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ABSTRACT. We investigated hypersurfaces with constant scalar curvature in a
Hessian manifold of constant curvature and obtained two theorems on hyper-
surfaces of Hessian manifolds with non-negative constant curvature.

1. Introduction

Let M"*! be a flat affine manifold with flat affine connection D. Among Rie-
mannian metrics on M™+! there exists an important class of Riemannian metrics
compatible with the flat affine connection D. A Riemannian metric g on M"*! is
said to be Hessian metric if g is locally expressed by g = D?u where u is a local
smooth function.We call such a pair (D, g) a Hessian structure on M™*! and a
triple (M™*!, D, g) a Hessian manifold, [1], [2], [3], [4]. Geometry of Hessian man-
ifold is deeply related to K&hlerian geometry and affine differential geometry [2].
It is also a fruitful area for differential geometry. Hessian manifolds with constant
sectional curvature has interesting applications with different aspects [5], [6], [7]. It
is well known that a compact convex hypersurface with constant mean curvature
in a Euclidean space is a sphere. On the other hand Simons [8] has recently done
an important suggestive contribution to the study of minimal submanifolds in a
Riemannian manifold, in which he has given a formula for the Laplacian of the
square of the norm of the second fundamental form of the submanifold. Under the
stimulus of the Simons’ study Do Cormo, Chern and Kobayashi [9] and Nomizu
and Smyth [10], using the similar formula to that of Simons, have obtained some
theorems on a compact minimal submanifold or a complete hypersurface with con-
stant mean curvature in a Riemannian manifold of constant curvature. Nakagawa
and Yokote [11] generalize by applying a formula of Simons’ type to a compact
hypersurface with constant scalar curvature in a Riemannian manifold of constant
curvature. Then Omachi [12] has obtained some results in the case of hypersurfaces
in a space of non-negative constant curvature making use of harmonic curvature.
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In this paper our main purpose is to investigate hypersurfaces with constant scalar
curvature in a Hessian manifold of constant curvature by a close analogy with above
studies. Also we generalize Nakagawa and Yokote’s result to the special type of a
Hessian manifold.

2. Preliminaries

Let M ™*! be a Hessian manifold with Hessian structure (D, g). We express
various geometric concepts for the Hessian structure (D, g)in terms of affine coor-
dinate system {xl N :E"H} with respect to D , i.e Ddz? = 0. Here A, B, C, ...
run from 1 to n + 1. 1) The Hessian metric ;

_ 0%u
IAB = 5rApyB
ii ) Let v be a tensor field of type (1,2) defined by
where V is the Riemannian connection for ¢ . Then we have

A 1 4p99pB

A
=T4., =
TBC BC 29 0zC

_19gap 1 d3u
TABC = 5750C T 2 924028 9aC
YABC = YBAC = YCBA
where I'4, are the Christoffel * s symbols of V . iii )Define a tensor field S of type

(1,3) by

S=D,

and call it the Hessian curvature tensor for (D, g ). Then we have

1 *u 1 pp u Bu

SABCE = 555 a5 59 A5.C9.D 9B EHF
2 0xA0xB Oz Ox 2 0xA40xC 0x 0xBoxEox
Sapce = SagcB = ScBae = Sparc = SceaB-

iv ) The Riemannian curvature tensor for V ;

A __A D A D
Rgcr =VYpeVBE — YDEVEBC >

1
(2.1) Rapep =5 (Space — Sasck)
[4].
Definition 2.1. For a non-zero contravariant symmetric tensor &, of degree 2 at
T we set
(§o+&a)

and call it the Hessian sectional curvature in the direction &,. Here ¢ is a endo-
morphism with respect to the inner product (,) induced by the Hessian metric g
[4].
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Theorem 2.1. Let (J\J”Jr1 , D, g) be a Hessian manifold of dimension > 2. If
the Hessian sectional curvature h (£,,) depends only x then (M "+l D, g) s of con-
stant Hessian sectional curvature ,(M"Jrl , D, g) s of constant Hessian sectional
curvature ¢ if and only if

C
(2.2) SaBcE = 3 (9aBYCcE + gaEgcen) -

[4].

