Article Electronically published on January 12, 2017

Commun.Fac.Sci.Univ.Ank.Series A1l
Volume 66, Number 2, Pages 44-52 (2017)
DOI: 10.1501/Commual _ 0000000799
ISSN 1303-5991

COMMUNICATIONS
http://communications.science.ankara.edu.tr/index.php?series=A1 SERIES A1

CURVES OF CONSTANT BREADTH ACCORDING TO
DARBOUX FRAME

BULENT ALTUNKAYA AND FERDAG KAHRAMAN AKSOYAK

ABSTRACT. In this paper, we investigate constant breadth curves on a surface
according to Darboux frame and give some characterizations of these curves.

1. INTRODUCTION

Since the first introduction of constant breadth curves in the plane by L. Euler in
1778 [3], many researchers focused on this subject and found out a lot of interesting
properties about constant breadth curves in the plane [9], [2], [12]. Fujiwara [4] has
introduced constant breadth curves, by taking a closed curve whose normal plane
at a point P has only one more point ) in common with the curve and for which
the distance d (P, Q) is constant.

After the development of cam design, researchers have been shown a strong
interest to this subject again and many interesting properties have been discovered.
For example Kose has defined a new concept called space curve pair of constant
breadth in [7], a pair of unit speed space curves of class C3 with non-vanishing
curvature and torsion in E3, which have parallel tangents in opposite directions at
corresponding points, and the distance between these points is always constant by
using the Frenet frame.

Many authors have been studied spaccelike and timelike curves of constant
breadth in Minkowski 3-space [5, 10, 13]. Furthermore Akdogan and Magden gen-
eralized in n dimensional Euclidean space [1].

The characterizations of Kose’s paper [6] on constant breadth curves in the space
has led us to investigate this topic according to Darboux frame on a surface.

2. Basic CONCEPTS

Now, we introduce some basic concepts about our study. Let M be an oriented
surface and 3 be a unit speed curve of class C% on M. As we know, 8 has a natural
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frame called Frenet frame {T, N, B} with properties below:

T = xN,
N' = —»T+ 1B, (1)
B'= —7N,

where s is the curvature, 7 is the torsion, T is the unit tangent vector field, N is
the principal normal vector field and B is the binormal vector field of the curve 5.

By using the unit tangent vector field of the curve $ and the unit normal vector
field of the surface M on the curve 5 we define unit vector field g as g = (no 8) x T,
where x cross product. We will have a new frame called Darboux frame {7, g, noS}.
The relations between these two frames can be given as follows:

T 1 0 0 T
g =] 0 cosa sina N (2)
no/pf 0 —sina cosa B

where « is the angle between the vector fields no and B. If we take the derivatives
of T, g, n with respect to s, we will have

T 0k, T
q = —ky 0t g (3)
(nop) —kn —tg O nof

where kg4, k, and t, are called the geodesic curvature, the normal curvature and
the geodesic torsion respectively. Then, we will have following relations [11].

ky = scosa, (4)
k, = xsinaq,

_ Y/
ty, = T—a.

In the differential geometry of surfaces, For a curve §(s) lying on a surface, there
are following cases:

i) B is a geodesic curve if and only if k, = 0.

i1) B is an asymptotic line if and only if &, = 0.

i43) B is a principal line if and only if ¢, = 0.

3. CURVES OF CONSTANT BREADTH ACCORDING TO DARBOUX FRAME

Let 3(s) and 3*(s*) be a pair of unit speed curves of class C* with non-vanishing
curvature and torsion in E3 which have parallel tangents in opposite directions at
corresponding points and the distance between these points is always constant.

If B lies on a surface, it has Darboux frame in addition to Frenet frame with
properties (1), (2), (3) and (4). So we may write for 3*

B7(s7) = B(s) +mu(s)T(s) + ma(s)g(s) + ms(s) (no B) (s).
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If we differentiate this equation with respect to s and use (3), we will have

. dp* ds*
B = df* e (1+my —maky — mak,) T + (miky +mb —mgsty) g (5)
+ (m1ky, + maty +mj) (no f)
and
gt dptds* . .ds’
ds  ds* ds ds
As we know (T, 7*) = —1. Then
ds*
— = 1+ m} — maoky — msky,.
So we find from (5),
d *
my = moky +mgk, —1— ;s , (6)
my = mgty — miky,
my = —mik, — mat,.

