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CONVERGENCE OF SOLUTIONS OF AN IMPULSIVE
DIFFERENTIAL SYSTEM WITH A PIECEWISE CONSTANT
ARGUMENT

GIZEM. S. OZTEPE

ABSTRACT. We prove the existence and uniqueness of the solutions of an im-
pulsive differential system with a piecewise constant argument. Moreover, we
obtain sufficient conditions for the convergence of these solutions and then
prove that the limits of the solutions can be calculated by a formula.

1. INTRODUCTION

The problem on asymptotic constancy for delay differential equations, difference
equations, impulsive delay equations and impulsive equations with piecewise con-
stant arguments has been dealt with by many authors. Now, let us give a quick
overview on the existing literature of this subject.

Atkinson and Haddock [1] developed conditions which ensure that all solutions
of certain retarded functional differential equations were asymptotically constant
as t — oo. Bastinec et.al [2] considered the linear homogeneous differential equa-
tion with delay and they proved explicit tests for convergence of all its solutions.
Diblik [11] established a criterion of asymptotic convergence of all solutions of a
nonlinear scalar differential equation with delay corresponding to the initial point.
Bereketoglu and Pituk [9] gave sufficient conditions for the asymptotic constancy
of solutions of nonhomogeneous linear delay differential equations with unbounded
delay and they also computed the limits of solutions in terms of the initial con-
ditions and a special matrix solution of the corresponding adjoint equation. In
[12] Diblik and Ruzickova studied the asymptotic behavior of the solutions of the
first order differential equation containing two delays. Bereketoglu and Karakoc
[4] obtained sufficient conditions for the asymptotic constancy of solutions for an
impulsive differential equations. Sufficient conditions for the asymptotic constancy
and asymptotic convergence of solutions of an initial value problem for impulsive

Received by the editors: January 22, 2016; Accepted: December 20, 2016.

2010 Mathematics Subject Classification. 34K06, 34K45.

Key words and phrases. Convergence of solutions; Impulsive differential system; Piecewise
constant argument.

©2017 Ankara University
Communications de la Faculté des Sciences de I'Université d’Ankara. Séries Al. Mathematics and Statistics.

115



116 GIZEM. S. OZTEPE

linear delay differential equations were presented in [15] by Karakoc and Bereke-
toglu. Bereketoglu and Huseynov in [3] gave sufficient conditions for the asymptotic
constancy of the solutions of a linear system of difference equations with delays.
Berezansky et.al. [10] investigated the asymptotic convergence of the solutions of a
discrete equation with two delays in the critical case. Gyori et.al. derived sufficient
conditions for the convergence of solutions of a nonhomogeneous linear system of
impulsive delay differential equations and a limit formula in [13]. In [5] Bereketoglu
and Karakoc obtained sufficient conditions for the asymptotic constancy of the so-
lutions of a system of nonhomogeneous linear impulsive pantograph equations. In
[16], [7], [8] and [6] authors considered the asymptotic constancy of different types of
impulsive differential equations with piecewise constant arguments and formulated
the limit value of the solutions in terms of the initial condition and the solution of
the integral equation for each type of equations.

In the view of the our experiences, we aim to extend the results obtained in [§]
to a impulsive differential equations system with a piecewise constant argument.

In this paper, we consider the following initial value problem (IVP) which consists
of a non-homogeneous linear impulsive differential system with a piecewise constant
argument

X't)=AWX O -X(th+F(t), t#nelZ", t>0, (1)
AX (n) =B (n) X (n)+D(n), n€z, (2)

with an initial condition

X (0) = X°, (3)

where Zt = {1,2,...},A : [0,00) — R¥*¥ is a continuous matrix function, F :
[0,00) — R¥ is a continuous vector function, B : Zt — R*** is a continuous
matrix function such that det(I — B(n + 1)) # 0 where [ is the k x k identity
matrix, D : ZT — R¥ is a continuous vector function, AX(n) = X(nt) — X(n™)
such that X(n%) = limy_,+ X(t) and X(n~) = lim,_,,- X(¢), |.] denotes the
greatest integer function and X° € R*.

