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SOME CESARO-TYPE SUMMABILITY SPACES DEFINED BY A
MODULUS FUNCTION OF ORDER (o, 3)

HACER SENGUL

ABSTRACT. In this article, we introduce strong w [0, f, p] —summability of or-
der (v, B) for sequences of complex (or real) numbers and give some inclusion
relations between the sets of lacunary statistical convergence of order (e, ),

strong wh [0, f, p] —summability and strong wh (p) —summability.

1. INTRODUCTION

In 1951, Steinhaus [15] and Fast [9] introduced the concept of statistical con-
vergence and later in 1959, Schoenberg [13] reintroduced independently. Caserta et
al. [2], Gakalli [3], Connor [8], Colak [7], Et [4], Fridy [10], Gadjiev and Orhan [5],
Kolk [6], Salat [14] and many others investigated some arguments related to this
notion.

Colak [7] studied statistical convergence order « by giving the definition as fol-
lows:
We say that the sequence x = (xj) is statistically convergent of order « to £ if
there is a complex number ¢ such that
1
im — <n: - > =0.
nhigo o {k<n:|lzp—€ >} =0

Let 0 < a < 8 < 1. We define the («, 8)—density of the subset E of N by

1
5§(E):h§1n7|{kgn;keE}|ﬁ

provided the limit exists (finite or infinite), where [{k <n:k € E}|ﬁ denotes the
Bth power of number of elements of E not exceeding n.

If a sequence x = () satisfies property P (k) for all k except a set of («, 8)—density
zero, then we say that xj satisfies P (k) for "almost all k according to 8" and we
abbreviate this by "a.a.k (a, 8)".
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Throughout this paper w indicate the space of sequences of real number.
Let 0 < 8<1,0<a<1, a<fand z = (r;) € w. The sequence z = (zy)
is said to be statistically convergent of order (o, ) if there is a complex number L
such that
1 8
lim — <n: —L| > =
Jim = |{k < n oy — L 2 2} = 0
i.e. for a.a.k(a, ) |z, — L| < € for every € > 0, in that case a sequence z is said to
be statistically convergent of order (a, ), to L. This convergence is indicated by
S8 —limxy = L ([16]).

By a lacunary sequence we mean an increasing integer sequence § = (k,.) such
that h, = (k, — ky—1) — 00 as r — oo and « € (0, 1]. Throughout this paper the
intervals determined by 6 will be denoted by I, = (k,_1, k-] and the ratio kfil will
be abbreviated by ¢,. Lacunary sequence spaces were studied in ([11], [12], [17],
[18]).

First of all, the notion of a modulus was given by Nakano [20]. Maddox [25] and
Ruckle [28] used a modulus function to construct some sequence spaces. Afterwards
different sequence spaces defined by modulus have been studied by Altin [1], Et
([26], [27]) , Gaur and Mursaleen [21], Isik [23], Nuray and Savag [22], Pehlivan and
Fisher [29] and everybody else.

We recall that a modulus f is a function from [0, c0) to [0, 00) such that

i) f(z) =0 if and only if z = 0,

i) f(z+y) < f(2) + f() for 5,y >0,

iii) f is increasing,

iv) f is continuous from the right at 0.

It follows that f must be continuous everywhere on [0, 00).
The following inequality will be used frequently throughout the paper:

lax + be[™ < D (ax|™ + [be[™) (1)
where ay,, by € C, 0 < pj, < supp, = H, D = max (1,271 ([24]).

2. MAIN RESULTS

In this part we will describe the sets of strongly w? (p) —summable sequences
and strongly wg [0, f, p] —summable sequences with respect to the modulus function
f- We will examine these spaces and we give some inclusion relations between the
S8 (0) — statistical convergent, strong w? [0, f, p] —summability and strong
w? (p) —summability.

