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N-FUZZY IDEALS OF LATTICES

YILDIRAY CELIK

ABSTRACT. In this paper, the new concepts of N-fuzzy ideals and N-fuzzy
prime ideals of lattices have been introduced. Also, some of theirs basic prop-
erties are investigated. Hence, some results about the homomorphic N-image
and pre-image of N-fuzzy ideals of lattices are established.

1. INTRODUCTION

The concept of fuzzy sets was firstly introduced by Zadeh [16]. Rosenfeld [12]
used this concept to formulate the notion of fuzzy groups. Since then many other
fuzzy algebraic concepts had been studied by several authors. Yuan and Wu [15]
introduced the concepts of fuzzy sublattice and fuzzy ideals of a lattice. Biswas
[1] introduced the concept of anti fuzzy subgroups of groups. Shabir and Nawaz
[13] introduced the concept of anti fuzzy ideals in semigroups. Khan and Asif [6]
characterized different classes of semigroups by the properties of their anti fuzzy
ideals. Lekkoksung [10] introduced the concept of an anti fuzzy bi-ideal of ordered
I-semigroups. Kim and Jun [7] studied the notion of anti fuzzy ideals of a near-
ring. Datta [2] introduced the concept of anti fuzzy bi-ideals in rings. Anti fuzzy
ideals of I'-rings were studied by Zhou et al. [17]. Srinivas et al. [14] introduced the
concept of anti fuzzy ideals of I'-near-ring. Dheena and Mohanraaj [3] introduced
the notion of anti fuzzy right ideal, anti fuzzy right k-ideal and intuitionistic fuzzy
right k-ideal in semiring. Hong and Jun [5] introduced the notion of anti fuzzy
ideals of BCK algebras. In this paper, we introduce the concepts of N-fuzzy ideals
and N-fuzzy prime ideals of lattices and investigate some related properties. Also,
we give some results about the homomorphic A -image and pre-image of N -fuzzy
ideals of lattices.

2. PRELIMINARIES

In this section, let X denotes a bounded lattice with the least element 0 and the
greatest element 1 unless otherwise specified.
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Definition 1. [4] A non-empty subset I of X is called an ideal of X if, for any
a,bel,avbe l,aNb el and, for anya € I and x € X, x N a = x implies
x € I. A non-empty subset D of X is called a dual ideal of X if, for any a,b € D,
aANbeD,aVvbe D and, fora € D andx € X, xVa =z impliesxz € D. An ideal
P of X is called a proper ideal if P # X. A proper ideal P of X is called a prime
ideal of X if, for any a,b€ X, aANb e P impliesa € P orb e P.

Definition 2. [11] Let X, Y be two sets and f be a mapping from X toY. A fuzzy
set 1 of X (see [16]) is a map from X to [0,1]. If F(X) is the family of all fuzzy
sets of X, then, for all p,v € F(X), w € F(Y) and x € X,y € Y, the following
operations are defined:

(nvv)(x) = max{u(x),v(z)}

(mAv)(@) = min{u(z),v(z)}

(nxw)(z,y) = min{p(x),w(y)}
f)y) = { (\)/f(a):y He 0;5);116741(131/1})9:,é "

where f(u) and f~1(w) are called, respectively, the image of u under f and the
pre-image of w under f.

We denote p < v if and only if p(x) < v(z) for every x € X. For T C X,
Xp € F(X) is called characteristic function of T, and defined by xr(x) = 1 if
x €T and xp(x) =0 otherwise for all x € X.

Definition 3. [8] Let p be a fuzzy set of X. Then the complement of u, denoted by
uE, is the fuzzy set of X given by p°(x) = 1—p(z) for allz € X. Fort € [0,1], the set
py = {x € X|u(x) <t} is called a lower t-level cut of p and i = {x € X|u(z) >t}
is called an upper t-level cut of .

It is clearly seen that p, = (,uc);r_t for allt €10,1].

Definition 4. [8] Let {1,;|i € A} be a family of fuzzy sets in X, then the union
(Vi)ien is defined by (Vp;)ien(x) = sup{p,;(x)|i € A} for each z € X.
Definition 5. [4] A fuzzy set p of X is proper if it is a non constant function.

