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Abstract. In this paper, we define generic lightlike submanifolds M of an

indefinite Sasakian manifold M̄ . We provide several new results on a class of
generic lightlike submanifolds of M̄ subject to the conditions: (1) M is totally
umbilical, or (2) its screen distribution S(TM) is totally umbilical in M .

1. Introduction

In the classical theory of spacetime, the Riemannian curvature tensor will affect
the rate of change of separation of null and timelike curves (see Section 4.1 and 4.2
in [7]). Null curves can represent the histories of photons, the effect of the Riemann-
ian curvature tensor will be to distort or focus small bundles of light rays. While
the rest spaces of timelike curves are spacelike subspaces of the tangent spaces,
the rest spaces of null curves are lightlike subspaces of the tangent spaces [13]. To
investigate this, Hawking and Ellis introduced the notion of so-called screen spaces
in section 4.2 of their book [7]. Since for any semi-Riemannian manifold there is
a natural existence of lightlike subspaces, in a 1996 book [3] Duggal-Bejancu pub-
lished their work on the general theory of degenerate (lightlike) submanifolds to fill
a gap in the study of submanifolds. Since then there has been very active study on
lightlike geometry of submanifolds (see up-to date results in two books [4, 5]). The
geometry of lightlike submanifolds is used in mathematical physics, in particular,
in general relativity since lightlike submanifolds can be models of different types of
horizons (event horizons, Cauchy’s horizons, Kruskal’s horizons). Although now we
have lightlike version of a large variety of Riemannian submanifolds, unfortunately,
a general notion of generic lightlike submanifolds (see definition 3.1) has not been
introduced as yet. Only there are some limited papers on particular subcases re-
cently studied by Jin [8, 9, 10].

Motivated by the rich existing Riemannian geometry (see two 1980 papers of
Yano-Kon [14, 15]) of generic submanifolds, the objective of this paper is to study
generic lightlike submanifolds M of an indefinite Sasakian manifold M̄ subject to
the conditions: (1) M is totally umbilical, or (2) its screen distribution S(TM) is
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totally umbilical in M . In section 2, we recall some of fundamental formulas in the
theory of r-lightlike submanifolds. In section 3, we define generic lightlike subman-
ifolds. Using this definition, we prove some theorems on totally umbilical generic
r-lightlike submanifolds of M̄ . In section 4, we study generic r-lightlike submani-
folds of M̄ such that S(TM) is totally umbilical in M . In section 5, we investigate
generic r-lightlike submanifolds of an indefinite Sasakian space form M̄(c) satisfy
the conditions (1) or (2).

2. Lightlike submanifolds

An odd dimensional semi-Riemannian manifold M̄ is called an indefinite Sasakian
manifold [2] if there exists a contact metric structure (J, θ, ζ, ḡ), where J is a (1, 1)-
type tensor field, θ is a 1-form, ζ is a vector field, called the characteristic vector
field of M̄ , and ḡ is a semi-Riemannian metric of index µ(> 0) satisfying

J2X = −X + θ(X)ζ, Jζ = 0, θ ◦ J = 0, θ(ζ) = 1,

ḡ(ζ, ζ) = ϵ, ḡ(JX, JY ) = ḡ(X,Y )− ϵ θ(X)θ(Y ),(2.1)

θ(X) = ϵḡ(ζ,X), dθ(X,Y ) = ḡ(JX, Y ), ϵ = ±1,

∇̄Xζ = JX,(2.2)

(∇̄XJ)Y = ϵ θ(Y )X − ḡ(X,Y )ζ,(2.3)

for any vector fields X and Y of M̄ , where ∇̄ is the Levi-Civita connection on M̄ .
Without any loss of generality, in this paper we assume that ϵ = 1, that is, the
characteristic vector field ζ of M̄ is spacelike.

Let (M, g) be an m-dimensional lightlike submanifold of an (m+n)-dimensional
indefinite Sasakian manifold (M̄, ḡ). Then the radical distribution Rad(TM) =
TM∩TM⊥ is a vector subbundle of the tangent bundle TM and the normal bundle
TM⊥, of rank r (1 ≤ r ≤ min{m, n}). In general, there exist two complementary
non-degenerate distributions S(TM) and S(TM⊥) of Rad(TM) in TM and TM⊥

respectively, called the screen and co-screen distributions on M , such that

(2.4) TM = Rad(TM)⊕orth S(TM) , TM⊥ = Rad(TM)⊕orth S(TM⊥),

where ⊕orth denotes the orthogonal direct sum. We denote such a lightlike subman-
ifold by (M, g, S(TM), S(TM⊥)). Denote by F (M) the algebra of smooth functions
on M and by Γ(E) the F (M) module of smooth sections of a vector bundle E over
M . We use the same notation for any other vector bundle. We use the following
range of indices:

i, j, k, ... ∈ {1, ... , r}, α, β, γ, ... ∈ {r + 1, ... , n}.
Let tr(TM) and ltr(TM) be complementary (but not orthogonal) vector bundles
to TM in TM̄|M and TM⊥ in S(TM)⊥ respectively and let {N1, · · · , Nr} be a
lightlike basis of ltr(TM)|U , where U is a coordinate neighborhood of M , such that

