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A VARIATION ON LACUNARY STATISTICAL QUASI CAUCHY
SEQUENCES

HUSEYIN CAKALLI AND HUSEYIN KAPLAN

Abstract. In this paper, the concept of a lacunary statistically δ-quasi-Cauchy
sequence is investigated. In this investigation, we proved interesting theorems
related to lacunary statistically δ-ward continuity, and some other kinds of
continuities. A real valued function f defined on a subset A of R, the set of
real numbers, is called lacunary statistically δ ward continuous on A if it pre-
serves lacunary statistically delta quasi-Cauchy sequences of points in A, i.e.
(f(αk)) is a lacunary statistically delta quasi-Cauchy sequence whenever (αk)

is a lacunary statistically delta quasi-Cauchy sequence of points in A, where
a sequence (αk) is called lacunary statistically delta quasi-Cauchy if (∆αk) is
a lacunary statistically quasi-Cauchy sequence. It turns out that the set of
lacunary statistically δ ward continuous functions is a closed subset of the set
of continuous functions.

1. Introduction

The concept of continuity and any concept involving continuity play a very im-
portant role not only in pure mathematics but also in other branches of sciences
involving mathematics especially in computer science, information theory, econom-
ics, and biological science.
Buck [2] introduced Cesaro continuity in 1946. Thereafter, Antoni [1] has studied

A-continuity defined by a regular summability matrix A. Öztürk [28] has studied
A-continuity for methods of almost convergence or for related methods. Connor
and Grosse-Erdman [20] have given sequential definitions of continuity for real
functions calling G-continuity instead of A-continuity by means of a sequential
method, or a method of sequential convergence, and their results cover the earlier
works related to A-continuity where a method of sequential convergence, or briefly
a method, is a linear function G defined on a linear subspace of all sequences of
points in R denoted by cG, into R. A sequence α = (αn) is said to be G-convergent
to ` if α ∈ cG, then G(α) = `. In particular, lim denotes the limit function
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limα = limn αn on the linear space c. On the other hand, Çakallı has introduced
a generalization of compactness, a generalization of connectedness via a method of
sequential convergence in [5] and [11], respectively.
In recent years, using the same idea, many kinds of continuities were introduced

and investigated, not all but some of them we state in the following: slowly os-
cillating continuity [6], ward continuity [7], δ-ward continuity [8], statistical ward
continuity [9], lacunary statistical ward continuity [13], and ρ-statistically ward
continuity [12]. Investigation of some of these kinds of continuities lead some au-
thors to find conditions on the domain of a function for some characterizations of
uniform continuity of a real function in terms of sequences in the above manner(see
[29, Theorem 8], [7, Theorem 7], and [3, Theorem 1]).
A sequence (αk) of points in R, the set of real numbers, is called statistically

convergent, or st-convergent to L, if limn→∞
1
n |{k ≤ n : |αk − L| ≥ ε}| = 0 for

every positive real number ε. This is denoted by st − lim αk = L (see [21], [22],
[26], [17], and [27]). (αk) is statistically quasi-Cauchy, or st-quasi-Cauchy if (∆αk)
is a st-null sequence, where ∆αk = αk+1 − αk for each integer n in N, the set of
positive integers ([9]).
In [23] Fridy and Orhan introduced the concept of lacunary statistically conver-

gence in the sense that a sequence (αk) of points in R is called lacunary statisti-
cally convergent, or Sθ-convergent, to an element L of R if limr→∞

1
hr
|{k ∈ Ir :

|αk − L| ≥ ε}| = 0 for every positive real number ε where Ir = (kr−1, kr] and
k0 = 0, hr : kr − kr−1 → ∞ as r → ∞ and θ = (kr) is an increasing sequence
of positive integers (see also [24], and [4]). In this case we write Sθ − limαk = L.
The set of lacunary statistically convergent sequences of points in R is denoted by
Sθ. In the sequel, we will always assume that lim infr qr > 1. A sequence (αk) of
points in R is called to be lacunary statistically quasi-Cauchy if Sθ − lim∆αk = 0,
where ∆αk = αk+1−αk for each positive integer k. The set of lacunary statistically
quasi-Cauchy sequences will be denoted by ∆Sθ.
The sequence of Fibonacci numbers has a quite nice property when it is consid-