Definition 6. [9] A fuzzy set p of X is called a fuzzy sublattice of X if u(x Ay) >
min{p(x), u(y)} and p(z Vy) = min{p(z), u(y)} for all z,y € X.

Definition 7. [9] A fuzzy sublattice p of X is called a fuzzy ideal of X if p(zVy) =
min{p(z), u(y)} for all z,y € X.

Definition 8. [9] A proper fuzzy ideal p of X is called fuzzy prime ideal of X if
wz Vy) < max{p(x), u(y)}t for all z,y € X.
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Theorem 1. [9] A nonempty subset P of X is a prime ideal of X if and only if
Xp @8 a fuzzy prime ideal of X.

3. N-Fuzzy IDEALS OF LATTICES
Definition 9. A fuzzy set p of X is called an N -fuzzy sublattice of X if u(zAy) <
maz{u(z), w(y)} and p(z Vy) < mazx{u(z), u(y)} for all z,y € X.

Example 1. Consider the lattice X = {0,, 3,1} given by as follows
Let define a fuzzy set p of X by p(0) = 0.1, p(e) = 0.2, u(B) = 0.3 and u(l) =
0.3. Then u is an N -fuzzy sublattice of X.

Theorem 2. A fuzzy set p of X is an N -fuzzy sublattice of X if and only if u is
a fuzzy sublattice of X.

Proof. Let p be an N -fuzzy sublattice of X. Then for z,y € X,
pzAy) = 1—plxny)

1 —maz{u(z), n(y)}

= min{l — p(z),1 - pu(y)}

min{p(z), u(y)}

peVy) = 1—p(zVy)

1 —maz{p(x), n(y)}

= min{l — u(z),1 — u(y)}
= min{p(z), n(y)}

Hence p€ is a fuzzy sublattice of X. Similarly, the converse can be proved. O

Y

v

Definition 10. Let p be an N -fuzzy sublattice of X. Then p is an N -fuzzy ideal
of X if u(x Vy) = mazx{u(x), u(y)} for al z,y € X.
Example 2. Let consider the lattice X = {0, «, 8,1} given by in the Figure 1. Let

define a fuzzy set u of X by u(0) = 0.1, p(a) = 0.2, u(B) = 0.3 and pu(l) = 0.3.
Then p is an N -fuzzy ideal of X.
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Every N -fuzzy sublattice of X need not be N-fuzzy ideal of X.

Example 3. Let consider the lattice X = {0, «, 8,1} given by in the Figure 1. Let
define a fuzzy set v of X by u(0) =0, p(e) = 0.2, pu(8) = 0.3 and p(1) = 0.2. Then
wis an N -fuzzy sublattice of X, but p is not an N-fuzzy ideal of X as p(aV 3) =
(1) # maz{p(a), u(B)}-

Remark 1. Let i1 be an N -fuzzy ideal of X. As p(z) = p(xVv0) = maz{u(z), 1(0)},
then we get 1(0) < p(x) for any x € X.

Theorem 3. A fuzzy set p of X is an N -fuzzy ideal of X if and only if u¢ is a
fuzzy ideal of X.

Proof. Let u be an N-fuzzy ideal of X. By Theorem 2, u¢ is a fuzzy sublattice of
X. For z,y € X,
pevy) = 1—paVvy)

= L—maz{p(z),p(y)}

= min{l — p(z),1 - p(y)}

= min{u®(z), n°(y)}
Thus, u¢ is a fuzzy ideal of X. Similarly, the converse can be proved. (]
Theorem 4. A fuzzy set p of X is an N -fuzzy ideal of X if and only if py is an
ideal of X for each t € [u(0),1].
Proof. Let p be an N-fuzzy ideal of X and ¢ € [u(0), 1]. Then by Theorem 3, p° is
a fuzzy ideal of X. Hence p; = (u¢) ;r_t is an ideal of X.