ḡ(Ni, ξj) = δij , ḡ(Ni, Nj) = 0,

where {ξ1, · · · , ξr} is a lightlike basis of Rad(TM)|U . Then we have

TM̄ = TM ⊕ tr(TM) = {Rad(TM)⊕ tr(TM)} ⊕orth S(TM)(2.5)

= {Rad(TM)⊕ ltr(TM)} ⊕orth S(TM)⊕orth S(TM⊥).

We say that a lightlike submanifold (M, g, S(TM), S(TM⊥)) of M̄ is
(1) r-lightlike if 1 ≤ r < min{m, n};
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(2) co-isotropic if 1 ≤ r = n < m;
(3) isotropic if 1 ≤ r = m < n;
(4) totally lightlike if 1 ≤ r = m = n.

The above three classes (2)∼(4) are particular cases of the class (1) as follows:
S(TM⊥) = {0}, S(TM) = {0} and S(TM) = S(TM⊥) = {0} respectively. The
geometry of r-lightlike submanifolds is more general than that of the other three
type submanifolds. For this reason, we consider only r-lightlike submanifolds M ≡
(M, g, S(TM), S(TM⊥)), with following local quasi-orthonormal field of frames of
M̄ :

{ξ1, · · · , ξr , N1, · · · , Nr , Fr+1, · · · , Fm , Wr+1, · · · , Wn},
where {Fr+1, · · · , Fm} and {Wr+1, · · · , Wn} are orthonormal bases of S(TM) and
S(TM⊥), respectively. Now we set ϵα = ḡ(Wα,Wα)(= ±1) is the sign of Wα.

Let P be the projection morphism of TM on S(TM) with respect to the first
equation of the decomposition (2.4). For any r-lightlike submanifold, the local
Gauss-Weingartan formulas of M and S(TM) are given respectively by

∇̄XY = ∇XY +
r∑

i=1

hℓ
i(X,Y )Ni +

n∑
α=r+1

hs
α(X,Y )Wα,(2.6)

∇̄XNi = −ANiX +
r∑

j=1

τij(X)Nj +
n∑

α=r+1

ρiα(X)Wα,(2.7)

∇̄XWα = −AWαX +
r∑

i=1

ϕαi(X)Ni +
n∑

β=r+1

σαβ(X)Wβ ,(2.8)

∇XPY = ∇∗
XPY +

r∑
i=1

h∗
i (X,PY )ξi,(2.9)

∇Xξi = −A∗
ξiX −

r∑
j=1

τji(X)ξj ,(2.10)

for any X, Y ∈ Γ(TM), where ∇ and∇∗ are induced linear connections on TM and
S(TM) respectively, the bilinear forms hℓ

i and hs
α are called the local lightlike and

screen second fundamental forms on TM respectively, h∗
i are called the local second

fundamental forms on S(TM). ANi , A
∗
ξi

and AWα are linear operators on TM and

τij , ρiα, ϕαi and σαβ are 1-forms on TM . Since ∇̄ is torsion-free, ∇ is also torsion-
free and both hℓ

i and hs
α are symmetric. From the fact hℓ

i(X,Y ) = ḡ(∇̄XY, ξi), we
know that each hℓ

i are independent of the choice of S(TM). We say that

h(X,Y ) =
r∑

i=1

hℓ
i(X,Y )Ni +

n∑
α=r+1

hs
α(X,Y )Wα

is the second fundamental tensor of M . The induced connection ∇ on TM is not
metric and satisfies

(2.11) (∇Xg)(Y, Z) =
r∑

i=1

{hℓ
i(X,Y ) ηi(Z) + hℓ

i(X,Z) ηi(Y )},

for all X, Y ∈ Γ(TM), where ηis are the 1-forms such that

ηi(X) = ḡ(X,Ni), ∀X ∈ Γ(TM).
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But the connection ∇∗ on S(TM) is metric. The above three local second funda-
mental forms are related to their shape operators by

g(A∗
ξiX,Y ) = hℓ

i(X,Y ) +

r∑
j=1

hℓ
j(X, ξi)ηj(Y ), ḡ(A∗

ξiX,Nj) = 0,(2.12)