ered as a lacunary sequence. Lacunary sequential method obtained by the sequence
of Fibonacci numbers is a regular method, i.e. θ = (kr) is the lacunary sequence
defined by writing k0 = 0 and kr = Fr+2 where (Fr) is the Fibonacci sequence,
i.e. F1 = 1, F2 = 1, Fr = Fr−1 + Fr−2 for r ≥ 3. For this lacunary sequence
θ = (kr), a real valued function defined on a subset of R is lacunary statistically
sequentially continuous if and only if it is ordinary sequentially continuous (see
[13]). where a function defined on a subset A of R is called lacunary statistically
continuous or Sθ continuous if it preserves Sθ convergent sequences of points in A,
i.e. (f(αk)) is Sθ convergent whenever (αk) is an Sθ convergent sequence of points
in A. Furthermore, a function defined on a subset A of R is lacunary statistically
continuous if and only if it is ordinary continuous. A function defined on a subset
A of R is called lacunary statistically ward continuous or Sθ-ward continuous if it
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preserves Sθ-quasi-Cauchy sequences of points in A, i.e. (f(αk)) is Sθ-quasi-Cauchy
whenever (αk) is an Sθ-quasi-Cauchy sequence of points in A (see [13]).
The purpose of this paper is to investigate the notion of lacunary statistically δ

ward continuity and prove interesting theorems.

2. Lacunary statistically δ-ward continuity

Replacing (∆(αk)) with ∆2αk in the definition of an Sθ-quasi-Cauchy sequence
we have the following definition.

Definition 1. A sequence (αk) of points in R is called lacunary statistically δ quasi
Cauchy, or Sθ-δ quasi Cauchy if the sequence (∆αk) is a lacunary statistically quasi-
Cauchy sequence, i.e.

lim
r→∞

1

hr
|{k ∈ Ir : |∆2αk| ≥ ε}| = 0

for every positive real number ε where ∆2αk = αk+2−2αk+1+αk for each positive
integer k.

Now we give some interesting examples that show importance of the interest.

Example 1. Let n be a positive integer. In a group of n people, each person selects
at random and simultaneously another person of the group. All of the selected
persons are then removed from the group, leaving a random number n1 < n of
people which form a new group. The new group then repeats independently the
selection and removal thus described, leaving n2 < n1 persons, and so forth until
either one person remains, or no persons remain. Denote by pn the probability
that, at the end of this iteration initiated with a group of n persons, one person
remains. Then the sequence p = (p1, p2, ..., pn, ...) is a lacunary statistically delta
quasi-Cauchy sequence (see also [30]).

Example 2. In a group of k people, k is a positive integer, each person selects
independently and at random one of three subgroups to which to belong, resulting
in three groups with random numbers k1, k2, k3 of members; k1 + k2 + k3 = k.
Each of the subgroups is then partitioned independently in the same manner to
form three sub subgroups, and so forth. Subgroups having no members or having
only one member are removed from the process. Denote by tk the expected value
of the number of iterations up to complete removal, starting initially with a group
of k people. Then the sequence (t1,

t2
2 ,

t3
3 , ...,

tn
n , ...) is a bounded non-convergent

lacunary statistically delta quasi-Cauchy sequence (see also [25]).

Now we introduce the definition of lacunary statistically δ ward continuity in the
following.

Definition 2. A real valued function f defined on a subset A of R is called lacu-
nary statistically δ ward continuous,or Sθ-δ ward continuous on A if it preserves
lacunary statistically delta quasi-Cauchy sequences of points in A, i.e. (∆f(αk))
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is a lacunary statistically quasi-Cauchy sequence whenever (∆αk) is a lacunary
statistically quasi-Cauchy sequence of points in A.

The set of lacunary statistically δ ward continuous functions on A will be denoted
by ∆2Sθ(A). We note that this definition of continuity cannot be obtained by
any A-continuity, i.e., by any summability matrix A, even by the summability
matrix A = (ank) defined by ank = 1

hr
for k = n + 2, ank = −2 1

hr
for k =

n+ 1, and ank = 1
hr
for k = n and ank = 0 otherwise.

We see in the following that the sum of two lacunary statistically δ ward contin-
uous functions is lacunary statistically δ ward continuous:

Proposition 1. If f, g ∈ ∆2Sθ(A), then f + g ∈ ∆2Sθ(A).

Proof. Let f , g be lacunary statistically δ ward continuous functions on a subset
A of R. To prove that f + g is lacunary statistically δ ward continuous on A,
take any lacunary statistically delta quasi-Cauchy sequence (αk) of points in A.
Then (f(αk)) and (g(αk)) are lacunary statistically delta quasi-Cauchy sequences.
Let ε > 0 be given. Since (f(αk)) and (g(αk)) are lacunary statistically delta
quasi-Cauchy, we have

lim
r→∞

1

hr
|{k ∈ In : |∆2(f(αk)| ≥ ε

2
}| = 0

and

lim
r→∞

1

hr
|{k ∈ In : |∆2(g(αk)| ≥ ε

2
}| = 0.