Conversely, u, p; is an ideal of X for each ¢ € [1(0),1] and s € [0, 1 — u(0)] =
[0, (0)]. Then 1 — s € [u(0),1] and (uc):_ = p7_, is an ideal of X. Hence (uc):—
is an ideal of X for all s € [0, 1°(0)], and u° is a fuzzy ideal of X. This shows that
p is an N -fuzzy ideal of X. O

Theorem 5. If I is an ideal of X, then for each t € [0, 1], there exists an N -fuzzy
tdeal 1 of X such that p, = 1.

Proof. Let I be an ideal of X and ¢ € [0,1]. Let define a fuzzy set p of X by

it ifeel
ple) = 1, ifa gl

for each € X. Then p; = I for any s € [t,1) = [1(0),1), and p; = X. Thus p,
is an ideal of X for all s € [u(0),1]. Hence, from Theorem 4, u is N -fuzzy ideal of
X and p, =1.

O

Let p be a fuzzy set of X and let define X,, = {z € X|u(z) = u(0)}. We then
get the following theorem.
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Theorem 6. If p is an N -fuzzy ideal of X, then X, is an ideal of X.

Proof. Let p be an N-fuzzy ideal of X and z,y € X,. Then u(z) = p(0) and
w(y) = 1(0). So pu(z Vy) = maz{u(z), u(y)} = 1(0). Hence z Vy € X,. Now let
z<a, z€ X and a € X,. Then 2V a = a and p(a) = p(0). As p is an N-fuzzy
ideal of X, p(x Vv a) = maz{u(z)pu(a)}. Thus p(a) = maz{u(x), u(a)}. Therefore
w(z) < p(a) = u(0). Also by Remark 1, p(0) < p(z). So we get u(x) = p(0). Hence
x € X,,. This shows that X, is an ideal of X. O

Theorem 7. If {u;|i € A} a family of N -fuzzy ideals of X, then so is (Vi )ica-
Proof. Let {p;, |7 € A} be a family of N-fuzzy ideals of X. Let z,y € X.
(Vei)iea(z Ay) = sup{p(z Ay)li e A}
sup{maz{p;(x), 1;(y)}}
)

ma:c{sup{uz(m s SUP{/% )}}
= max{Vu;)ier(x),Viy;)iea(y)}

IN

sup{p;(z Vy)li € A}
sup{maz{;(x), 1;(y)}}

= maz{sup{p;(z)}, Sup{m y)}}
= maz{V,)iea(®), Viy)iea(y)}

(Vig)iea(z Vy)

IN

Hence (Vp;)iea is an N-fuzzy sublattice of X. Also,
(Vig)iea(@Vy) = sup{p;(zVy)lie A}
= sup{maz{p; (), (y)} }
= mazx{sup{p,(z)}, sup{p;(y)} }
= maz{(Vi,)iea(®), (Vi )iea(y)}
Hence (Vp;)iea is an N-fuzzy ideal of X. O

Theorem 8. Let f : X — Y be a lattice homomorphism where Y is a bounded
lattice. Let pu be an N -fuzzy ideal of Y. Then f~1(u) is an N -fuzzy ideal of X.

Proof. Let z,y € X. Then
FH (@ Ay)

n(f(z Ay))
= u(f(z) A f(y))
maz{p(f(x)), u(f(y))}
maz{f~" (u)(z), (1) (y)}

Thus £~ () (z Ay) < maz{f~H(u)(z), f~H (1) ()}

IN
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Similarly we can prove f~(p)(z Vy) < max{f~ (u)(x), f~1(u)(y)}. Hence
f~1(u) is an N-fuzzy sublattice of X. Also for z,y € X
@ vy) = u(fzVvy)
= u(f(x)V f(y)
= maz{p(f(x)), n(f(y))}
= maz{f~ () (@), (1) ()}
)

Thus f~1(p)(z Vy) = maz{f~*(u)(z), f~1(1)(y)}. This shows that f~1(u) is an
N-fuzzy ideal of X. O

Definition 11. Let f : X — Y be a mapping where Y is a non-empty set. Let p
be a fuzzy set of X. Then N-image of p under f is a fuzzy set f(u) of Y defined

by f(p)(y) = inf{u(x)|x € X and f(z) =y} for ally €Y.