Corollary 2.1.  If a Hessian manifold (M ntl D, g) is a space of constant
Hessian sectional curvature ¢ , then the Riemannian manifold (M ntl g) 18 a space
of constant sectional curvature —§ [4].

3. Constructions of Hessian Manifolds of constant Hessian sectional
curvature

In this section we shall construct, for each constant ¢, a Hessian manifold with
constant Hessian sectional curvature c. We now recall the following result due
to Yagi [3]. Let (M™, D, g) be a simply connected Hessian manifold. If g is

complete, then (M”*l, D,g) is isomorphic to (Q, 5, 5%0) where (Q is a convex

domain in R®*!, D is the canonical flat connection on R"*! and ¢ is a smooth
convex function on ).

A. The case ¢ = 0. It is obvious that the Euclidean space
(R, B, 9= (/2 0*{(+")})

is a simply connected Hessian manifold of constant Hessian sectional curvature 0.
B. The case ¢ > 0.

Theorem 3.1. Let Q be a domain in R™"! given by
n+1 E n A\2
"> o (z)7,
where ¢ is a positive constant, and let ¢ be a smooth function on ) defined by

1 n c 2
[ _EIOg {x T 241 (xA> }

Then (Q, 5, g= 5290) s a simply connected Hessian manifold of positive constant

Hessian sectional curvature c. As Riemannian manifold (€, g) is isometric to the
hyperbolic space (H (72) ,g) of constant sectional curvature —c/4;

H = {(¢, ...t eRH e >0},
_ 1 n A2 4 n+1 2
g = (gnt1)? {A_l (d€%)"+ c (d€™)" s -
C. The case ¢ < 0 [4].
Theorem 3.2. Let ¢ be a smooth function on R"1 defined by

1 e A
(p:—glog <Ze_cx —|—1> ,
A=1
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where ¢ is a negative constant. Then (R"“,f), g= l~)z<p) is a simply connected

Hessian manifold of negative constant Hessian sectional curvature c. The Riemann-

ian manifold (R”“,g) is isometric a domain of the sphere T}+125124 = f% defined by
1=

€a >0 for all A [4].

For the proof of the theorems we refer to [4].

4. Basic concepts and equations on Riemannian hypersurfaces of
Hessian manifolds of constant curvature

We consider n—dimensional hypersurface M isometrically immersed in an (n + 1) —
. . . . / . .
dimensional Hessian manifold M of constant curvature —7 where c is a negative

_c

constant by an isometric immersion ® : M — M ' ( Z) , and denote g;;, R,};ji and
Hj; components of the Riemannian metric tensor, the Riemannian curvature tensor
and second fundamental tensor of M, respectively. Then the equation of Gauss for
the hypersurface M and that of Codazzi are given below, respectively

c

(4.1) Ryjin = ~1

(9kn9ji — grigjn) + HinHji — Hy Hjp,

(42) ka]z — Viji =0

where V denotes the induced connection of M. Let us define the function f on M
by

(4.3) f=Hjig" = HJ

which is globally defined on M up to the sign. Contracting the equation of Gauss

with ¢*" we get

c
(4.4) Rj-:—Z(n—l)gji+iji—erH¢T

where R;; are conponents of the Ricci tensor. We denote by R the scalar curvature
of M and calculate as follows

R= Rjigji.
Considering this definition and equation (4.3) in (4.4) we obtain scalar curvature
as

(4.5) R= —Zn (n—1)+ f* — H;H'".

