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ON THE GENERALIZED OF HARMONIC AND BI-HARMONIC
MAPS

M. DJAA, A. M. CHERIF, K. ZEGGA AND S. OUAKKAS

(Communicated by Grozio STANILOV )

ABSTRACT. In this note, we extend the definition of harmonic and biharmonic
maps between two Riemannian manifolds, and we present some properties for
f-harmonic maps and f-biharmonic maps.

1. F-HARMONIC MAPS

Definition 1.1. Consider a smooth map ¢ : (M™,g) — (N™, h) between Rie-
mannian manifolds and f : (z,y) € M x N — f(z,y) € (0,400) be a smooth
positive function. The f-energy functional of ¢ is defined by

(L.1) Bi(e) =3 | fs@)ldeto,

(or over any compact subset K C M).

A map is called f-harmonic if it is a critical point of the f-energy functional over
any compact subset of M.

Remark 1.1. :

- Definition 1.1, is a natural generalization of harmonic map ([2], [6], [7]) and f-
harmonic map ([5], [10]).

- Definition 1.1, is also a generalization of p-harmonic map ([3]) and F-harmonic
map [1]), when ¢ has no critical points.

1.1. The first variation of the f-energy. Let ¢ : (M™,g) — (N™,h) be a
smooth map, we denote by :

T(p) = traceyVdp

the tension field of ¢, and e(yp) = %|dy|* the energy density of ¢ (for more detail,
see [2], [4], [6] and [7]).
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Theorem 1.1. Let I = (—¢,¢) C R and {pt}ier be a smooth variation of ¢. Then

(1.2) %Ef(%t)‘tzo T /M h(7s (), v)vg s
where
(1.3) 71(p) = for(9) + do(grad™ f,) — e(p)(grad™ f) o ¢,

fo is the smooth function x € M™ — f,(x) = f(z, p(x)) € (0,400),

and v = aa“‘;*' denotes the variation vector field of {¢t}ier.

Proof:

Let ¢ : I x M — N be a smooth map satisfying for all t € I and all x € M
o(t, ) = pe(z),

and
¢(0,z) = p(z).
The variation vector field v € I'(¢ 1T N) associated to the variation {¢;}ier is

given for all x € M, by
0

v(r) = d(o,x)¢(§)7
We have
d 1 0
GE@lns =5 [ S @) | v
1 0
(1.4 -3 | {GH@wt)|  ldob

0
I o) gldsol| oy

First, note that:

Slee@)|, = it
= d(z,p(2))f(0,0(2))
where f, is the smooth function y € N — f.(y) = f(z,y) € (0,400) . Hence
25 @] | el = dun fo0@)e(e)
= h((gradew)go(mﬁU('r))e(@)z
(1‘5) = h(e(@)r(grade:r)ap(zﬁU(m))'
Other hand:

Let {e;}7, be an orthonormal frame with respect to g on M, such that ngej =
0,at z € M for all i,j = 1,...,m. from equality

depi(es) = d(t,x)¢(07 €i),
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Summing over the index ¢, we obtain

10 ) 10
sailbel ], = gaphldeeled dupuled)
10

- §ah(d¢(0,ei),d¢(ovei))‘<o,x>

= h(v‘;d¢(07ei)7d¢(0,ei))((

9
_ h(vf&ei)dqs(a),d¢(0,ei))‘

(0,2)

0,z)

(0,z)

= (0. e (A9 5),d0(0, 1)

(0,z)
0
h(d(5)). Vg oydo(0.e))| |

= ei(h(v,dp(ei)))e — h(v, 7(¢))a -

Let X be a vector field with compact support on M, such that for any vector field
Y on M, we have

g(X7 Y) = h(v,dgp(Y)) )

then 5

1 2 .

s ilteel’| = [@X)e = b, 7).
So :
1

o gl P| = [fedivX = o, fur(o))]
(1.6) = [div(1oX) = hv,dg(grad® £,)) = h(v, fo(¢))

Substituting (1.5)and (1.6) in (1.4), and consider the divergence theorem (see [2]
we obtain

x

GEe0| = [ n(el)alarad™ o) - dotarad™ 1),

(@, p(@)7(2)e, v(a) ) vy,
Definition 1.2. The field 7/(¢) defined by :
(1.7) m(p) = [for(p) +dp(grad" f,) — e(p)(grad™ f) o

= traceyV fodp — 6(90)(97"ade) o p.

is called the f-tension field of ¢.
From Theorem 1.1, we deduce

Theorem 1.2. Let ¢ : (M™,g9) — (N™,h) be a smooth map,. Then ¢ is f-
harmonic, if and only if

71(9) = fo() + do(grad™ f,) — e(p)(grad™ f) o o =0

Particular Cases
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(1) If f =1, then 7¢(¢) = 7(¢), is the natural tension field of ¢ (see [2], [6],
7).