Let us denote the angle between the tangents at the points 3(s) and 8(s+ As) with
AG. If we denote the vector T'(s + As) — T'(s) with AT, we know limas—.o % =

limas g % = % = 5. We called the angle of contingency to the angle A6 [12].
Let us denote the differentiation with respect to 6 with ” -”. By using the equation
49 = 3¢, we can write (6) as follows:

Wi = pmaky +mak,) — 1(0). (7)

me = p(msty —miky),

mg = p(—mik, —maty),

where p = L, p* = - and p + p* = f(6).
Now we investigate curves of constant breadth according to Darboux frame for
some special cases:

3.1. Case (For geodesic curves). Let 8 be non straight line geodesic curve on
a surface. Then k; = s>rcosa = 0 and s # 0, we get cosa = 0. So it implies that
ky = 5, ty = 7. By using (7), we have following differential equation system

my = mz— f(0), (8)
’l’hg = ms3y,
mg = —mip— map,

where ¢ = Z. By using (8), we obtain a differential equation as follows:

(ﬁi1+f)—%é(m1+m1+f)+(1+g02)m1+<p2f:0. (9)
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We assume that (3%, 3) a pair of curve is constant breadth , then
6" — BH2 = m% + m% + m§ = constant

which implies that
mimy + merhg + msmsg = 0. (10)

By combining (8) and (10) then we get

mlf (9) =0.
3.1.1. Case f (0) =0.. We assume that f (6) = 0. By using (9), we get
.odel . :
ml—d—gg;(ml +ma1) + (14 ¢%) 1q = 0. (11)

If G is a helix curve then ¢ = ¢, =constant. From (11), we have
h'i1+(1+903)m1 =0

whose the solution is

1
my = ———— | cysin | 4/1+ 29>—c cos<\/1—|— 29)>+c,
1 m<1 ( ') 2 ©0 3

where c¢1, ca and c3 are real constants. By using (8), we can find as mg =

-1 (mq 4+ m1) and ms = 4. In that case we can compute mg and ms as follows:

%o
my = Lz <01 sin <m9> — €2 COS <m9)> +$ocs
V1t
ms = €1 COS <\/rcpg@> + c2 sin (MG) .

If f(0) = 0 then from (8), it can easily seen that the vector d = mq(s)T(s) +
ma(s)g(s) +ms(s) (noB)(s) is a constant vector. In that case the curve 5* is the
translation of the curve 8 along the vector d.

and

3.1.2. Case m; = 0.. We assume that m; = 0, then by using (9), we get

2
— =0. 12
o TS (12)
If B is a helix curve, then ¢ = ¢, =constant. From (12) we obtain
Freif=0

whose the solution is

f(0) = c1 cos (po) + casin (pyb) -
Since my = 0, (8) implies that ms = f(#) and my = —f;—f). In that case we can
compute mg and mg as follows:

ma = ¢ sin (pyf) — 3 cos (py0)
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and
ms = ¢1 cos () + casin () .

Theorem 1. Let 8 be a geodesic curve and a heliz curve. Let (3,8%) be a pair
of constant breadth curve. In that case 8 can be expressed as one of the following
cases:

B%(5") = B(s) + ma(S)T(5) — — (ma () + i (5)) 9(s) + 1in (5) (n 0 ) (s),

%o
where m; = \/1:7(2] (cl sin (m&) — 9 COS (m9)) + c3.
Br(s*) = B(s) — f;g)g(S) + f(0) (nopB)(s),
0

where f(0) = c1 cos (pyh) + casin (py0) .

3.2. Case (For asymptotic lines). Let § be non straight line asymptotic line on
a surface. Then k,, = ssina = 0 and s # 0, we have sina = 0. So we get kg = e,
ty = 7, where ¢ = 1. By using (7), we have following differential equation system

my = emg— f(0), (13)
My = Mgy —ema,
77'13 = —Mmay,
where ¢ = Z. By using (13), we obtain a differential equation as follows:
B d(,O 1 /. ; 2\ . 2,
my + f f@; my+mq+ f +(1+gp)m1+<pff0. (14)

We assume that (8%, 3) a pair of curve is constant breadth then
18* = B||> = m? + m2 + m? = constant

which implies that
mimy + mame + mgms = 0. (15)
By combining (13) and (15) then we get

3.2.1. Case f () = 0. We assume that f (0) = 0. By using (14), we get
L. dpl :
ml——g;(ml +m1)+(1+<p2) mq1 = 0. (16)

If B is a helix curve then ¢ = ¢, =constant. From (16), we have

m1+(1+g03)m120



CURVES OF CONSTANT BREADTH ACCORDING TO DARBOUX FRAME 49

whose the solution is

1
my = ———— | cysin | 4/1+ 29)—0 cos<\/1+ 29)>+c,
! ¢Lm%<1 (V )T . !