Theorem 9. Let f : X — Y be an onto lattice homomorphism where Y 1is a
bounded lattice. Let u be N -fuzzy ideal of X. Then f(u) is an N -fuzzy ideal of Y.

Proof. Let u be an N-fuzzy ideal of X and a,b € Y. As f is onto, there exist

p,q € X such that f(p) =a and f(q) =b. AlsoaAb= f(p) A f(¢) = f(p A q) and
F)(anb) = influ(=)]z € X and f(z) = anb}

inf{ulp N q)|f(p) = aand f(q) = b}

inf{maz{u(p), n(0)}|f(p) = a andf q) = b}

maz{inf{u(p)/f(p) = a},inf{u(q)|f(a) = b}}

= maz{f(p)(a), f(n)(b)}

Thus f(u)(andb) < maz{f(u)(a), f(1)(b)}. Similarly we can prove that f(u)(aVb) <
mazx{f(p)(a), f(i)(0)}. Hence f(u) is an N -fuzzy sublattice of Y.
Again let z,y € Y. As f is onto, there exist r,s € X such that f(r) = z and

f(s)=y. AlsoxVy=f(r)V f(s) = f(rVvs) and
F@vy) = infiu(z)lz € X and £(z) = 2V y}
= inf{u(rVs)|f(r) =z and f(s) =y}
= inf{maz{u(r), u(s)}|f(r) = = and f(y) = s}
= maz{inf{u(r)|f(r) =z} inf{u(s)|f(s) = y}
= maz{f(p) (), f(1)(y)}

Thus f(p)(z Vy) = maz{f(p)(z), f(1)(y)}. This shows that f(u) is an N-fuzzy
ideal of Y. O

I IAIA

}

Theorem 10. Every N -fuzzy ideal of X is order preserving.

Proof. Let p be an N-fuzzy ideal of X. Let z,y € X such that x < y. Then
w(y) = p(z Vy) = maz{p(z), n(y)}. Thus p(z) < p(y). O
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Definition 12. Let A and p be fuzzy sets of X. The N Cartesian product X\ X ji :
X x X —[0,1] is defined by A x p(z,y) = max{A(z), u(y)} for all x,y € X.

Theorem 11. If X\ and p are N-fuzzy ideals of X, then A x p is N-fuzzy ideal of
X x X.

Proof. Let (z1,y1) and (x2,y2) € X x X. Then

AX p((z1,91) A (22,92)) = A X p(z1 Axz, y1 Aye)}

maz{A(z1 A z2), p(y1,y2)}

maz{maz{\(x1), Mz2)}, {maz{p(y), p(y2)}}
maz{maz{\(z1), u(y1)}, {maz{(z2), u(y2)}
maz{\ X p(x1,y1), A X p(w2,y2)}

A

Axp((zr,y1) V(z2,92)) = Ax p(@1 Vg, y1 Vi)l

mazx{A(z1 V z2), p(y1 V y2)
maz{maz{\(z1), Mz2)}, maz{u(y1), pu(y2)} }
maz{maz{\(@1), p(y1)}, maz{\(z2), p(y2)}
maz{\ X p(w1,y1), A X p(w2,y2)}

Thus A x u is an N-fuzzy sublattice of X x X. Also,

Al

Axp((zr,y1) V(22,92)) = Ax (@1 Va, y1 V)
= maz{A(z1V 22), p(y1 V y2)
= maz{maz{\(z1), Mw2)}, maz{p(y:), p(y2)} }
= maz{maz{\(z1), p(y1)}, maz{A(w2), uly2)}}
= maz{\ X p(x1,y1), A X p(ze,y2)}
Hence A x p is an N -fuzzy ideal of X x X. O

Definition 13. Let p be an N -fuzzy ideal of X. Then p is called an N -fuzzy prime
ideal of X if u(x Ay) > min{u(x), u(y)} for all x,y € X.

Example 4. Consider the lattice X = {0,«, 3,1} given by in the Figure 1. Let
define a fuzzy set p of X by p(0) = 0.2, p(a) = 0.2, u(B) = 0.3 and u(l) = 0.3.
Then p is an N -fuzzy prime ideal of X.