g(AWαX,Y ) = ϵαh
s
α(X,Y ) +

r∑
i=1

ϕαi(X)ηi(Y ), ḡ(AWαX,Ni) = ϵαρiα(X),(2.13)

g(ANiX,PY ) = h∗
i (X,PY ), ηj(ANiX) + ηi(ANjX) = 0,(2.14)

where X, Y ∈ Γ(TM). Replacing Y by ξj to (2.12)1, we have

(2.15) hℓ
i(X, ξj) + hℓ

j(X, ξi) = 0, hℓ
i(X, ξi) = 0, hℓ

i(ξj , ξk) = 0,

for all X ∈ Γ(TM). Also, replacing X by ξj to (2.12)1 and using (2.15), we have

(2.16) hℓ
i(X, ξj) = g(X,A∗

ξiξj), A∗
ξiξj +A∗

ξjξi = 0, A∗
ξiξi = 0.

For any r-lightlike submanifold, replacing Y by ξi to (2.13), we have

(2.17) hs
α(X, ξi) = −ϵαϕαi(X), ∀X ∈ Γ(TM).

3. Generic lightlike submanifolds of M̄

In case g is non-degenerate, there exists a class of submanifolds of an almost
complex manifold M̄ . We say that M is a generic (anti-holomorphic) submanifold
of M̄ if the normal bundle TM⊥ of M is mapped into the tangent bundle TM by
action of the structure tensor J of M̄ , i.e., J(TM⊥) ⊂ TM [14, 15]. The purpose
of this section is to extend and study the concept of generic submanifold in case M
is a lightlike submanifold of an almost complex manifold M̄ .

Although S(TM) is not unique, it is canonically isomorphic to the factor vec-
tor bundle S(TM)∗ = TM/Rad(TM) considered by Kupeli [12]. Thus all screen
distributions S(TM) are mutually isomorphic. Moreover, while TM is lightlike,
all S(TM) are non-degenerate. Due to these reasons, we define generic lightlike
submanifolds of an almost complex manifold M̄ as follow:

Definition 3.1. We say that M is generic lightlike submanifold [11] of an almost
complex manifold M̄ if there exists a screen distribution S(TM) of M such that

(3.1) J(S(TM)⊥) ⊂ S(TM).

Example 3.1. Any lightlike hypersurface M of an indefinite Sasakian manifold
M̄ is a generic lightlike submanifold of M̄ [8]. Also, any 1-lightlike submanifold
M of codimension 2 of an indefinite Sasakian manifold M̄ is a generic lightlike
submanifold of M̄ [9, 10].

From the decomposition (2.5) of TM̄ , the vector field ζ is decomposed by

(3.2) ζ = ω +
r∑

i=1

ai ξi +
r∑

i=1

bi Ni +
n∑

α=r+1

eα Wα,

where ω is a smooth vector field of S(TM) and ai = θ(Ni), bi = θ(ξi) and eα =
ϵαθ(Wα) are smooth functions on M̄ .

Theorem 3.1. Let M be a generic r-lightlike submanifold of an indefinite Sasakian
manifold M̄ . Then the characteristic vector field ζ is not normal to M .
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Proof. Assume that the vector field ζ is normal to M . Then (3.2) reduce to

ζ =

r∑
i=1

aiξi +

n∑
α=r+1

eαWα.

Applying ∇̄X to this and using (2.2), (2.6), (2.8), (2.10) and (2.17), we have

JX =
r∑

i=1

(Xai)ξi +
n∑

α=r+1

(Xeα)Wα

+
r∑

i=1

ai{−A∗
ξiX −

r∑
j=1

τji(X)ξj +
r∑

j=1

hℓ
j(X, ξi)Nj −

n∑
α=r+1

ϵαϕαi(X)Wα}

+
n∑

α=r+1

eα{−AWαX +
r∑

j=1

ϕαj(X)Nj +
n∑

β=r+1

σαβ(X)Wβ},

for any X ∈ Γ(TM). Taking the scalar product with ξk and JNk ∈ Γ(TM) in this
equation by turns and using (2.1), (2.15)1 and (3.1), we have respectively

n∑
α=r+1

eαϕαk(X)−
r∑

i=1

aih
ℓ
i(X, ξk) = −g(X, Jξk),

ηk(X) = akθ(X)−
r∑

i=1

aih
ℓ
i(X, JNk)−

n∑
α=r+1

ϵαeαh
s
α(X, JNk).

Replacing X by ξk to the second equation of the above relations and using the first
equation with X = JNk and bk = 0, we have the following impossible result:

1 =
n∑

α=r+1

eαϕαk(JNk)−
r∑

i=1

aih
ℓ
i(ξk, JNk) = −g(Jξk, JNk) = −1.