Throughout this paper, the norm ||.|| of a vector is the sum of the absolute
values of its elements and the corresponding matrix norm is given by [|A4| =

k
max { ) |a;;|} where A = (a;;) is a k X k matrix.
1<i<k i=1

2. EXISTENCE AND UNIQUENESS

In this section we give a theorem which insures that the system (1)-(3) has a
unique solution, but first of all, let us give definitions for the solution and set of
piecewise right continuous functions:

Definition 1. A function X (t) defined on [0,00) is said to be a solution of the
initial value problem (1)-(3) if it satisfies the following conditions:
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D;. X : [0,00) — R¥ is continuous with the possible exception of the points
t=neZr,

Do. X (t) is right continuous and has left-hand limits at the points t =n € Z7T,

Ds. X' (t) exists for every t € [0,00) with the possible exception of the points
t =n € Zt where one-sided derivatives exist,

Dy. X (t) satisfies (1) for any t € (0,00) with the possible exception of the points
t=neciZr,

Ds. X (t) satisfies (2) for everyt =n € ZT,

Dg. X (0) = XO.
Definition 2. If ¢ : [0,00) — R¥** s continuous for t € [0,00),t # n € Z7T
and right continuous at the points t = n € Z, then the set of such kind of func-

tions is called the set of piecewise Tight continuous functions and is denoted by
PRC ([0, 00) ,RF*F) .

Theorem 1. The initial value problem (1)-(3) has a unique solution.
Proof. Since [t] =0 for 0 <t < 1, (1) can be written as
X'(t)=A(t)X(t) — At)X(0) + F(t)

or

X'(t) = At)X(t) — A@t)X° + F(t) (4)
where XY is the initial condition given in (3). Since A(t) and F(t) are continuous
functions, non-homogeneous ordinary differential equations system (4) has a unique
solution and this solution is given by

X(t)=o(t)@ 1 (0)X° + /Ot D(t)d(s)(—A(s) X" + F(s)) ds (5)

where ®(t) is the fundamental matrix of the homogeneous system
X'(t) = A[t) X (t).

Let us denote the solution (5) as X (t) since it is defined on the interval 0 < ¢ < 1.
On the other hand, let X;(¢) be the solution of Eq.(1) on the interval [1,2). Then
X1 (t) is

Xi(t) = 2(t)2 (1) X1 (1) +/1t‘1>(t)¢’1(8)(—A(8)X1(1) + F(s))ds.  (6)
Now we use the impulse condition (2) at the point ¢ = 1:
Substituting t = 1 in (2), we get
AX(1)=X(1") - X(17)=B(1)X(1)+ D(1).
Since the solution of (1) is right continuous at integer points, we have
X1(1) = Xo(1) = B(1)X1(1) + D(1)
Xo(1) = (I = B(1))X1(1) = D(1). (7)
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Considering (5) and (6) in (7) yields us
X:(1) =T -B1)™* (@(1)q>—1(0) - /0 d(1)d " (s)A(s) ds) X0
+(I— B(1))" (/0 B(1)0 1 (s)F(s) ds+D(1)). (8)

Hence we can find X (1) in terms of the given impulse and initial conditions. Writ-
ing (8) in (6) gives us the solution X;(¢) of Eq.(1) on [1,2).
Moreover, the solution X»(¢) of Eq.(1) on the interval [2,3) is given by

Xa(t) = 2O DX(2) + [ (O (6) (AW Xa2) + F(5)) ds

and using impulse condition at ¢t = 2, we obtain

X1(2) = (I - B(2))Xa(2) - D(2).
So again we can find X2(2) in terms of the given initial and impulse conditions.
Following this method, we find the solution X,,(¢) of Eq.(1) on the interval [n,n + 1)

as
t

Xo(t) = D)0 (n) X (n) + / B(1)0 1 (s)(—A(5) X (n) + F(s))ds.  (9)

n

Then considering the impulse condition (2) at the point ¢ = n + 1 yields the non-
homogeneous difference equation system

Zpi1 = M(n)Z, + N(n),n >0, (10)

where Z,, = X, (n),
n+1

M(n)=(I—-Bn+1)" <<I>(n +1)® (n) — /
and

N(n)=(I—-B(n+1))" </n

The difference system (10) with the condition Zy = X° has a unique solution.
Writing this unique solution in (9) gives the unique solution of (1)-(3) on the
interval [n,n + 1) . So by taking into account |t] = n, we obtain the unique solution
of (1)-(3) on the interval [0, c0). O

n+1
®(n+ 1) Y(s)F(s)ds + D(n + 1)) . (12)