Definition 1. Let § = (k,) be a lacunary sequence and 0 < a < 8 < 1 be given.
We say that the sequence x = (xy,) is SP (0) —statistically convergent (or lacunary
statistically convergent sequences of order («, 3)) if there is a real number L such
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that
1 5
lim h—a\{kefrz|xk—L|26}| =0,

where I = (k,_1,k.] and h® denotes the ath power (h.)* of hy, that is h® =
(&) = (h,hS, .., h%, ) and {k <n:k € E}|B denotes the Bth power of number
of elements of E not exceeding n. In the present case this convergence is indicated by
S8 (0)—limzy, = L. S2(0) will indicate the set of all S? (§) —statistically convergent
sequences. If = (27), then we will write S? in the place of S5 (). Ifa = =1
and 6 = (27), then we will write S in the place of SZ (6).

Definition 2. Let 8 = (k,.) be a lacunary sequence, 0 < a < 8 <1 and p be a posi-
tive real number. We say that the sequence x = (x},) is strongly N2 (6, p) —summable
(or strongly N (0, p) —summable of order (a, 8)) if there is a real number L such
that

B
o ,
M e (Z 2 — LI ) =0.

kel

In the present case we denote NP (0,p) —limxy, = L. N2 (0,p) will denote the set
of all strongly N (0, p) —summable of order (o, B). If « = 8 =1, then we will write
N (0,p) in the place of N2 (0,p). If 0 = (27), then we will write w® (p) in the place
of N2 (0,p). If L = 0, then we will write wfio (p) in the place of w5 (p). Nf,o (0,p)
will denote the set of all strongly Ny (p) —summable of order (o, 8) to 0.

Definition 3. Let f be a modulus function, p = (pr) be a sequence of strictly
positive real numbers and 0 < a < f < 1 be real numbers. We say that the sequence
x = (x,) is strongly w2 [0, f, p] —summable to L (a real number) such that

B
wl 6, f,p] = { & = (xx) : lim = (Z [f (Jzk —L|)]p’°> =0, for some L

kel

In the present case, we denote w2 [0, f,p] — limxy, = L. In the special case p = 1,
for all k € N and f (x) = 2 we will denote NP (0,p) in the place of w20, f,p].
w§,0 [0, f,p] will denote the set of all strongly w [0, f, p] —summable of order (c, B)
to 0.

In the following theorems we shall assume that the sequence p = (py) is bounded
and 0 < h = infg pr < pr, <sup,pr = H < 0.

Theorem 1. The class of sequences wg,o [0, f,p] is linear space.

Proof. Omitted. O

Theorem 2. The space wg,o [0, f,p] is paranormed by
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1 ok
g (@) =supq 2 (Z [f(|$k)]pk>
" T \kel,
where 0 < a < <1 and M =max (1, H).

Proof. Clearly g(0) = 0 and g (z) = g(—z). Take any x,y € U’g,o [0, f,p]. Since
B <1 and % > 1, using the Minkowski’s inequality and definition of f, we can

v?rite
1 N 1 N
m(Z[mxHykn“) < m(Z[ququuyu)]“)
" \kel. " \kel,
- < (Z [f(zk|>+f<yk|>]“> :
hT kel
1 ok
< = (Z[fuwkm“)
Wi\
1 ok
+— (Z[f(lzml)]”)
T kel,.

Therefore g (x +y) < g(x)+g (y) for z,y € wgo [0, f,p] . Let A be complex number.
By definition of f we have

BY M T
(Z [f(A:vk)]p’“> <K% g()

1
g (Az) = sup ha
r kel,.

T

where [A] denotes the integer part of A\, and K =1+ [|\|]. Now, let A — 0 for any
fixed z with g (z) # 0. By definition of f, for |A| < 1 and 0 < a < 8 < 1, we have

B
hia (Z [f(|)\:ck|)]p’“> <eforn> N(g). (2)

™ \ke€l,

Also, for 1 < n < N, taking A small enough, since f is continuous we have

B
» (Z [fuka”) <e 3)

™ \kel,

(2) and (3) together imply that g (Axz) — 0 as A — 0. O
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Proposition 1. ([19]) Let f be a modulus and 0 < § < 1. Then for each ||u] > 4,
we have f (|lul) < 2f (1) 571 |lu]

Theorem 3. If0<a=p£<1, p>1 andliminf, % >0, then w2 [0, f,p] =
wg, (p).-

Proof. Let pr = p be a positive real number. If liminf, ., @ > 0 then there

exists a number ¢ > 0 such that f (u) > cu for u > 0. We have z € w? [0, f,p].
Clearly

1 ’ 1 ’ PP ’
ha(Z[f(lm—M)]”) Z}p(Z[wk—Ll]p) =ha<2|xk—Llp> ;

T \kel, kel, r kel.

therefore w? [0, f,p] C w? (p).
Let « € w? (p). Then we have

B
1
ha(ka—Lp) — 0 as r — oo.

