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TANGENCY AND ORTHOGONALITY OF ARCS IN METRIC
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ABSTRACT. In this paper the problems of tangency and orthogonality of rectifi-
able arcs in metric spaces are considered. Some connections between tangency
and orthogonality relations of rectifiable arcs have been given here.

1. INTRODUCTION

Let I/ be an arbitrary non-empty set and p a metric of this set. Let I, denotes
the class of all arcs A with origin at point p € F in the metric space (E, p). For A
belonging to I, we understand here homeomorphic image of closed interval [0, 1].
Let £4(pz) denotes the length of arc pz of A with origin at point p € E and end
at point x € E. By gp we shall denote the class of all arcs A € I, fulfilling the
condition:

(1.1) lim AP

The arc A € I, fulfilling the condition (1.1) we call the rectifiable arc at point
p € E of metric space (E, p). If the arc A € I, is rectifiable in each its point, then
we call it a rectifiable arc. B

If g = 1, then we say that the arc A € A, has Archimedean property at point
p € E. Tt is easily to prove that every regular arc at point p € E of the Cartesian
space (E, p) has Archimedean property in this point.

In the book [1] A.D. Aleksandrov defines the angle between arcs A, B € I, as an
angle a € [0, 7] fulfilling the following equality:

(12) cosa= lim PP(p.7) + (. y) — p*(2,y)
(@.9)=(p,p) 2p(p, z)p(p,y)
Before we will move to the definition of the tangency of arcs in metric space

(E, p) based on the definition of Aleksandrov’s angle between these arcs, we will
talk over in short the so called Riemannian angle for regular arcs.

for z € Aand y € B.
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Let us assume now that E is a Riemannian manifold with symmetric tensor field
g about the valence (0,2). Using the metric tensor we may define in manifold F
among others such notions as: distance of points, length of arc, length of tangency
vector and scalar product of vectors.

By p we shall denote the metric of manifold E generated by its metric tensor.
Let A, B be regular arcs defined respectively by the vector equations: 1 = 71 (t),
75 = 75(t) for t € [0,1]. Let’s accept moreover, that p = 77 (0) = 73(0).

The Riemannian angle between these arcs is defined as an angle v € [0, 7] be-
tween vectors tangent to these arcs at the point p, by formula:

7, 7
(13) cosy = 0 [ 200)
[71(0)] |3 (0)]

= 7 -, .. 7
where (r;(0) | r5(0)) denotes the scalar product of vectors r (£), 5 (t) at the point
t=0.
Two regular arcs A, B € I, are tangent at the point p € E corresponding to the
parameter ¢t = 0 if they have at this point equal tangent vectors or ones differing

at most in a positive factor, i.e. r;(0) = Ary(0) for A > 0.

Hence and from (1.3) it follows that the regular arcs A, B € I, are tangent at
the point p € E if cosy = 1, where v denotes the Riemannian angle between these
arcs.

M.R. Bridson and A. Haefliger in the book [2] proved that the Riemannian angle
~ between the regular arcs in Riemannian manifold is equal to the Alexandrov’s
angle a between them (see Figure 1).

FIGURE 1

Based on the definition of Aleksandrov’s angle between arcs A, B € I, S. Midura
gives in the paper [5] the following definition of the tangency of arcs in the metric
space (FE, p):

Definition 1.1. The arc A is tangent to the arc B at the point p € E, if for x € A
and y € B

2 2 2
(1.4) im P (p, )+ p*(p,y) — p°(2,9)
(x,y)— (p,p) 2p(p, x)p(p, y)

=1
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If the arc A is tangent to the arc B at the point p € FE, then we write that
(A, B) € T,. The set T}, of the form:

2 2 _ 2
(1.5) Tp_{(A,B): A,B € I, and lim P~ 21t (p,y)=p"(. y) —1}.
AX B> (2,y)—(p,p) 2p(p,z)p(P,y)

we call the tangency relation of arcs of the class I, at point p € E.