Hence

lim
r→∞

1

hr
|{k ∈ In : |∆2(f(αk + g(αk))| ≥ ε}| = 0

which follows from the inclusion
{k ∈ In : |∆2(f+g)(αk)| ≥ ε} ⊆ {k ∈ In : |∆2f(αk)| ≥ ε

2} ∪ {k ∈ In : |∆2g(αk)| ≥ ε
2}.

This completes the proof. �

The product of a constant real number and a lacunary statistically δ ward con-
tinuous function is lacunary statistically δ ward continuous, so the set of lacunary
statistically δ ward continuous functions is a vector space.
In connection with Sθ− δ-quasi-Cauchy sequences and convergent sequences the

problem arises to investigate the following types of “continuity’of functions on R:
(δSθδ): (αn) ∈ ∆Sθ(δ)⇒ (f(αn)) ∈ ∆Sθ(δ)
(δSθδc): (αn) ∈ ∆Sθ(δ)⇒ (f(αn)) ∈ c
(Sθ): (αn) ∈ Sθ ⇒ (f(αn)) ∈ Sθ
(∆Sθ): (αn) ∈ ∆Sθ ⇒ (f(αn)) ∈ ∆Sθ
(c): (αn) ∈ c⇒ (f(αn)) ∈ c
(cδSθδ): (αn) ∈ c⇒ (f(αn)) ∈ ∆Sθ(δ)
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We see that (δSθδ) is Sθ−δ-ward continuity of f , (Sθ) is Sθ-sequential continuity
of f , and (c) is the ordinary continuity of f . It is easy to see that (δSθδc) implies
(δSθδ), and (cδSθδ) does not imply (δSθδc); and (δSθδ) implies (cδSθδ), and (cδSθδ)
does not imply (δSθδ); (δSθδc) implies (c), and (c) does not imply (δSθδc).
Now we give the implication (δSθδ) implies (∆Sθ), i.e. any Sθ−δ-ward continu-

ous function is Sθ-ward continuous.

Theorem 1. If a real valued function is lacunary statistically δ ward continuous
on a subset A of R, then it is lacunary statistically ward continuous on A.

Proof. Suppose that f is a lacunary statistically δ ward continuous function on a
subset A of R. Let (αn) be a lacunary statistically quasi-Cauchy sequence of points
in A. Then the sequence

(α1, α1, α2, α2, α3, α3, ..., αn−1, αn−1, αn, αn, ...)

is a lacunary statistically quasi-Cauchy sequence, so is a lacunary statistically delta
quasi-Cauchy sequence. Since f is lacunary statistically δ ward continuous, the
sequence

(yn) = (f(α1), f(α1), f(α2), f(α2), ..., f(αn), f(αn), ...)

is a lacunary statistically δ-quasi-Cauchy sequence. Then it is easy to see that
(f(αn)) is a also lacunary statistically quasi-Cauchy sequence. This completes the
proof of the theorem. �

Corollary 1. If a real valued function is lacunary statistically δ ward continuous
on a subset A of R, then it is ordinary continuous on A.

Proof. The proof follows immediately from the preceding theorem and [13, Corol-
lary 2], so is omitted. �

We note that any lacunary statistically δ ward continuous function is statis-
tically continuous ([10]), Sθ-continuous ([13]), I-sequentially continuous for any
non-trivial admissible ideal I ([14]), and G-sequentially continuous for any regular
subsequential sequential method G (see [5]).
Now we prove the following theorem.

Theorem 2. If a real valued function f is uniformly continuous on a subset A
of R, then (f(αn)) is lacunary statistically delta quasi-Cauchy whenever (αn) is a
quasi-Cauchy sequence of points in A.