™ \kel,

Let € > 0, & = 8 and choose ¢ with 0 < ¢ < 1 such that cu < f (u) < € for every u
with 0 < u < §. We can write

B
1 ’ 1
7o (Z [f (e — me) = —| Y [Fu—LDP
™ \kel, T kel,
I:Eka‘S(S
B
1 P
el DR ))
T kel,
|a:k7L\>5
< Loy L S 26 ok — L))"
= he” 7T he
kel,.
1 0815 2pﬂf (1)1’76 . B
S @E hr + W Z |ZL‘k — L|
r kel,
by Proposition 1. Therefore z € w? [0, f,p] . O

Example 1. We now give an example to show that w2 [0, f,p] # w? (p) in this case
when liminf, f(l;“) = 0. Consider the sequence f (x) = +\/z of modulus function.
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Define x = () by

0, if  otherwise.

xk:{ he, if k=k,

We have, for L =0, pffandafﬁ

A 3
% (Z [f(kap) = hia (\/E-)zﬁ —0asr — o0

kel

and so x € wl [0, f,p]. But

i8
1 » (hy)2
7a Z|k| = e o0 asT =00

kel,

and so x ¢ wh (p).

Theorem 4. Let 0 < a < B < 1 and liminfp, > 0. Then x, — L implies
w2 [0, f,p] — limzy = L.

Proof. Let x, — L. By definition of f we have f (|zx — L|) — 0. Since liminf p; > 0,
we have [f (|zx — L|)]”* — 0. Therefore w? [0, f,p] — limzy = L. O

Theorem 5. Let ay,as, 3,85 € (0,1] be real numbers such that 0 < oy < ag <
B < ,82 <1, f be a modulus function and let = (k) be a lacunary sequence,

then wh? [0, f,p] C SaL (6).

Proof. Let x € wh 210, f,p] and let € > 0 be given and ), and ), denote the sums
over k € I, |z — L| >ceand k € I, |z, — L| < e respectively. Since h* < h&2 for
each r we may write

B2
,% (Z [f(|:ck—L|>]Pk>

= [0 U e~ LOP + 3, 1F (e — )]
e [0, 17 (e — ZDP + 3, UF (e — LD
= [, rer]”
hi (>, min(r @) 1f @]

> e Lsl— L 2 3™ [min(r @1 1)

b

Y
—_

3

>

>
IR
©

>

SR

Hence z € S5} (9). O
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Theorem 6. If the modulus f is bounded and lim,_, Zﬁ = 1 then ng 0) C
waz [9 fa } :

Proof. Let x € S5 (6). Assume that f is bounded. Therefore f (z) < K, for a
positive integer K and all > 0. Then for each 7 € N and € > 0 we can write

61 61
. <Z 1 (o Lm”) <k <Z 1 (o Lm“)
" \kel, " \kel,

= e (X0, 1 Qo= 2P+ 2, 15 (e — 2

1

< ot (ZlmaX(Kh,KH —I—Z [f(s)]pk)ﬁl

< (max (K", K7))% L g b € 1o f (foi = L) 2 €}
hf2 B2
e (max (F@" £ @)
Hence z € wgé 6, f,p]. u

Theorem 7. Let f be a modulus function. Iflimp, > 0, then w? [0, f,p]—lim z}, =
L uniquely.