In the rest of the paper, assume that there is a constant L > 0 such that
1Z.]l < L, n>0, (13)
where Z,, is the solution of (10).
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Remark 1. Note that a straightforward verification shows that the solution of the
initial value problem (1)-(3) satisfies the integral equation

t t t

X(t):XO+/A(3)X(s)dsf/A(s)X(LSJ)ds+/F(5)d5
0 0 0
[t] Lt

+Y BG)X +ZD (14)

Proof. Taking the integral of both sides of Eq.(1) from 0 to ¢ gives us

t

/tX'(s)ds:/tA(s) ds—/A ds+/F( ) ds. (15)
0 0

0

On the other hand, the left side of the Eq.(15) can be re-written as follows

/X’ dsf/X’ d5+/X’ der/X’ )ds + . /X/

—X( ) - X(0+)+X( ) - X(1+)+X( ) - X( )

+. + X(t) - X(nT)

= X(t) - X(07) - {[X(1") - X(17)] + [X(2") - X(27)]

+...+ [X(n*) —X(nf)]}

=X(t) - X(0") —{AX(1)+ AX(2) +...+ AX(n)}. (16)
Since X is right continuous at t = 0, Eq. (16) is written as

n

/X’ (s)ds = X(t) — X(0) — Z AX (4)

0 i=1
= X(t) — X(0) = > (B(i)X(i) + D(3))
i=1
L] Lt]
= X(t) - X(0) = > B(i)X(i) - Y D (17)
i=1
Writing (17) in (15) gives us the formula (14). O

We will use this formula in the proof of our results in the next section.
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3. MAIN RESULTS

In this part, it is shown that the IVP (1)-(3) tends to a constant vector as t — oo,
and then the limit value of the solution of (1)-(3) is computed when B(n) = 0.

Theorem 2. Assume that K, K>, L1 and Lo are real positive constants such
that

() / JA()lds < Ky < o0, (id) / | ()] ds < K < oo,
oo

(@ii) [ 1+ 1B (@)]l) < L1 < o0, wZHD )| < Ly < 0.
=1

Then, the solution of the IVP (1)-(3) tends to a constant vector as t — co.

Proof. For the proof of Theorem 2, we need the following Samoilenko and Per-
estyuk’s well-known lemma [17] and Theorem 7.4.6 in [14]:

Lemma 1. Let a non-negative piecewise continuous function u (t) satisfy the in-
equality
t

i) et [ouldst 3 fulr). ez,

to to<T;<t

where ¢ > 0, B, > 0, v(s) > 0, 7; are the first kind discontinuity points of the
function u (t). Then the following estimate holds for the function wu (t)

t

u(t) <c H (1+ B;)exp /v(s)ds , t > .

to<T;<t to

Theorem 3. (Theorem 7.4.6 in [14]) The infinite product [[r (1 + ¢x) converges
absolutely if and only if the infinite series > p-, cx converges absolutely.

Now we can start the proof of Theorem 2:
Let X (t) be the solution of the IVP (1)-(3). So the integral equation (14) is
satisfied and we have

1X @) s|;X0||+/||A<s>|| HX(s)HdH/HA(s)II IIX(LsJ)HdH/HF(s)Hds
0 0 0

Lt] Lt)

+ZIIB X @ +Z 1D @)
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Since 0 < s < ¢, the function X (|s]) corresponds to the solution of the difference
equation (10). Hence considering (13) with the assumptions (4), (i), (iv), we get
Lt
X @) < C+/||A IHIX (s ||d8+z 1B @HX @l (18)

where ¢ = || X°|| + LKy + K3 + La. Applying Lemma 1 to (18) yields

Lt]
o< e[a+iBOnes /HA )l ds

<c[Ta+IB@) e /HA(S)IIds
=0 0

So, considering (i) and (z3¢) in the last inequality gives us that X (¢) is bounded,
that is
IX @ <M, t=>0, (19)
where M = cLyeX.
On the other hand, from the integral equation (14) it can be written that

X () - X (9] < / A G1X (o |du+/ 4 )X (u \du+/ |7 ()] du

Lt] L]
+ Y IBOIHXGI+ D>, DG, (20)

i=|s]+1 i=|s]+1

for 0 < s <t < co. Using the boundedness of X (n) and X () which are given in
(13) and (19), we obtain

X=X <0+ 1) [ JA@)]du+ / I (w)]du

+1L Z IB@I+ > ID@I. (21)

i=|s]+1 i=|s]+1
Here we note that condition (¢iz) implies
DB < oo (22)
i=1

from Theorem 3. So considering (22) with the conditions (i), (i7), (iv) in (21), it is
easy to see that
lim | X (t) — X (s)|| = 0.