Thus the characteristic vector field ζ of M̄ is not normal to M . �

Definition 3.2. An r-lightlike submanifoldM of M̄ is said to be totally umbilical [6]
if there is a smooth vector field H ∈ Γ(tr(TM)) such that

h(X,Y ) = H g(X,Y ), ∀X, Y ∈ Γ(TM).

In case H = 0, we say that M is totally geodesic.

It is easy to see [6] that M is totally umbilical if and only if, on each coordinate
neighborhood U , there exist smooth functions Ai and Bα such that

(3.3) hℓ
i(X,Y ) = Ai g(X,Y ), hs

α(X,Y ) = Bα g(X,Y ), ∀X, Y ∈ Γ(TM).

Theorem 3.2. Let M be a totally umbilical generic r-lightlike submanifold of an
indefinite Sasakian manifold M̄ . Then the vector field ζ is not tangent to M .

Proof. Assume that ζ is tangent to M . Using (2.2) and (2.6), we obtain

JX = ∇Xζ +
r∑

j=1

hℓ
j(X, ζ)Nj +

n∑
β=r+1

hs
β(X, ζ)Wβ .

Taking the scalar product with ξi and Wα in this equation by turns, we have

hℓ
i(X, ζ) = −g(X, Jξi), hs

α(X, ζ) = −ϵαg(X, JWα),
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respectively. Since M is totally umbilical, from this equations and (3.3), we obtain

Ai g(X, ζ) = −g(X, Jξi), Bα g(X, ζ) = −ϵαg(X, JWα).

Replacing X by JNi to the first equation of the above relations and X by JWα to
the second equation and using bi = ḡ(ζ, ξi) = 0 for all i and eα = ϵαḡ(ζ,Wα) = 0
for all α, we deduce the following two impossible results :

0 = Ai 0 = Ai g(JNi, ζ) = −g(JNi, Jξi) = −1,

0 = Bα 0 = Bα g(JWα, ζ) = −ϵαg(JWα, JWα) = −1,

respectively. Thus the characteristic vector field ζ is not tangent to M . �

Combining Theorem 3.1 and 3.2, we have the following theorem.

Theorem 3.3. Let M be a totally umbilical generic r-lightlike submanifold of an
indefinite Sasakian manifold M̄ . Then ζ is neither tangent nor normal to M .

Theorem 3.4. Let M be a totally umbilical generic r-lightlike submanifold of
an indefinite Sasakian manifold M̄ . Then M is totally geodesic and there exists
k ∈ {1, . . . , r} such that bk = θ(ξk) = ḡ(ζ, ξk) ̸= 0. Moreover, all the induced
connections of M are metric connections.

Proof. First of all, we prove that there exists k ∈ {1, . . . , r} such that bk = θ(ξk) ̸=
0. Assume that bi = θ(ξi) = 0 for all i. If M is totally umbilical, we obtain

(3.4) hℓ
j(X, ξi) = hs

α(X, ξi) = ϕαi(X) = 0, ∇̄Xξi = ∇Xξi, ∀X ∈ Γ(TM).

Applying ∇̄X to ḡ(ζ, ξi) = 0 and using (2.2), (2.6) and (2.10), we have

g(X, Jξi) + ḡ(A∗
ξiX, ζ) = 0, ∀X ∈ Γ(TM).

As M is totally umbilical, we have A∗
ξi
X = AiPX by (2.12)1. Thus we have

Ai ḡ(X, ζ) + g(X,Jξi) = 0, ∀X ∈ Γ(TM).

Replacing X by JNi in this and using (2.1) and g(Jξi, JNi) = 1, we have

0 = Ai ḡ(ζ, JNi) + g(Jξi, JNi) = 1.

It is a contradiction. Thus we have bk = ḡ(ζ, ξk) ̸= 0 for some k.
Next, applying ∇̄X to ḡ(Jξi,Wα) = 0 for all i and using (2.1), (2.3), (2.8), (2.10),

(2.12), (2.13), (3.1), (3.4)3 and the fact M is totally umbilical, we have

Ai g(X, JWα) = ϵαBα g(X, Jξi), ∀X ∈ Γ(TM) and ∀ i.

Replacing X by Jξk for some k such that bk ̸= 0, X by JNi and X by JWα to this
equation by turns and using the fact bk ̸= 0, we have respectively

Aieα = ϵαBαbi, Aiaieα = ϵαBα(aibi − 1), Ai(e
2
α − 1) = ϵαBαbieα.

Substituting the first equation of the above relations into the second and third
equations by turns, we get Ai = 0 for all i and Bα = 0 for all α. Thus we have

H =
r∑

i=1

AiNi +
n∑

α=r+1

BαWα = 0.