(2) Let f1 : M — (0,400), be a smooth positif function. If f(z,y) = fi(x) for
all (z,y) € M x N, then 7¢(p) = 71, (¢), and ¢ is f-harmonic map, if and
only if, ¢ is fi-harmonic map (see [5], [10]).

(3) Let fo : N — (0,400), be a smooth positif function. If f(z,y) = f2(y)
for all (z,y) € M x N, then 7¢(¢) = f2 0 p.7(p), where T(p) denote the
tension field of ¢ between the Riemannian manifolds (M™, g) and (N™, k)
equipped with the conform metric h= fa.h.

So ¢ : (M™,g) = (N, h) is f-harmonic map if and only if ¢ : (M™,g) —
(N™, k) is harmonic map.

(4) Let f1 : M — (0,400) and fo : N — (0,400) be smooth positif functions.

If f(z,y) = fi(z)f2(y) for all (z,y) € M x N, then

71(p) = f2 0 o{ f1.7(p) + dp(grad™ 1)}

(5) If ¢ : (M™,g) — (N™,h) has no critical points (i.e. |dzp| # 0, then
harmonic maps, p-harmonic maps and exponential harmonic maps are f-
2
harmonic map with f =1, f = |d¢|P~2 and f = exp( |d‘2'°| ) respectively.
(6) If o : (M™,g) — (N™, h) has no critical points, then any F-harmonic map
|del® )
).

is f-harmonic map with f = F’(

Example 1.1. Let M = (R*,dz?), N = (R,dy?), ¢ : M — N be a smooth
function, and let f : M x N — R, be a C? function. From Definition 1.2
(formula (1.7)), we have

d

of of 7‘
dy lo(x)

7). = [fee@)e @) + G e (@) + 3¢ (@ 5 (o pla)]

If f(z,y) = e*¥, by (1.8), ¢ is harmonic if and only if

(1) ¢ (@) + pl@) () + 376/ (2)? =0,

A local solution of the equation (1.8) is p(z) = 2.
Example 1.2. Let ¢ = Id: x € R" — ¢(x) = 2 € R”, then we have 7(¢) = 0,

e(¢) = 5 and from formula (1.7), we obtain :

of (2—-n)of, 0
ozt + 2 6yi}8xi

1.2. The second variation of the f-energy.

Tr() ={

Theorem 1.3. Let ¢ : (M™,g) — (N™,h) be an f-harmonic map between Rie-
mannian manifolds, and ¢ s : M — N (—e < t,s < €) be a two-parameter
variation with compact support, such that @g o = ¢. Set

= Lmﬁ and w = Lmﬁ
Ot lt,s=0 s lt,s=0
Under the notation above we have the following:
82
7E s = h ’ 9
s Erenal| = [ has) 0,
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where
Jo p(v) =— fq,tracegRN(v, dp)dy — trace,V? f, Vv
(1.9) +e(9)(Vy grad™ f) o o — dip(grad™v(f))
—v(f)T(p)+ < VPu,dp > (grad™ f) o ¢,

m

trace,V? f, Vv = Z (Vfifgovfiv - f%avé%eiv)'

i=1

for any orthonormal frame (e;); on (M,g). Here (, ) denote the inner product on
T*M ® @ TN and R" is the curvature tensor on (N, h).

Definition 1.3. J, s is called the f-Jacobi operator corresponding to ¢.