From the definition (1.5) it results immediately that the tangency relation T}, is
symmetric in the class of arcs I,,. This relation is moreover transitive in the class
I, what shows Theorem 4 of the paper [5]. The set T}, is not reflexive relation in
the class I,. If we assume however that (A, B) € T, for A, B € I,,, then (4,A) € T,
and (B, B) € T,, what results from symmetric and transitivity of this relation in
the class of arcs I,,.

2. TANGENCY AND ORTHOGONALITY OF RECTIFIABLE ARCS

In this Section we shall consider the tangency and the orthogonality of rectifiable
arcs of the class Zp and their mutual relationship. Similarly as in the definition of
tangency of arcs, we can use the angle of Alexandrov’s to the definition of orthog-
onality of rectifiable arcs.

Definition 2.1.

_ 2 2 9
(2.1) O,,:{(AB):A,BG A, and lim P~ 2)+p" (D y)=p (x’y)zo}.
AX B> (2,y) > (p:p) p(p,z)p(p,y)

The set O, we call the orthogonality relation of arcs of the class jp at the point
p of the metric space (E, p).

If (A,B) € Op for A,B € gp, then we say that the arc A is orthogonal to the
arc B at the point p € E.

It results directly from the definition (2.1) that the orthogonality relation O, is
symmetric in the class of rectifiable arcs Zp

Before we give some theorem related to the tangency and orthogonality rela-
tions of arcs of the class gp, we will formulate two lemmas necessary to prove this
theorem.

Lemma 2.1. If arcs A,B € jp are tangent at point p € E and

(2.2) pp,x) = p(p,y) =r for x€ A, yeB,
then
(2.3) lim 258 _ g,

r—0t T

Proof. Using the definition (1.5) of the tangency of arcs and the assumption (2.2)
of this lemma we have

r—0+ 2r2 '
Hence we get the equality
i @)
r—0+ 12 ’

from where the thesis (2.3) of this lemma results immediately.
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Lemma 2.2. If arcs A,B € gp are orthogonal at point p € E and the condition
(2.2) is fulfilled, then

(2.4) im 259 _ 5
r—0+ r

Proof. From the definition (2.1) of the orthogonality of arcs and from the condition
(2.2) we have

o 2r? — pP(x,y)
R
Hence follows
p*(x,y)
lim 222 — o)
r—0t T

from where we get the thesis (2.4) of this lemma.

Using the above lemmas we will prove the following theorem:

FIGURE 2

Theorem 2.1. If (A,B) € T, and (B,C) € O,, then (A,C) € O, for arbitrary
arcs A,B,C € A,.

Proof. Let accordingly = and z be a points of rectifiable arcs A,C € Zp. Let’s
suppose that p(p,z) < p(p,x) (see Figure 2). For any point € A there exists
a point y, € B such that p(p,2) = p(p,y.). Hence and from assumption that
(A, B) € T,, and from Lemma 2.1 equality follows

w=p p(p,x)

Similarly for any point z € C there exists a point y, € B such that p(p, z) = p(p, y.).
Hence, from the fact that (B,C) € O, and from Lemma 2.2 we get

(2.5) Jian P2 Y2) _

(2.6) im 25282) _ /5

25 0, 2)
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Moreover from the assumption that (A, B) € T, (B,C) € O, and from the defini-
tion of tangency and ortogonality of arcs equalities result

P (p, ) + p*(p,y.) — p*(2,y:)

2.7 lim =1,

@7 (2,92)—(p.p) 2p(p, z)p(p, y-)

and

2 2 _ 2
2.58) i 2@ )+ Pys) = P (2he)
(2:92)— (2,p) p(p, 2)p(p; Yz)

From the triangle inequality for metric p and the points z, z,y, we have
(2.9) p(,y2) = p(yz, 2)| < p(a,2) < p(@,y2) + p(Yz, 2).