Every N-fuzzy ideal of X need not be N-fuzzy prime ideal of X.

Example 5. Consider the lattice X = {0,«, 3,1} given by in the Figure 1. Let
define a fuzzy set u of X by p(0) = 0.1, p(a) = 0.2, pu(B) = 0.3 and p(1) = 0.3.
Then u is an N -fuzzy ideal of X, but p is not an N -fuzzy prime ideal of X as
(e A B) = p(0) 2 man{p(e), u(B8)}-
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Theorem 12. Let P be a non-empty subset of X and r,t € [0,1] such that r < t.
Let p, be a fuzzy subset of X such that

(z) = T ifreP
P =N ifegp

for allx € X. Then P is a prime ideal of X if and only if u, is an N -fuzzy prime
ideal of X.

Proof. Let P be a prime ideal of X and z,y € X. [f v Ay € P, then p, = (zAy) =
r < mazx{p,(x), p1,(y)} Hx Ay & P, then z ¢ P and y ¢ P. Then p,(z Ay) =
t, p,(z) =t and p,(y) = t. Hence p, (v Ay) < maz{p,(z), p,(y)}. Therefore we
have p,(z A y) < max{p,(x),p,(y)}. Similarly we can prove that pu,(z Vy) <
max{p, (), u,(y)}. This shows that ju, is an N-fuzzy sublattice of X.

Now let 7,y € X. If v Vy € P, then # € P and y € P. Therefore p,(z A y) =
T, py(x) =7 and p,(y) = r. Hence p,(x V y) = mazx{u,(z), u,(y)} fzVy ¢ P,
then x ¢ P or y ¢ P. Therefore pu,(x Ay) = t, p,(x) =t or p,(y) = t. Hence
tp(x V y) = max{p,(x), p,(y)}. This shows that p,, is an N-fuzzy ideal of X.

Again let z,y € X. If t Ay € P, then « € P or y € P (since P is a prime
ideal of X). Therefore p,(x Ay) = r, p,(z) = r or pu,(y) = r. Hence p,(zVy) >
min{p,(x), p,(y)}. f 2 Ay ¢ P, then x ¢ P and y ¢ P (since P is an ideal
of X). Therefore p,(z Ay) =t, p,(z) =t and p,(y) = t. Hence p,(z Ay) >
mian{ i, (z), p,(y)}. This shows that p, is N-fuzzy prime ideal of X.

Conversely, let y,, be N-fuzzy prime ideal of X and z,y € P. As My 18 N-fuzzy
sublattice of X, p,(z Ay) < maz{p,(z),p1,(y)} = r. Hence z Ay € P. Similarly
we can prove that = vV y € P. This shows that P is a sublattice of X. Now let
a € P,z € X such that x Aa = . Thus ¢ Va = (£ Aa)Va = a. Therefore
T = pyla) = py(xVa) = mar{p,(r),p,(a)}. Hence p,(r) =r and so x € P. This
shows that P is an ideal of X.

Again let x Ay € P. Then p,(z Ay) = r. As p, is N-fuzzy prime ideal of
X, py(zAy) > min{p,(z), p,(y)}. Therefore u,(z) = r or p,(y) = r. Hence z € P
or y € P. This shows that P is a prime ideal of X. O

4. CONCLUSION

In this paper we defined the notions of N-fuzzy sublattice, N-fuzzy ideal and
N-fuzzy prime ideal of a bounded lattice. We showed that the complement of N-
fuzzy sublattice of a bounded lattice is a fuzzy sublattice. We also showed that
the union a family of N-fuzzy ideals of a bounded lattice is also N-fuzzy ideal of
a bounded lattice. We stated how the homomorphic A -images and inverse images
of N-fuzzy ideals of a bounded lattice become N -fuzzy ideal of a bounded lattice.
We also investigated how the A-Cartesian product of N-fuzzy ideals of a bounded
lattice becomes N-fuzzy ideal of a bounded lattice. Our future work will focus on
studying the intuitionistic AV/-fuzzy ideals of a bounded lattice.
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