Proof. Let f be uniformly continuous on A. Take any quasi-Cauchy sequence (αn)
of points in A. Let ε be any positive real number. Since f is uniformly continuous,
there exists a δ > 0 such that |f(x)− f(y)| < ε whenever |x− y| < δ. As (αk) is a
quasi-Cauchy sequence, for this δ there exists an n0 ∈ N such that |αk+1−αk| < δ
for k ≥ n0. Therefore |f(αn+1)− f(αn)| < ε

2 for n ≥ n0, so the number of indices
k for which |f(αk+1)− f(αk)| ≥ ε

2 is less than n0. Hence
limr→∞

1
hr
|{k ∈ Ir : |∆(f(αn+1)− f(αn))| ≥ ε}|
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≤ limr→∞
1
hr
|{k ∈ Ir : |f(αn+2)− f(αn+1))| ≥ ε

2}|+
+ limr→∞

1
hr
|{k ∈ Ir : |f(αn+1)− f(αn))| ≥ ε

2}| ≤
≤ limr→∞

n0
hr

+ limr→∞
n0
hr

= 0 + 0 = 0.
This completes the proof of the theorem. �

It is a well known result that the uniform limit of a sequence of continuous
functions is continuous. This is also true in case of lacunary statistically delta ward
continuity, i.e. the uniform limit of a sequence of lacunary statistically δ ward
continuous functions is lacunary statistically δ ward continuous.

Theorem 3. If (fn) is a sequence of lacunary statistically δ ward continuous func-
tions on a subset A of R and (fn) is uniformly convergent to a function f , then f
is lacunary statistically δ ward continuous on A.

Proof. Let (αk) be any lacunary statistically delta quasi-Cauchy sequence of points
in A, and let ε be any positive real number. By the uniform convergence of (fn),
there exists an n1 ∈ N such that |f(α) − fk(α)| < ε

6 for n ≥ n1 and every α ∈ A.
As fn1 is lacunary statistically δ ward continuous on A, it follows that

lim
r→∞

1

hr
|{k ∈ Ir : |fn1(αk+2)− 2fn1(αk+1) + fn1(αk)| ≥ ε

6
}| = 0.

Now
limr→∞

1
hr
|{k ∈ Ir : |f(αk+2) − 2f(αk+1) + f(αk)| ≥ ε}| = limr→∞

1
hr
|{k ∈ Ir :

|f(αk+2)− 2f(αk+1) + f(αk)− [fn1(αk+2)− 2fn1(αk+1) + fn1(αk)] + [fn1(αk+2)−
2fn1(αk+1) + fn1(αk)]| ≥ ε}|
≤ limr→∞

1
hr
|{k ∈ Ir : |f(αk+2)− fn1(αk+2)| ≥ ε

6}|+
+ limr→∞

1
hr
|{k ∈ Ir : | − 2f(αk+1) + 2fn1(αk+1)| ≥ ε

6}|+
+ limr→∞ |{k ∈ Ir : |f(αk)− fn1(αk)| ≥ ε

6}|+
+ limr→∞ |{k ∈ Ir : |fn1(αk+2)− 2fn1(αk+1) + fn1(αk)| ≥ ε

6}| = 0 + 0 + 0 + 0 = 0.
Thus f preserves lacunary statistically delta quasi-Cauchy sequences. This com-

pletes the proof of the theorem. �

Theorem 4. The set of lacunary statistically δ ward continuous functions on a
subset A of R is a closed subset of the set of continuous functions on A. i.e.
∆2Sθ(A) = ∆2Sθ(A) where ∆2Sθ(A) denotes the set of all cluster points of
∆2Sθ(A).

Proof. Let f be an element in ∆2Sθ(A). Then there exists a sequence (fn) of points
in ∆2Sθ(A) such that limn→∞ fn = f. To show that f is lacunary statistically δ
ward continuous, consider a lacunary statistically delta quasi Cauchy-sequence (αn)
of points in A. Since (fn) converges to f , there exists a positive integer N such that
for all x ∈ A and for all n ≥ N, |fn(x)− f(x)| < ε

6 . As fN is lacunary statistically
δ ward continuous on A, we have that

lim
r→∞

1

hr
|{k ∈ Ir : |fN (αk+2)− 2fN (αk+1) + fN (αk)| ≥ ε

6
}| = 0.
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Now
limr→∞

1
hr
|{k ∈ Ir : |f(αk+2) − 2f(αk+1) + f(αk)| ≥ ε}| = limr→∞

1
hr
|{k ∈ Ir :

|f(αk+2) − 2f(αk+1) + f(αk) − [fN (αk+2) − 2fN (αk+1) + fN (αk)] + [fN (αk+2) −
2fN (αk+1) + fN (αk)]| ≥ ε}|
≤ limr→∞

1
hr
|{k ∈ Ir : |f(αk+2)− fN (αk+2)| ≥ ε

6}|+
+ limr→∞

1
hr
|{k ∈ Ir : | − 2f(αk+1) + 2fN (αk+1)| ≥ ε

6}|+
+ limr→∞ |{k ∈ Ir : |f(αk)− fN (αk)| ≥ ε

6}|+
+ limr→∞ |{k ∈ Ir : |fN (αk+2)− 2fN (αk+1) + fN (αk)| ≥ ε

6}| = 0 + 0 + 0 + 0 = 0.
Thus f preserves lacunary statistically delta quasi-Cauchy sequences. This com-

pletes the proof of the theorem. �

Corollary 2. The set of lacunary statistically δ ward continuous functions on a
subset A of R is a complete subset of the set of continuous functions on A.