Proof of Theorem 1.3 :

Let ¢ : (—e,e) X (—g,6) x M — N is a map defined by

¢(t7 S,l’) = @t,s(m) )

where (—¢,¢) x (—¢,¢) x M is equipped with the product metric. If we extend the
vector fields % on (—e,¢) and % on (—e,¢), then

Let {e;}™, be an orthonormal frame with respect to g on M, such that Vé\fej =0,
at fixed point z € M for all 4,5 = 1, ..., m. We compute

0? 1 0?
s e =5 [ g [ pueoDhldenaled, dove(e)] o

here summing over the index i. We have

1 02

5 OtOs f(JU, ‘Pt,s(ﬂf))h(d%,s(ei), d@t,s (ez))} =
L (. pun(a)) hldpns(er) o)
(1.10) + %f(a:, ¢tvs(x)).h(v¢%dcpt7s(ei), der.s(e))

0
+ 55/ @ @t,s(x))'h(v%th,s(ei)y der,s(ei))
+ £ (@, 00,0(2))- DV Vs diprs(e:), dpr s e))
+ £ (@ 0,(2))-h(V diya(ei), Vs depra(e:)-

Now we calculate each term of right part in the above equation (1.10):
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1.
0? 0 0
%f(x, Wt,s(x)) = & [d(z,cptﬁ(m))f(oa d(t,s,z)¢(&))]
0 0
= &{dtpt,s(w)fw(d(t,s,z)(b(a))}
= 2 [h(grad® fu. i)
s g s U(t,s,x) ot
0
= (V% grad fo 06, di.s0)0(5))
0
+higrad® fr 0 6, V% sz 8(50)),
then

1o

0
WY grad [, v)e() + h((grad f2) o, V5 do(50)|  Jelo).

t=s=0

f(@, 1,5 () hdpr s (ed), dpr s (ei)

0
i@ (@) BV dpraer). dions(en)|

t=s=0

= h(grad® f., 0)h(V% doler), doe:))|

- U(fz)h(vfidqﬁ(%), d(b(ei))‘tzszo

= olfa) [es(hlw, dgp(e:))) — h(w, 7())]

If X is the compactly supported vector field on M such for any vector field Y on
M:

9(X,Y) = h(w,dp(Y)),

then

D (0, un () (T, dipya(er) dipra(e)

t=s=0
= v(fe)divX — h(w,v(f)7(¢))
(1.12) = div(v(fz)X) — h(w, dp(grad* v(fz))) — h(w, v(fz)7(0))

3.

0
o (2, 00,5(2)).h(V dpys(ei), dpr.s(ei))
0s ot t=5=0
= h(grad™ f,,w). < V¥v,dp >
(1.13) = h(< V?0,dp > grad® f,,w).
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F (@ 01,0(2))- BV V% dis(e:), dipr s e1))

t=5=0

= Jl ) h(V V2 dys(0), doler)

= (RN (), dple)do 0), dp(e:)

(V8T doa(5), dp(er)
= —foh(RN (v, dp(e:))dp(e:), w)
oV g a5, dip(er))
(1.14) bV dpua(2),7(2))
let X5 be a compactly supported vector field on M such that
9(Xa, V) = BV, dpra( ), d (Y i=amo,
for any vector field Y on M, then the formula (1.14) becomes
f(x7Sot,s(x))'h(v(%v(%d@t,s(ei)ad@t,s(ei» a0
= —foh(trace,R™ (v, dp)dp, w)
HfadivXs = FR(VY dors(2), 7(4))
= —foh(trace, RN (v, dp)dp, w) + div(f,Xz)

)
_ @ v M
WV dono(50)| _delgrad 1,))
)
_ o 9
(1.15) Feh (Vi deus(5p)| 7).
5.
£ 1 (@) AT dprale:), VY dipraen))|
) )
= f@h(vidwtﬁ(EL Vfidcpt’s(&))
(1.16) = fs [ei(h(v;v,w)) — h(V? VEv,w)l.

Let X3 be a compactly supported vector field on M such that
9(X3,Y) = h(Viv,w),
for any vector field Y on M, then the formula (1.16) becomes
F @, 01(2)-R(T% dprs (), Vy drses))]|
= f, [ding — h(trace,(V?)*v, w)
= div(f,X3) — h(V;adevv, w)

—h(fstrace,(V¥)*v,w)
(1.17) = div(f,X3) — h(trace,V? f,V¥v, w).

t=5=0
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Substituting the formulas (1.11), (1.12), (1.13), (1.15) and (1.17) in (1.10), and
integrate it, the Theorem 1.3 follows.

2. f-BIHARMONIC MAPS

A natural generalization of f-harmonic maps is given by integrating the square
of the norm of the f-tension field. More precisely, the f-bi-energy functional of a
smooth map ¢ : (M™,g) — (N™, h) is defined by

Basle) =5 [ (o),

A map ¢ is called f-biharmonic if it is a critical point of the f-energy functional.