85— 00
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By Cauchy convergence criterion, we get tlim X (t) € Rk, O
— 00

Now let us take B (n) = 0 in (2). In this case, the IVP (1)-(3) reduces to

X'O)=At) (Xt -X([t])+F({), t#neZ", t>0, (23)
AX(n)=D(n), n€Z", (24)
X (0) = X°. (25)
Theorem 4. If
Lt+1]
1A (s) ds < p <1, (26)

t

then there is a unique bounded matriz function Y € PRC ([O, 00) ,Rka) such that

the equation
[t+1]

V() =1+ / Y (s) A(s)ds, ¢ > 0 (27)

holds.
Proof. Consider the space

1
B— {y € PRC ([0, 00) ,RMH) : V]| < A, A > 1_p}

where
1Y[|p =sup|[Y (¢)], ¥ € B.
t>0
For Y € B and t > 0, let us define
[t+1]
TY (£) = I+ / Y (s) A (s) ds. (28)

It can be easily seen that
TY (tH) =TY (t7) =TY (), t« € (n,n+1),
TY (n*) = lim+ TY (t)=TY (n), n € Z*,
t—n
TY (n*) = lim TY (t) =1, n€ Z*.

t—n—

So TY € PRC ([0,00),R¥*k) . Moreover, taking the norm of both sides of (28)
yields that
[t+1]

ITY ]l < 1+ [Yllg /IIA(S)IIdS : (29)
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Considering (26) in (29) gives us that
ITY 5 <1+ pIY ]l < A

Hence T maps B into itself.
On the other hand, for any Y and Z € B

ITY ~ T2 5 < pllY ~ 2.

Since p < 1, T : B — B is a contraction. Therefore, by the well known Banach fixed
point theorem, there is a unique piecewise right continuous and bounded solution
of Eq.(27). O

Lemma 2. If (26) is true, then the solution'Y of the integral equation (27) satisfies
the equation

Y'(t) =Y () A(t), t #n, t >0,
n+1 (30)

AY (n)= [ Y (s)A(s)ds, neZ*.
Proof. Taking the derivative of (27) for ¢t € (n,n+ 1), n € Z*, we obtain
Y'(t)=-Y (t)A(t).
Moreover, we calculate AY (n) as
AY (n) =Y (n*) =Y (n7)
n+1
=1+ / Y(s)A(s)ds—1I

So we obtain the Eq.(30). O

Now, for ¢t > 0 let us define the function
[t+1]
Ct)=Y ()X (@) - / Y (s) A(s) X ([s]) ds (31)

where Y is the solution of Eq.(27) and X is the solution of (23)-(25).
Lemma 3. If (26) is satisfied, then
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Proof. For the proof it is enough to show that C (t) defined by (31) satisfies the
equation

{C/(t)—Y(t)F(t),t¢nthOv (33)

AC(n)=D(n), neZ",

because taking the integral of both sides of the (33) from 0 to ¢ gives us (32) as in
Remark 1. Now, let us obtain (33):
For ¢t € (n,n+ 1), (31) is reduced to

Differentiating (34) and considering (30) and (23) yields
C'H)=YO)XH+Y®)X #)+Y (t)A(t) X (n)
=Y AQX @) +Y ) {AH) (X () - X (n)+F@}+Y (1) At) X (n)
=Y @) F(t).