Theorem 5. The set of functions on a subset A of R which map quasi Cauchy
sequences to lacunary statistically δ quasi Cauchy sequences is a closed subset of the
set of continuous functions on A. i.e. Q∆2Sθ(A) = Q∆2Sθ(A) where Q∆2Sθ(A)
denotes the set of all cluster points of Q∆2Sθ(A), and Q∆2Sθ(A) is the set of
functions on A which map quasi Cauchy sequences to lacunary statistically δ quasi
Cauchy sequences.

Proof. It is easy to see that any function which maps quasi Cauchy sequences to
lacunary statistically δ quasi Cauchy sequences is continuous. Let f be an element
in Q∆2Sθ(A). Then there exists a sequence (fn) of points in Q∆2Sθ(A) such
that limn→∞ fn = f . To show that f maps quasi Cauchy sequences to lacunary
statistically δ quasi Cauchy sequences, consider a quasi Cauchy-sequence (αn) of
points in A. Since (fn) converges to f , there exists a positive integer N such that
for all x ∈ A and for all n ≥ N, |fn(x)− f(x)| < ε

6 . Hence
limr→∞

1
hr
|{k ∈ Ir : |fN (αk+2)− 2fN (αk+1) + fN (αk)| ≥ ε

6}| = 0.
Now
limr→∞

1
hr
|{k ∈ Ir : |f(αk+2)− 2f(αk+1) + f(αk)| ≥ ε}| =

= limr→∞
1
hr
|{k ∈ Ir : |f(αk+2) − 2f(αk+1) + f(αk) − [fN (αk+2) − 2fN (αk+1) +

fN (αk)] + [fN (αk+2)− 2fN (αk+1) + fN (αk)]| ≥ ε}|
≤ limr→∞

1
hr
|{k ∈ Ir : |f(αk+2)− fN (αk+2)| ≥ ε

6}|+
+ limr→∞

1
hr
|{k ∈ Ir : | − 2f(αk+1) + 2fN (αk+1)| ≥ ε

6}|+
+ limr→∞ |{k ∈ Ir : |f(αk)− fN (αk)| ≥ ε

6}|+
+ limr→∞ |{k ∈ Ir : |fN (αk+2)− 2fN (αk+1) + fN (αk)| ≥ ε

6}| = 0 + 0 + 0 + 0 = 0.
Thus f maps quasi Cauchy sequences to lacunary statistically δ quasi Cauchy

sequences. This completes the proof of the theorem. �

Corollary 3. The set of functions on a subset A of R which map quasi Cauchy
sequences to lacunary statistically δ quasi Cauchy sequences is a complete subset of
the set of continuous functions on A.
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3. Conclusion

In this paper, the concept of a lacunary statistically δ-quasi-Cauchy sequence
is investigated. In this investigation, we proved interesting theorems related to la-
cunary statistically δ-ward continuity, and some other kinds of continuities. One
may expect this investigation to be a useful tool in the field of analysis in modeling
various problems occurring in many areas of science, dynamical systems, computer
science, information theory, and biological science. For a further study, we suggest
to investigate lacunary statistically δ-quasi Cauchy sequences of fuzzy points (see
[15] for the definitions and related concepts in fuzzy setting), and is to investigate
lacunary statistically δ-quasi Cauchy double sequences of points (see [18] for the
related concepts in the double case). Another suggestion for another further study
is to introduce and give investigations of lacunary statistically δ-quasi-Cauchy se-
quences in topological vector space valued cone metric spaces (see [19] for basic
concepts in topological vector space valued cone metric spaces). However due to
the change in settings, the definitions and methods of proofs will not always be
analogous to those of the present work.

Acknowledgments. We acknowledge that this paper was presented at 11. Ankara
Mathematics Days, 26-27 MAY, 2016 (11. Ankara Matematik Günleri, 26-27
MAYIS, 2016), and the statements of some results in this paper were presented at
the International Conference on Advancements in Mathematical Sciences in 2015
and appeared in the extended abstract in Proceedings of the conference ([16]).
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