulgla
n=2

n=2

22

it follows from Theorem 2 that f € > S(a, A, p, ¢, ¢, ¢).
Conversely, suppose that f € > S(a, A, p1,4, ¢, ¢). Since

(1-¢) (Rar—22+2a+1)(1—¢)

DA Ot D[ —D(ma+r-a)+ ULmm) o
if we set
_n+ Q) +an+D][(n—1) (nAa+ A - a)] L(nvuﬁ)a
Hn = 1-0Oar—2x+2a+1)(1-0) "
and

00
My = 1- Z:u'm
n=2

then we obtain
o0
f(Z) = Z ll'nfn(z)~
n=1

This completes the proof of the theorem. O
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6. RADII OF STARLIKENESS AND CONVEXITY

In this section, we find the radii of meromorphically close-to-convexity, starlike-
ness and convexity for functions f in the class Zp S(ay A, 1y q,C).

Theorem 7. Let the function defined by (1.11) be in the class 3°, S(a, A, q,C, c).
Then f is meromorphically starlike of order f (0 <8 < 1) in the disk |z| <
ri(a, N\, q,C, ¢, B), where r1(a, N, q,(, ¢, B) is the largest value for which

B=B)1—-¢) (2ar—2x+2a+1)c 4
(2¢+¢+1) '
(n+2-F)(1-¢)(20A-22+2a+1)(1-0) .\,
(n+¢)+q(n+1D][(n—1) (nAa+ X —a)+1]

<(1-p), (n=2).

The result is sharp for the extremal function f given by the equation(2.2)

Proof. 1t is sufficient to prove that

f(2)
f(z)
Note that
2(1-¢) (2ar—22+2a+1) &
‘ f/ (2) ) (;quCJrl) atl)e, ¢ nX_:QL(n, yY)an (n+ 1) 2"
z + - = _
o —0)(2aA—2X+2a+1)c
1 it . C)((2q+c+zr) 2+ 30 Lin, ) anz"

n=2

QG2 4 5 L y)an (n+1) 274

1-¢)(2aA—22+2a+1 =
1 O((gq+c+1) atlle2 4 nZ::QL(nyu, ¥)anz"tt

< 1-p
for |z| < ri(ay A, q, ¢, c) if and only if
(3—5)(1—C)(Qa)\—2)\+2a+1)cr2
(2¢+(¢+1)

+> L, y)an (n+2=p)r" T <1-5 (6.2)

n=2

from the inequality (2.3) we may take

(1-¢) 2ar—2x+2a+1)(1—-¢) )
[(n+ Q) +aq(n+D][(n—1) (nAa + X = a) + 1] L(n, p,7) "™

Q= n>2 (6.3)
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where A, > 0 (n > 2) and

n=2
For each fixed r, we choose the positive integer ng = ng(r) for which
(7’L +2 - B) n+1

4 O F e+ DI [n 1) (mha + A —a) £ -0

is maximal. Then it follows that
o0

Z (n + 2— 6) L(nv N;’Y)anrnJrl

n=2

(o +2-8)(1-¢Q)(2aA-22+2a+1)(1—¢) .4
“ [(no +¢) +qn+1)][(ng — 1) (noda + A — ) + 1] '
Then f is starlike of order 8 in |z| < r1(a, A, ¢, (, ¢) provided that
(B-F(1-0aA-22+2+1)c ,
(2¢+¢+1)
(no+2—8)(1-¢) (2ar —2X+2a+1) (1 —¢)
[(no+¢) + q(ng + D] [(no — 1) (noAa + A — a) + 1]
We find the value 7o = ro(a, A, ¢, ¢, ¢) and the corresponding integer ng(rg) so that
(B-A(1-Qar-22+2+1)c ,
(2¢+¢+1)
no+2-0)1-¢ 2ar—22+2a+1)(1—c¢)
[(no +¢) +q(no + D] [(no — 1) (noda+ A — ) + 1]

Then this value rg is the radius of meromorphically starlike of order § for functions
belonging to the class Zp S(a, A\, q,¢,c). O

(6.4)

rrotl < (1 -p). (6.5)

rott=(1-p8).  (6.6)

Theorem 8. Let the function defined by the equation (1.11) be in the class
Zp S(a, A, q,¢,c). Then f is meromorphically convex of order 5 (0 < f < 1) in the
disk |z| < ra(a, N, q, ¢, ¢, B), where ro(a, A, q,C, ¢, B) is the largest value for which
(3—,3)(1fC)(2oz)\72/\+2a+1)cr2
(2¢+(¢+1)
nn+2-75)1-C) R2arx—2A+2a+1)(1—c) ,
T

(n+)+qn+1)](n—1)(RAa+ A —a)+1]

The result is sharp for the extremal function f given by(2.2).

< (A-5), n=22).

Proof. By using the technique employed in the proof of Theorem 7 we can show
that

"

2f (2)
f'(z)
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for |z| < ra(a, A, g, C, ¢), and prove that the assertion of the theorem is true and the
result is sharp. ([l

Theorem 9. Let the function defined by (1.11) be in the class Ep S(a, A, q,¢,c).
Then f is meromorphically close-to-convex of order (0 < 8 < 1) in the disk |z| <
r3(a, A, q,C, ¢, ), where r3(a, A, q,C, ¢, B) is the largest value for which

(1= R2ar—2 \+2a+1)c ,
2¢+(+1) "
n(1—¢) (2aA -2 A+2a+1)(1—c) i B i
T 0 T an+ D[ -Dmatr—ayry = A (=22

and the result is sharp.

Proof. Let f € Zp(a,)\,q,C). By using the technique employed in the proof of
Theorem 7, we can show that

’z2f/(z)+1‘ <1-4. (6.7)
for |z| < r3(a, A, g, C, ¢), and prove that the assertion of the theorem is true and the
result is sharp. O
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