2.1. First variation of the f-bi-energy.
Theorem 2.1. Let p: (M™,g) — (N™, h) be a smooth map and let {1} (—€ <
t < ¢), be a smooth variation of ¢. Then

d
GEs(e] _ == [ hras(elor,.

dt

where v = 68‘? . denotes the variation vector field of {¢¢}+,

To,f(p) = —fwtracegRN (£ (), dp)dp — tracegV? f,N 91 (p)
+e(p) (VN (pygrad™ ) o o — dp(grad™ s () (f))
—1 (@) (N)T(p)+ < VO7s(0),dp > (grad™ f) o p.

and
m

trace,V? [,9°71(¢) = Y (VELVETH(9) = o V0., 71()).

i=1
for any orthonormal frame (e;); on (M, g)

Definition 2.1. 7 () is called the f-bi-tension field of ¢.
Proof of Theorem 2.1 :

Let ¢ : (—e,e) x M — N be defined by ¢(t,x2) = p¢(x), where (—¢,e) x M

is equipped with the product metric. We extend the vector fields 2 naturally on

ot
(—e,e) x M, then

(2.) GE2s(o0 = [ WTYry(e0. 000,

choose a local orthonormal frame {e;}1<;<m, such that V.,e; = 0 for all 4,j =
1,...,m at a fixed point z € M, then by (1.7) we have

V% 7i(00) = V% VE foudpi(e)) = V% i) (grad™ ) o o1,
First, from formula of curvature tensor, we obtain
0
Vo ViTodpiles) = RN (do(5)), ddlen) fo,dpr(es)
(2.2) +VE VY foudir(er).
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We have
WVEYS fodorle) Ti(e)) = e(h(V foudpr(en, mr(¢1))
~h(V% foudin(e:), Vi (00)))
= a(h(VY fodpi(en) 71(20)))
Wee hapu(en, v2ms(00))
Lo h(Vs dpi(ed), VE, 75 (00))).

let X be the compactly supported vector field on M such that

90X, Y) = h((V%, foud) (V) 7i(e0))| . WY €T(TM),

t=0

then
h(Vfivifwdwt(ei),Tf(%))‘ = divX — h(grad™ f,v). < dp, V91 (p) >
ot

t=0
*fsoh(v(%d‘ﬂt(ei)vvfﬂ—f(‘ﬂt))) o
= divX — h(grad™ f,v). < dp,V¥¢7s(p) >
~ e |eh(v, VET;(9)) — h(v, VEVE T (9))].
= divX — h(gradem). <dp, Ve1(p) >
—fo [ding — h(v, traceg(V“’)%f(cp))}
= divX — h(grad™ f,v). < dp,V¥¢7s(p) >
—div(f,X2) + h(v, vgradewa(sp))
(2.3) +h(v, fotrace,(V?)*1s(p)).
where X5 is the compactly supported vector field on M such that
9(X2,Y) = h(v,Vi7(9)), VY €T(TM),
By the formulas (2.2) and (2.3), we have

W% Ve fodpile). 7)) = hlftrace, R (74(p), dg)dgp, v)
+divX — h(< dp, Ve1i(p) > .grad® f,v)
—div(f,X2) + h(v, V;mdewa(go))
+h(v, fetraceg(V¥)?74(¢))
= h(fotracegRY (14(¢), dip)dip, v)
+divX — h(< dp,V?1i(p) > .grad® f,v)
(2.4) —div(f,X2) + h(tracegV? f, V91 (p),v).
On the other hand, we have

Oe(pt)

ot (grad™ f) o ¢ + e(pr) V% (grad™ f) o ¢,

9
ot

(25) V% e(p)(grad™ f)o¢ =
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since

Je(pr)
ot li=0

= (VY db(er), db(er))

9]
= W(VEdo(g) doe))|
= ei(h(v,dp(e;))) — h(v, 7(©)).
(2.6) = divXs — h(v,7(p))
where X3 is the compactly supported vector field on M such that
9(X3,Y) = h(v,dp(Y)), VY e I(TM).
By the formulas (2.5) and (2.6), we obtain

W% e(w)(grad™ f) o 6, 74(00))|
= 75() () divXs = 7 (9)(f) hlv, 7(9))
+e(@h(V grad™ f o d1e(en))|

= div(s(0)(f) X3) = h(v,de(grad™ 74 (0)(f)))
(2.7) —71 (@) (Hh(v, 7(9)) + e(P) (V7 (ygrad™ f,v)