Thus M is totally geodesic. Final statement on the induced metric connections
follows from [3, page 166], which completes the proof. �
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The local Weingarten formula (2.7) of M becomes

∇̄XN = −ANX +∇ℓ
XN +Ds(X,N), ∀X ∈ Γ(TM), N ∈ Γ(ltr(TM)),

where ∇ℓ is a linear connection on ltr(TM). We call ∇ℓ the lightlike transversal
connection of M . In this case, for any Ni ∈ Γ(ltr(TM)) and X ∈ Γ(TM), we have

∇ℓ
XNi =

r∑
j=1

τij(X)Nj , Ds(X,Ni) =
n∑

α=r+1

ρiα(X)Wα.

Definition 3.3. We define the curvature tensor Rℓ of the lightlike transversal
connection ∇ℓ on the lightlike transversal vector bundle ltr(TM) by

(3.5) Rℓ(X,Y )N = ∇ℓ
X∇ℓ

Y N −∇ℓ
Y ∇ℓ

XN −∇ℓ
[X,Y ]N,

for all X, Y ∈ Γ(TM) and N ∈ Γ(ltr(TM)). We say that the lightlike transversal
connection ∇ℓ of M is flat [8] if Rℓ vanishes identically on M .

Proposition 3.1. Let M be a lightlike submanifold of a semi-Riemannian (M̄, ḡ).
Then the lightlike transversal connection ∇ℓ of M is flat if and only if each 1-forms
τij is a solution of the following equations

(3.6) 2dτij(X,Y ) +
r∑

k=1

{τik(Y )τkj(X)− τik(X)τkj(Y )} = 0,

for all X, Y ∈ Γ(TM) and i, j ∈ {1, · · · , r}.

Proof. Applying the operator ∇ℓ
X to ∇ℓ

Y Ni =
∑r

j=1 τij(Y )Nj , we have

∇ℓ
X∇ℓ

Y Ni =
r∑

j=1

{X(τij(Y )) +
r∑

k=1

τik(Y )τkj(X)}Nj .

By straightforward calculations from this equation and (2.5), we have

Rℓ(X,Y )Ni =
r∑

j=1

{2dτij(X,Y ) +
r∑

k=1

[τik(Y )τkj(X)− τik(X)τkj(Y )]}Nj ,

for all X, Y ∈ Γ(TM) and i. From this result we deduce our assertion. �

Definition 3.4. We say that M is locally symmetric [8] if its curvature tensor R
be parallel, i.e., have vanishing covariant differential, ∇R = 0.

Theorem 3.5. Let M be a totally umbilical generic r-lightlike submanifold of an
indefinite Sasakian manifold M̄ with flat lightlike transversal connection. If M is
locally symmetric, then M is a space of constant positive curvature 1.

Proof. Consider locally vector fields Vi on M and its 1-forms vi given by

(3.7) Vi = −Jξi, vi(X) = −g(X,Vi),

for all X ∈ Γ(TM) and i ∈ {1, . . . , r}. As M is totally umbilical, by Theorem 3.4,
we get bk ̸= 0 for some k, hℓ

i = hs
α = 0 and A∗

ξi
= ϕαi = 0 for all i and α. Applying

∇̄X to ḡ(ζ, ξi) = bi for all i and using (2.2), (2.10) and (3.4)3, we obtain

(3.8) Xbi +

r∑
j=1

bjτji(X) = −vi(X), ∀X ∈ Γ(TM).



GENERIC LIGHTLIKE SUBMANIFOLDS OF AN INDEFINITE SASAKIAN MANIFOLD 115

Applying ∇̄X to Vi = −Jξi and using (2.3), (2.6), (2.10), (3.4)3 and (3.7), we get

(3.9) ∇XVi = −biX −
r∑

j=1

τji(X)Vj .

Substituting (3.9) into the right term of the equation

R(X,Y )Vi = ∇X∇Y Vi −∇Y ∇XVi −∇[X,Y ]Vi,

and using (3.6), (3.8) and the fact ∇ is torsion free connection, we have

(3.10) R(X,Y )Vi = vi(X)Y − vi(Y )X.

Applying ∇Y to (3.7)2 and using (3.7) and (3.9), we have

(3.11) (∇Xvi)(Y ) = big(X,Y )−
r∑

j=1

τji(X)vj(Y ).

Applying ∇Z to (3.10) and using (3.10) and the fact ∇ZR = 0, we have

(3.12) R(X,Y )∇ZVi = (∇Zvi)(X)Y − (∇Zvi)(Y )X, ∀ i.