Hence it follows

—p*(x,y2) — P2 (Y=, 2) — 2p(2,y:)p(yz, 2) < —p*(x, 2)
(2.10) < —p*(2,y.) — PP (Y2, 2) + 2p(2, y2)p(ys, 2).
Therefore, remembering that p(p, z) = p(p, y), we receive
P> (p, ) + p*(p,y2) — P*(2,y2) — p* (Y=, 2) — 2p(2, y2)p(y=, 2)

p(p, 7)p(p, 2)
< Pp,7) + p%(p, 2) — p*(x,2)
p(p, ) p(p, 2)
P*(p,x) + p*(p, =) — p*(x,y2) — p* (Y=, 2) + 2p(2, y2)p(y=, 2)

= p(p, 2)p(p, 2) ’
that is
P+ (pys) =P (wye)  PMY=2) P ye)p(ys, 2)
p(p, z)p(p, y=) p(p,z)p(p,y=)  p(p,x)p(p:y2)
< PPpx) + 2 (p,2) = p*(x, 2)
B p(p, ) p(p, 2)
P*(p,x) + p*(p,y:) — p*(2,4) P2 (yz, 2) p(@,y2)p(yz; 2)
@1 < p(p, )p(p,y=) p(p, )p(p,y=) 2 p(p,2)p(p,y=)

If x — p, then from assumption that p(p,y.) = p(p,2) < p(p,z) and from (2.6)
results

2 2
(2.12) TN C73%) NN N (L)
(@y)=@p) p(p,2)p(py=)  z=p p*(p, 2)
Moreover from (2.5) by assumption that p(p,y.) = p(p, 2) < p(p,x) = p(z,y.) we

get

(2.13) 0 = lim 2T Y2) _ yypy PAT:02).
w=p p(p,x)  ==p p(p,T)

Hence, from (2.6), (2.7), (2.12) and from the inequality (2.11) follows
p°(p,x) + p%(p, 2) — p*(2, 2)
(@,2)=(p.p) p(p,)p(p, 2)
that is to say that (A, C) € O, when p(p, z) < p(p, x).
If p(p,z) < p(p,2), then in a similar way we get the equality (2.14). This ends
the proof.

(2.14) =0,
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The proof of this theorem gets considerably simpler when z, y, z are respectively
the points of arcs A, B,C € A, such that

(2.15) p(p,z) = p(p,y) = p(p, z) =,
this means that they are the points created from the intersection of these arcs with

the sphere S,(p,r) about the centre at the point p € E and the radius = in the
metric space (E, p).

3. TANGENCY OF HIGHER ORDER FOR RECTIFIABLE ARCS

In this Section we shall define the tangency relation of higher order (k > 1) for
rectifiable arcs of the class A, and we will give its certain properties. Using Lemma
2.1 we may give the following definition of the tangency of rectifiable arcs:

Definition 3.1. If
(3.1) TICEY))

r—0t 1k

=0

for x € A, y€ B and r = p(p,z) = p(p,y), then we say that the arcs A, B € Zp
are tangent (have the tangency) of order k > 1 at the point p € E.

If the rectifiable arcs A, B € gp are tangent of order k at the point p € F, then

we shall write that (A, B) € T}, . The set T, ;, we call the tangency relation of order

k at the point p for rectifiable arcs of the class A,,.
Therefore

Tpr={(A,B): A,B Ggp and forx € A, y€ B, r = p(p,x) = p(p,y)

(3.2) lim 258 oy

r—0+t 1k

From given here definitions it follows immediately that (A, B) € T, 1, if and only if
(A,B)eT, for A,B € Zp.