Proof. Let limpy, = s > 0. Assume that w? [0, f,p] — limx), = L; and w? [0, f,p] —
limzy = Lo. Then

B
liinhia (Z [f (Jok — L1|)]pk> =0,

T \ké€l,
and

B
li;nh% (Z [f (| — L2|)]pk> =0.

kel,.
By definition of f and using (1), we have

B
» (Z 7 (1L —Lsz’k)

" \kel.
D B
<h?<2[ (Jzk — L1]) p’“+z (|zk — La|)] )
kel kel,
D " P
< (Z [f (Jzk Ll)]”’“) +oa (Z [f (| Lzl)]”)
" \kel. T \kel,.
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where sup;, pr, = H, 0 < a < 3 <1 and D = max (1,2771) . Hence

B
hgnhia (Z [f (121 —L2|)]pk> =0.

" \kel.
Since limy_, oo pr = s we have L1 — Lo = 0. Thus the limit is unique. O

Theorem 8. Let ) = (k,.) and 0" = (s,.) be two lacunary sequences such that I, C J,
for all r € N and let aq, aa, 5, and By be such that 0 < oy < as < B, < By < 1,

() If

O11

lim inf €a2 >0 (4)
thenwag {9 fp] C wh 1, f. o],
(¢8) If the modulus f is bounded and
lim 1 5)

oo o2
then w22 [0, f,p] C wh} [9 f, }

Proof. (i) Let z € wh {9 fs p] We can write

:82 /82
- (Z [f<|xk—L>J”> ;( > [f<|xk—L|>}”'>

keJ, keJ.—1I,
B2
1
b (Z £ (e - Lm”k>
r kel,
1 B2
S (Z 7 (Ja - LW)
" \kel,
Bt 1 B
Z e;z hal <Z [f(‘xk - L|)]pk) .
T \kel,

Thus if z € wh [9 f,} then 2 € wh L, f, o).

(7) Let ©# = (zx) € wa1 [0, f,p] and (2) holds. Assume that f is bounded.
Therefore f (z) < K, for a positive integer K and all z > 0. Now, since I, C J,
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and h, < ¥, for all » € N, we can write

B1
s (Z 1 (Jo mek)
" \ked,
1 Bl 1 61
—4< > [f<|xk—L>]“> iz (Z[f(zk—mn“)

keJr—1I kel

B1
0 —h\" 1
< ( iz ) KPP 4 7 (Z [f (Jzx — L|)J” >

kel,

" \kel,
£, 1
< e —1 ) KHP — L)
_<h32 ) T (Z[ (lz = LD

kel

B2

>B
;

for every r € N. Therefore wgf 0, f,p] C wa2 {0 /s ] . O

Now as a result of Theorem 8 we have the following Corollary 1.

Corollary 1. Let § = (k) and ' = (s,) be two lacunary sequences such that
I. C J, for all T € N.
If (4) holds then, for 0 < an <as < f; < B, <1

() If0< a1 < as < By <1 and By =1, then wa, [e fp]Cw 19, f.p],

(@) If 0 < o1 < a < 1 and By = By = 1, then wa, [0 ,f,p} C wa, [0, f,7],
(i) If0 < a1 <1 and as = 81 = By = 1, then w [Gl,f,p} C we, [0, .7,

() If0<a; <ay <1 andp;=0y=70, thean [9/ 7 ]Cwﬁ 0, f,ol,
(W) Ifog =as=a and 0 < f; < By <1, then wh? {9 f ]Cwa 0, f,n],
(i) If oy =ag =1 and B, = By =1, thenw[@,f,p}Cw[Q,f,p].

If (5) holds then, for 0 < a; < as < By <, <1
) If0< a1 <as< By <1 and By=1, then wa, [0, f,p] C wl {9 7 }

1) If 0 <oy < s <1 and B; = By =1, then wq, [0, f,p] C Wa, {Ql,f,p] ,

iv) If0 < a1 < as <1 and By = By = B, then wl, [0, f,p] € wl, [0, fp],

(
(
(i) If0 < a1 < 1 and as = By = By = 1, then wa, [0, f,p] C w [9’,f,p} :
(
@) [far =as = a and 0 < B, < By < 1, then w2 [0, f,p] C wir [9 f, }
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(i) Ifaog =ag =1 and 1 =Py =1, then w0, f,p] C w {Hl,f,p} .
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