Taking i = k in (3.12) such that bk ̸= 0 and Substituting (3.10) and (3.11) in (3.12)
with i = k and using (3.10), we obtain

R(X,Y )Z = g(Y, Z)X − g(X,Z)Y, ∀X, Y ∈ Γ(TM),

due to bk ̸= 0. Thus M is a space of constant positive curvature 1. �

4. Totally umbilical screen distributions in M

Definition 4.1. A screen distribution S(TM) ofM is said to be totally umbilical [6]
in M if, for each locally second fundamental form h∗

i , there exist smooth functions
Ci on any coordinate neighborhood U in M such that

(4.1) h∗
i (X,PY ) = Ci g(X,Y ), ∀X, Y ∈ Γ(TM).

In case h∗
i = 0 for all i, we say that S(TM) is totally geodesic in M .

Due to (2.14)1 and (4.1), we know that S(TM) is totally umbilical in M if and
only if each shape operators ANi of S(TM) satisfies

(4.2) g(ANiX,PY ) = Ci g(X,PY ), ∀X, Y ∈ Γ(TM),

for some smooth functions Ci on U ⊆ M .

Theorem 4.1. Let M be a generic r-lightlike submanifold of an indefinite Sasakian
manifold M̄ . If S(TM) is totally umbilical in M , then S(TM) is totally geodesic
in M and ai = θ(Ni) = ḡ(ζ,Ni) = 0 for all i ∈ {1, · · · , r}.

Proof. Applying ∇̄X to ḡ(JNk, Nj) = 0 for some k and j such that k ̸= j, and
using (2.3), (2.7), (2.14), (3.1) and the fact S(TM) is totally umbilical, we have

akηj(X) + Ck g(X, JNj) = ajηk(X) + Cj g(X,JNk).

Replacing X by ξj to this and using the facts ηi(ξj) = δij and JNi ∈ Γ(S(TM))
for all i, we have ak = 0. If we take (k, j) = (1, 2), (2, 3), · · · , (r−1, r) and (r, 1)
by turns and using the above method, we have ai = 0 for all i ∈ {1, · · · , r} and

Ck g(X,JNj) = Cj g(X, JNk), ∀X ∈ Γ(TM),



116 K.L. DUGGAL AND D. J. JIN

for some k and j such that k ̸= j. Replacing X by Jξj in this equation and using
the fact ai = 0 for all i, we have Ck = 0. By the above method for (k, j), we have
Ci = 0 for all i ∈ {1, · · · , r}. Thus we have our assertion. �
Definition 4.2. A lightlike submanifold M is said to be irrotational [12] if ∇̄Xξi ∈
Γ(TM) for any X ∈ Γ(TM) and ξi ∈ Γ(Rad(TM)) for all i.

For any r-lightlike submanifold M , the above definition is equivalent to

(4.3) hℓ
j(X, ξi) = 0, hs

α(X, ξi) = ϕαi(X) = 0, ∀X ∈ Γ(TM).

Theorem 4.2. Let M be a generic r-lightlike submanifold of an indefinite Sasakian
manifold M̄ such that S(TM) is totally umbilical in M . Then M is not irrotational.

Proof. Applying ∇̄X to ḡ(Jξi, Nj) = 0 for all i and j, and using (2.3), (2.6), (2.7),
(2.10), (2.12), (2.14), (3.1) and the fact h∗

j = 0 due to Theorem 4.1, we have

(4.4) biηj(X) + hℓ
i(X, JNj) = h∗

j (X, Jξi) = 0, ∀X ∈ Γ(TM).

Assume that M is irrotational. Replacing X by ξj to (4.4) and using (3.3)1, we
have bi = 0 for all i. Thus the equation (4.4) deduce to

(4.5) hℓ
i(X, JNj) = 0, ∀X ∈ Γ(TM).

Applying ∇̄X to ḡ(ζ, ξi) = 0 and using (2.2), (2.6), (2.10), (2.12), (3.2) and (4.3),
we have

(4.6) hℓ
i(X,ω) = −g(X,Jξi), ∀X ∈ Γ(TM).

Replacing X by JNi in this equation and using (4.5) with X = ω, we have

0 = hℓ
i(JNi, ω) = −g(JNi, Jξi) = −1.

It is a contradiction. Thus M is not irrotational. �
Since any totally umbilical r-lightlike submanifold of M̄ is irrotational due to

(3.4), by Theorem 4.2, we have the following result:

Corollary 4.1. There exist no totally umbilical generic r-lightlike submanifolds M
of an indefinite Sasakian manifold M̄ such that S(TM) is totally umbilical in M .

Theorem 4.3. Let M be a generic r-lightlike submanifold of an indefinite Sasakian
manifold M̄ such that S(TM) is totally umbilical in M and each shape operator
A∗

ξi
is self-adjoint. Then M is locally a product manifold Mr ×Ms where Mr and

Ms are leaves of Rad(TM) and S(TM) respectively and r + s = m.