In the paper [6] W.Waliszewski gave the following definition of the tangency
relation of sets (more exactly: (a,b)-tagency) of order k at the point p € E in
generalized metric space (E,1):

Ti(a,b,k,p) = {(A,B) : A, B € Ey, the pair of sets (A, B) is (a, b)-clustered
at point p of the space (F,I) and

. 1
(33) Tg%lJr ﬁl(A N Sl (pa T)a(r)v Bn Sl (pa T)b(r)) = O}

In the formula (3.3) I denotes any non-negative real function defined on the Carte-
sian product Ey x Ey of the family Ey of all non-empty subsets of the set FE,
however a,b are non-negative real functions defined in a certain right-hand side
neighbourhood of 0 such that

3.4 li =0 d lim b(r) =0.

34 [igyelr) =0 and g b

If in the definition of tangency of sets W.Waliszewski’s we will assume that
a(r) =b(r) =0 for r > 0 and

(3.5) I({z},{y}) = p(x,y) for x,ye€E,

then we will receive definition 3.1 of the tangency of rectifiable arcs of the class Zp
in metric space (E, p).
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We shall give now some basic properties of the tangency relation (3.2) of rectifi-
able arcs. Using properties of the metric we can easily prove the following theorem:

Theorem 3.1. In the class of rectifiable arcs A'p the tangency relation T), ), is
equivalence, i.e.

19 (A, A) € T, (reflezivity),

20 (A,B) € T, = (B, A) € T, 1, (symmetry),

3° (A,B) €Ty A (B,C) €T, = (A,C) €T, (transitivity)
for any arcs A, B,C € Ep.

Lemma 3.1. If (A,B) € T, ., then (A,B) € T, for A,B € jp and n > k.

Proof. We will assume that (A,B) € T,, , for A, B € Ap. Therefore

r—0+ 1"

for x € A, ye B and r = p(p,x) = p(p,y). Hence and from the assumption that
n—k >0 we get

p(z,y)

. T . _ .
lim A ;Cy) = lim "% lim
r—0t T r—0+ r—0t r?

what marks that (A, B) € T, k.

Theorem 3.2. If (A,B) € T,,, and (B,C) € T, , then (A,C) € Ty ., for any
arcs A,B,C € A, and m = min{n, k}.

:07

Proof. We shall assume that (A,B) € T,,,, and (B,C) € T, for A,B,C € gp.
Hence it follows
(3.6) fim 259 g ana m 2922 g
r—0+t 77" r—0+t 1
for x€ A, yeB,2€C and r=p(p,z)=p(p,y) = p(p, 2)-
From Lemma 3.1, from the assumption of this theorem and from (3.6) we get

lim p(z:y) =0 and lim Py 2) =0.

r—0+ 1 r—0+ 1’

Hence and from the triangle inequality for the metric p results

0 < fim 2@ oy P+ 00y, 2)
r—0+t rm r—0+ T
— g 28 g 282
r—0t r—0t 1™
what means that (A4,C) € T), .
REFERENCES

[1] A.D.Aleksandrov, Wnutriennaja geometrija wypuklych powierchnostiej, Moscow-Leningrad
1948.

[2] M.R. Bridson i A. Haefliger, Metric spaces of non-positive curvature, Springer-Verlag Berlin
Heidelberg 1999.

[3] T. Konik, Connections and applications of some tangency relation of sets, Balkan Journal of
Geometry and Its Applications 8(2) (2003), 105-112.



TANGENCY AND ORTHOGONALITY OF ARCS IN METRIC SPACES 127

[4] T. Konik, On some problems connected with the tangency of sets in generalized metric spaces,
International Electronic Journal of Geometry (IEJG), 2(1) (2009), 25-33.

[5] S.Midura, O poréwnaniu definicji stycznosci tukéw prostych w ogdlnych przestrzeniach me-
trycznych, Rocznik Nauk. Dydakt. WSP Krakéw, 25(1966), 91-122.

[6] W.Waliszewski, On the tangency of sets in generalized metric spaces, Ann. Polon. Math.
28(1973), 275-284.

INSTITUTE OF MATHEMATICS, CZESTOCHOWA, UNIVERSITY OF TECHNOLOGY-POLAND
E-mail address: tadeusz.konik@im.pcz.pl