Substituting the formulas (2.4) and (2.7) in (2.1), the Theorem 2.1 follows.
From Theorem 2.1, we deduce

Theorem 2.2. Let ¢ : (M™,g) — (N",h) be a smooth map . Then ¢ is f-
biharmonic if and only if we have:

To.5(p) = —f¢tracegRN (1£ (), dp)dp — tracegV? f N1 (p)
o) (T grad [) 0 g — dp(gradry (o))

=7r(e)(F)T(P)+ < VP7r(p),dp > (grad™ f) o .
=0

Particular Cases

(1) If f =1, then 7 f(¢) = 7(p), is the natural bi-tension field of ¢ (see [11],
12]).

(2) £et])f1 : M — (0,+00), be a smooth positif function. If f(z,y) = f1(z) for
all (z,y) € M x N, then 72 s(¢) = 72 1, (¢), and ¢ is f-bi-harmonic map, if
and only if, ¢ is fi-biharmonic map (see [10]).

(3) Let fo : N — (0,400), be a smooth positif function. If f(z,y) = f2(y)
for all (z,y) € M x N, then ¢ : (M™,g) — (N™, h) is f-bi-harmonic map
if and only if ¢ : (M™,g) — (N™, k) is bi-harmonic map, where (N, h)
equipped with the conform metric h = fo.h (see [11]).

REFERENCES

[1] Ara, M., Geometry of F-Harmonic maps; Kodai Math. J. 22, 243-263, (1999).

[2] Baird, P. and Wood, J.C., Harmonic morphisms between Riemannain manifolds. Clarendon
Press Oxford 2003.

[3] Baird, P and Gudmundson, S., p-harmoinc maps and minimal submanifolds, Math. Ann. 294
(1992), 611-624.



100 M. DJAA, A. M. CHERIF, K. ZEGGA AND S. OUAKKAS

[4] Baird, P., Fardoun, A. and S. Ouakkas, Conformal and semi-conformal biharmonic maps,
Annals of global analysis and geometry, 34 (2008),403-414.

[5] Course, .N, f-harmonic maps which map the boundary of the domain to one point in the target;
New York Journal of Mathematics. 13, (2007), 423-435.

[6] Eells, J. and Sampson, J. H., Harmonic mappings of Riemannian manifolds, Amer. J. Maths,
86(1964).

[7] Eells, J. and Lemaire, L., Another report on harmonic maps, Bull. London Math. Soc. 20
(1988), 385-524.

[8] Jiang, G.Y.: Harmonic maps and their first and second variational formulas. Chinese Ann.
Math. Ser. A. 7, 389-402 (1986).

[9] Loubeau, E. and Ou, Y.L., The caracterization of biharmonic morphisms; Differential geometry
and its applications (Opava 2001) Math. Publ. 3(2001), 31-41.

[10] Ouakkas, S., Nasri, R. and Djaa, M., On the f-harmonic and f-biharmonic maps, JP Journal
of Geometry and Topology, Volume 10, Number 1, 2010, Pages 11-27 Mars 2010.

[11] Ouakkas, S., Biharmonic maps, conformal deformations and the Hopf maps, Differential
Geometry and its Applications,26 (2008), 495-502.

[12] Oniciuc, C., Biharmonic maps between Riemannian manifolds, An.Stinj. Univ ALIL Cusa Iasi
Mat. 48, (2002), 237-248.

M. DJAA, DEPARTMENT OF MATHEMATICS UNIVERSITY OF RELIZANE, BORMADIA 48000, AL-
GERIA
E-mail address: Lgaca_Saida2009@hotmail.com

A .M. CHERIF, GEOMETRY ANALYSIS CONTROLE AND APPLICATIONS LABORATORY, BP 138,
UNIVERSITY OF SAIDA, BP 138, ALGERIA
E-mail address: med_cherif_ahmed@yahoo.fr

KADDOUR ZEGGA, GEOMETRY ANALYSIS CONTROLE AND APPLICATIONS LABORATORY, UNIVER~
SITY OF SAIDA, BP 138, ALGERIA
E-mail address: zegga.kaddour@yahoo.fr

S. OUAKKAS, GEOMETRY ANALYSIS CONTROLE AND APPLICATIONS LABORATORY, UNIVERSITY
OF SAIDA, BP 138, ALGERIA
E-mail address: souakkas@yahoo.fr