Proof. Using (2.12) and the fact that hℓ
i are symmetric, we have

g(A∗
ξiX,Y )− g(X,A∗

ξiY ) =
r∑

k=1

{hℓ
k(X, ξi)ηk(Y )− hℓ

k(Y, ξi)ηk(X)}.

From this, (2.15) and (2.16), we show that A∗
ξi

are self-adjoint on Γ(TM) with

respect to g if and only if hℓ
i(X, ξj) = 0 for all X ∈ Γ(TM), i and j if and only if

A∗
ξi
ξj = 0 for all i, j. It follows from (2.10) that the radical distribution Rad(TM)

of a lightlike submanifold M with the self-adjoint shape operators A∗
ξi

is an auto-
parallel distribution.

As S(TM) is totally geodesic in M by Theorem 4.1, we show that S(TM) is also
an auto-parallel distribution on M due to (2.9). Using the decomposition (2.4) and
the decomposition theorem of De Rham [1], we have M = Mr ×Ms, where Mr and
Ms are the leaves of Rad(TM) and S(TM) respectively. �
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5. Generic lightlike submanifolds of M̄(c)

An indefinite Sasakian manifold M̄ is called an indefinite Sasakian space form,
denoted by M̄(c), if it has the constant J-sectional curvature c [8]. The curvature
tensor R̄ of the indefinite Sasakian space form M̄(c) is given by

4R̄(X,Y )Z = (c+ 3){ḡ(Y,Z)X − ḡ(X,Z)Y }(5.1)

+(c− 1){θ(X)θ(Z)Y − θ(Y )θ(Z)X + ḡ(X,Z)θ(Y )ζ

−ḡ(Y,Z)θ(X)ζ + ḡ(JY, Z)JX + ḡ(JZ,X)JY − 2ḡ(JX, Y )JZ},
for any vector fields X, Y and Z in M̄ .

Theorem 5.1. Let M be a totally umbilical generic r-lightlike submanifold of an
indefinite Sasakian space form M̄(c). Then we have c = 1.

Proof. As M is totally umbilical, M is totally geodesic due to Theorem 3.4. Thus,
using (2.6) we have

(5.2) R̄(X,Y )Z = R(X,Y )Z, ∀X, Y, Z ∈ Γ(TM).

In case bk ̸= 0. Taking the scalar product with ξk to (5.1) and using (5.2), we get

(c− 1){bkg(X,Z)θ(Y )− bkg(Y, Z)θ(X)− ḡ(JY, Z)g(X, Jξk)

− ḡ(JZ,X)g(Y, Jξk) + 2ḡ(JX, Y )g(Z, Jξk)} = 0, ∀X, Y, Z ∈ Γ(TM).

Replacing Z by Jξk and Y by ξk in this equation and using (2.1) and (3.1), we have

4b2k(c− 1)g(X, Jξk) = 0, ∀X ∈ Γ(TM).

Replace X by Jξk in this equation, we obtain b4k(c − 1) = 0. Since bk ̸= 0 and
(c−1) is a constant, we have c = 1. In case bk = 0. Taking the scalar product with
ξk to (5.1) and using (5.2), we obtain

(c− 1){−ḡ(JY, Z)g(X, Jξk)− ḡ(JZ,X)g(Y, Jξk)

+ 2ḡ(JX, Y )g(Z, Jξk)} = 0, ∀X, Y, Z ∈ Γ(TM).

Replace Z by JNk and Y by ξk in this equation and use (2.1), we have

3(c− 1)g(X, Jξk) = 0, ∀X ∈ Γ(TM),

because ηi(JNk) = 0 by (3.1) and g(Jξk, JNk) = 1. Replace X by JNk in this
equation, we get c = 1. �

Corollary 5.1. There exist no totally umbilical generic r-lightlike submanifolds M
of an indefinite Sasakian space form M̄(c) with c ̸= 1.

Theorem 5.2. Let M be a totally umbilical generic r-lightlike submanifold of an
indefinite Sasakian space form M̄(c). Then M is a locally symmetric space of
constant positive curvature 1 and the lightlike transversal connection ∇ℓ is flat.

Proof. Using the Gauss-Weingarten formulas (2.6)∼(2.8) for M , for all X, Y ∈
Γ(TM), we obtain the following Codazzi equation for M :

(5.3) ḡ(R̄(X,Y )Ni, ξj) = 2dτij(X,Y ) +
r∑

k=1

{τik(Y )τkj(X)− τik(X)τkj(Y )}.