So the first part of the Eq.(33) is obtained.
On the other hand, we need C' (n™) and C (n™) to compute AC (n) :

t—nt

n+1
C(n") = lim C(¢t)=Y (n) X (n)— (/ Y (s) A(s) ds) X (n), (35)
C(n™) = tEITILl_ CtH=Y(n )X (n). (36)
From (30), we have

n+1
AY(n)=Y(n")-Y(n") = / Y (s) A(s)ds.
Since Y is right continuous at the points n € Z™, we get
n+1

Y (n) =Y (n) - / Y (s) A (s) ds. (37)

Similarly, from (24)

X (n7)=X(n)-D(n) (38)
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in view of the right continuity of X at the points n € ZT.
Substituting (37) and (38) in (36), gives us

n+1
C(n)= (Y (n) — / Y (s) A(s) ds) (X (n)—D(n)). (39)
Considering (35) and (39) in AC (n) = C (nt) — C (n™) we get
AC (n) = D (n),
and this is the second part of the Eq.(33). O

Theorem 5. Suppose that assumptions (i), (i), (iv) in Theorem 2 and the condition
(26) are satisfied. Then the limit value of the solution of X (t) of IVP (23)-(25),

when t — o0, is given by the formula

t—oo

lim X(t):XO—i—/Y(s)F(s)ds—i—iD(i) (40)

where Y is a solution of the Fq.(27).

Proof. Let X (t) be the solution of IVP (23)-(25). For the proof it is sufficient to
show that

tlirgoX(t):C(O)Jr/Y(s)F(s)derZD(z’), (41)
0 =1

where Y and C are given by (27) and (31), respectively.
From (32), we have for

oo

X(t)fC(O)f/Y(s)F(s)dszD(i)

0

[t] o0 oo
Y(s)F(s)derZD(i))/Y(s)F(s)ds > D)
i=1 } i=[t]+1

o0

i=[t]+1
(42)
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Considering (31) in (42), we have

X (t)—C(0) — /Y(s)F(s)ds—ZD(i)
0 =1
[t+1] -
:X(t)—Y(t)X(t)+/Y(s)A( (|s]) ds— /Y s)ds— Y D(i).
t i=|t]+1
(43)
On the other hand, multiplying (27) by X (¢) yields
t+1
X (t) = / Y (s X (t)ds. (44)
Substituting (44) into (43), we obtain
X (t)—C(0) — /Y(s)F(s)ds—ZD(i)
0 i=1
Lt+1] -
/ Y (s X (|s)) - ds—/Y syds— S D). (45)
i=|t]+1
From (45), it is found that
X (¢ Y(s)F(s)ds—) D)
co [roreny,
[t+1] 0o -
<Yz (L + M) / A (s) IIds+IIY||B/HF(s) lds+ > 1D@)].
t t i=[t]+1

Here (13), (19) and the boundedness of Y (¢) is used. Thus we conclude that (41)
is true for ¢ — co. Taking into account (31), it can be easily verified that the limit
relation (41) is reduced to (40). O

Now let us give an example to illustrate our results.

Example 1. Consider the following IVP:
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X = (T Yexo-xam+ (5 ) i#n

(1+2t)?
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(46)
(47)

(48)

First we show that the solutions of the corresponding difference equation of (46)-

—1
(48) are bounded. @ (t) = <e2(1+2"> 0) is the fundamental matriz of the homoge-

0 1

neous system X' (t) = ( (1+§t>2 8) X (t). Considering this fundamental matriz in

the formulas (11) and (12), we find

10 oo
M=y 1) vo=(__ AT )
(34+2n)(142n)°

respectively. Thus the corresponding difference system is found as

10 T
Zn+1 = <O 1) Zn + ( 2n1+ ) y > 0.
(34+2n)(14+2n)

The solution of the system (49) with the initial condition (48) is given as

n—1 1
1+ > 51
Z(n) = n—1 =0
1
1+ ) amnaeen
r=0
and 1t is clear that this solution is bounded.
Now let us verify the hypotheses of Theorem 5:
By considering the convenient matriz and vector norms, we have

<w!A@mw—!u+%fw—2<,
(iz’)/||F(s)||ds:/(1+128)2ds: % < 0,
0 0

o0

)Y ID @)=Y 5 =1 < 0.

i=1
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On the other hand, for n <t <n+ 1 the condition (26) can be written as

[t+1] n+1 n+1 1 1
A ds < A ds = ds = 1
[A@las< [ lae)ds /(HQS)Q = TG T <
t n n

So, all hypotheses of Theorem 5 are satisfied. Hence the limit of X (t) of (46)-(48)
is computed as

mro=(1)+ [ro5.) w3 (3)

or -
lim X (¢) ()—l—/Y ( 1 )ds
t—00 J (1+25)%

where Y (t) is the solution of
Lt41]
_1 9
Y(t)=1+ / Y (s) <<1+§S>2 0) ds.
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