where ¢, ¢a and c3 are real constants. By using (13), we can find as my = ery
and mg = s@i (mq 4 m4). In that case we can compute my and mg as follows:
0

m2:€<clcos<\/1+<p%9)+czsin<\/1+cpg¢9>>

_ €%o . / 2> < / 2))
ms = — c1 sin 1+ @30 ) — cocos 1+ @30 — £pC3.
3 1+¢3<1 ( %0 2 %0 $oC3

If f(0) = 0 then from (13), it can easily seen that the vector d = mq(s)T(s) +
ma(s)g(s) +ms(s) (noB)(s) is a constant vector. In that case the curve 3* is the
translation of the curve g along the vector d.

and

3.2.2. Case m; = 0. We assume that m; = 0.Then by using (14), we get

_r_ =0 17
f- oo irett (17)
If B is a helix curve, then ¢ = ¢, =constant. From (17) we obtain
Freif=0

whose the solution is
f(0) = c1cos (pgf) + cosin (pof)
Since my = 0, (13) implies that mg = £f(0) and ms3 = 5%?. In that case we can
compute mg and mg as follows:
mao = € (c1 cos () + casin (py0))
and
ms = € (—cy sin () + c2 cos () .

Theorem 2. Let 8 be an asymptotic line and a heliz curve. Let (8,5") be a pair
of constant breadth curve. In that case 3 can be expressed as one of the following
cases:

i)
B7(5%) = B(s) +ma(s)T(s) + €1 (5) g(s) + — (m (5) + 17 (5)) (.0 ) (s),

Yo
where m; = \/1:73 (cl sin (m@) — €9 COS (m@)) + c3.
£(9)

B7(s") = B(s) +ef(0)g(s) +e——= (no ) (s),

%o
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where f(0) = ¢y cos (¢of) + casin (pyf) .

3.3. Case (For principal line). We assume that ( is a principal line. Then we
have ¢, = 0 and it implies that 7 = /. By using (7), we get

m; = mgcosa+ mgsina — f(6), (18)
The = —MmyCcosa,
™y = —msina.

By using (18), we obtain following differential equation

(m1+m1)+(m1+f)a2 - (sina/mlcosadOcosa/mlsinad9> dJrf:O.

Since t, = 0 we obtain & = ~. We assume that (8", B) a pair of curve is cons‘girgl’z
breadth. In that case
8% — B||I> = m? + m? +m? = constant
which implies that
mymy + momsg + mams = 0. (20)
By combining (18) and (20) then we get
m1f (6) =0.

3.3.1. Case f(8) = 0. We assume that f () = 0. By using (19), we get

(iMy + 1) + myd? — (sina/m1 cos adf — cosa/m1 sinad@) a=0. (21)

If B is a helix curve then & = = =constant. From (21), we have

ity + (1+ &) g = 0.
Then we get

mi(s) = \/1:_7 (01 sin (\/ 1+ o'z29) — €3 COS (\/ 1+ 0'429)) + c3,

where ¢1, ¢3 and c3 are real constants. By using (18) we obtain
my = f/ml cos adf,

msz = —/mlsinadﬂ,

where o = [ 7ds.

If f(0) = 0 then from (18), it can easily seen that the vector d = mq(s)T(s) +
ma(s)g(s) +ms(s) (noB)(s) is a constant vector. In that case the curve 5* is the
translation of the curve 8 along the vector d.
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Theorem 3. Let B3 be a principal line and a helizx curve. Let (8,8%) be a pair
of constant breadth curve such that (8* — 3,T) = my # 0. In that case B* can be
expressed as:

5 =5 m(e)7(s) — ( [m)cosads ) g(o) ~ [ ma(s)simads ) (e ) o),

where my(s) = \/11;2 (01 sin <\/ 1+ o'z29) — ¢y COS (\/ 1+ 026')) + c3.
3.3.2. Case m; = 0. If my = 0, then from (19)
fraif=0, (22)

where & = . On the other hand since m; = 0 from (18) we have my = ca=constant,
ms = cg=constant and

f =cacosa+ cssina. (23)
By combining (22) and (23)

& (—cgsina+ czcosa) = 0.

In that case, if & = 0 then we obtain that & = ~ = constant. 3 becomes a helix

curve. If —cosina + ¢3 cosa = 0 then we have @ = constant. This means that 3 is
a planar curve.

Theorem 4. Let 8 be a principal line. Let (3,5") be a pair of constant breadth
curve such that (3* — 8,T) = my = 0. In that case B is a heliz curve or a planar
curve and 8 can be expressed as:

B" =B+ cag(s) +cs(nof)(s)
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