On the other hand, from (5.1) and the fact c = 1 by Theorem 5.1, we have

R̄(X,Y )Z = g(Y, Z)X − g(X,Z)Y, ∀X, Y, Z ∈ Γ(TM̄).
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Using this, we show that ḡ(R̄(X,Y )Ni, ξj) = −ḡ(R̄(X,Y )ξj , Ni) = 0. From this
equation and (5.3), we have (3.6). Thus, by Proposition 3.1, the lightlike transversal
connection ∇ℓ of M is flat. From (5.2) and the last equation, we have

(5.4) R(X,Y )Z = g(Y, Z)X − g(X,Z)Y, ∀X, Y, Z ∈ Γ(TM).

Applying ∇U to (5.4) and using Theorem 3.4, we have (∇UR)(X,Y )Z = 0, i.e.,
∇UR = 0 for all U ∈ Γ(TM). Thus M is a locally symmetric space of constant
positive curvature 1. �

Theorem 5.3. Let M be a generic r-lightlike submanifold of an indefinite Sasakian
space form M̄(c) such that S(TM) is totally umbilical in M . Then we have c = −3.

Proof. Using the local Gauss-Weingarten formulas for M , we obtain

ḡ(R̄(X,Y )Z, Ni) = ḡ(R(X,Y )Z, Ni)(5.5)

+
r∑

j=1

{hℓ
j(X,Z)ηi(ANjY )− hℓ

j(Y,Z)ηi(ANjX)},

+
n∑

α=r+1

ϵα{hs
α(X,Z)ρiα(Y )− hs

α(Y,Z)ρiα(X)},

for all X, Y, Z ∈ Γ(TM). By using (2.9) and (2.10), we have

g(R(X,Y )PZ, Ni) = (∇Xh∗
i )(Y, PZ)− (∇Y h

∗
i )(X,PZ)(5.6)

+

r∑
j=1

{h∗
j (X,PZ)τij(Y )− h∗

j (Y, PZ)τij(X)}.

Consider locally lightlike vector fields Ui on M and its 1-forms ui given by

(5.7) Ui = −JNi, ui(X) = −g(X,Ui), ∀X ∈ Γ(TM), i.

Then we have g(Ui, Uj) = 0 and g(Ui, Vj) = δij due to ai = 0. Assume that S(TM)
is totally umbilical in M . Then, from Theorem 4.1, we have h∗

i = ai = 0 for all i.
Thus we get g(R(X,Y )PZ, Ni) = 0. From this, (5.1) and (5.5), we have

(c+ 3){g(Y, PZ)ηi(X)− g(X,PZ)ηi(Y )}(5.8)

+ (c− 1){θ(X)θ(PZ)ηi(Y )− θ(Y )θ(PZ)ηi(X)

− ui(X)ḡ(JY, PZ) + ui(Y )ḡ(JX,PZ) + 2ui(PZ)ḡ(JX, Y )}

= 4
r∑

j=1

{hℓ
j(X,PZ)ḡ(ANjY,Ni)− hℓ

j(Y, PZ)ḡ(ANjX,Ni)}

+ 4
n∑

α=r+1

ϵα{hs
α(X,PZ)ρiα(Y )− hs

α(Y, PZ)ρiα(X)}.

Applying ∇̄X to ḡ(JNi,Wα) = 0 and using (2.3), (2.7), (2.8) and (2.14), we have

(5.9) eαηi(X) + hs
α(X,JNi) = ϵαh

∗
i (X, JWα) = 0, ∀X ∈ Γ(TM), i, α.

The equations (4.4) and (5.9) reduce to the following equations:

(5.10) hℓ
j(X,Ui) = bjηi(X), hs

α(X,Ui) = eαηi(X), ∀X ∈ Γ(TM).
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Applying ∇̄X to ḡ(ζ,Ni) = 0 and using (2.7) and (2.2), we have

ḡ(X,JNi) + ḡ(ANiX, ζ)−
n∑

α=r+1

ϵαeαρiα(X) = 0.

Substituting (3.2) into the last equation and using (5.1), we have

(5.11)
n∑

α=r+1

ϵαeαρiα(X) +
r∑

j=1

bj ḡ(ANjX,Ni) = ui(X).

Replacing PZ by Uk in (5.8) with i ̸= k and using (5.7), (5.10), (5.11) and the facts
θ(Uk) = −θ(JNk) = 0 and ui(Uk) = g(Ui, Uk) = 0, we have

(c+ 3){uk(X)ηi(Y )− uk(Y )ηi(X) + ui(X)ηk(Y )− ui(Y )ηk(X)} = 0.

Replacing X by Vk and Y by ξi to this equation, we have c = −3. �
Corollary 5.2. There exist no generic r-lightlike submanifolds M of an indefinite
Sasakian space form M̄(c)(c ̸= −3) such that S(TM) is totally umbilical in M .
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