Then applying the Ricci identitiy to H;; and taking account of equation (4.2) we

have
V,V.f =V,V;H} =V*VH;; — R;, H} — ngin

where V¥ = ¢g*V,. Substituting (4.1) and (4.2) into the equation above, we obtain
c
AHj; =V;V,f — 1 (nHj; — fgji) + fHj H] — Hps H™ Hy;

where A = V,. V" is the differential operator of Laplace and Beltrami. Then we
have the following equation

HI'AH,; = HI'V,V,f = 5 (nHj H' = f7) + fHy, HUH' — (HjH7)’
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with analogous Chern, Do Cormo and Kobayashi [9]. Using the principal curvatures
ki,ka, ...y kn of M we get
c ” i N2 c
_Z (TLHJ‘Z‘HJ — f2) + ijTHi H7* — (HjiHJ ) = Z (_Z + klkj) (kz - kj)2 .
i<j
This shows that
.. .. c 2
(46) HJZAHji = Hﬂv]‘vif + Z (—1 + ]fﬂi‘j) (k‘z — k‘J) .
i<j
The familiar equation has been obtained by Nomizu and Smyth [10]. This equation
can also be written as follows:

%A (HyiHI) = V; (HI'f)) = ViHV*HI — fff
(4.1) +> (—2 + kil ) (ks = ) 47
1<j

where f; =V, f and f' = ¢7'f;.

5. Riemannian hypersurfaces of Hessian manifolds with constant scalar
curvature

In this section, we consider M is a Riemannian hypersurface with constant scalar
curvature R in Hessian manifold M . We shall investigate the sign of the right hand
side of (4.7) . First of all, we consider the first term and the second term of the right
hand side of (4.7). By calculating the square of the norm of fViHj;, — fiHj;, we
get

| fViHj; — kaji||2 = Vi H; VP Hy; — 2f fEHIN  Hyy + fio fPHj HY

Then we find from (4.5) that

Hj H7' = —%n(n —1)+f2-R
and also we find

HI'NyHy; = Vi, (Hy HY) J2 = Vi f2)2 = ff*,

because the scalar curvature R is constant. Eliminating Hl-jHji and HjinHji
from these equations, we obtain

.. 2 .. .

|fVeH;iVEHT — f || = 2 (VeH; VP HT — f; f7)

(5.1) —{R+§n(n— 1)}fifi.5.1

Then let us define a domain D in M as follows: D is the set of points x in M such
that

(ViH; VFHT — £, f1) () < 0.
Making use of (5.1) following lemma can be proved. Also this lemma gives a

sufficient condition for the algebraic sum of the first and second terms of the right
hand side in (4.7) to be non-negative.

Lemma 5.1. Let M be a hypersurface with constant scalar curvature R in M. If
R> —4n(n—1), then the domain D is empty.
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Proof. Suppose that D is not empty. By means of the domain D, follows from
(5.1) that

0> f2 (ViH; VEHT — fif7) > {R + zn (n— 1)} £ifi

on D. From the assumption the scalar curvature R is equal to or greater than
—% n(n—1), the inequality above shows that R = —{n(n —1) or f; vanishes
identically on D. Firstly we consider the first case in which the scalar curvature
is equal to —¢n (n —1). the left hand side of (5.1) being equal to or greater than
zero, we get

2 (ViHuVEHT — fi 1) > 0.
This means that f vanishes on D. Since the domain D is open, we obtain

fi=0
on D.This shows that R = —$n (n — 1) implies that f; = 0 on D. When f; = 0 on

D, the scalar function VkHjinHji — fif? is equal to or greater than zero on D.
Thus the domain D must be empty. This concludes the proof. O

For each point = in M, let X1, X5,..., X, be an orthonormal frame of the tangent
space M, such that any X; is an eigenvector of the second fundamental tensor that
corresponds to an eigen value k;. Then by remembering Gauss equation (4.1), the
sectional curvature K (X;, X;) of the plane spanned by X, and X; is given by

(5.2) K (Xi, X;) = —2 + kil

From this equation and remembering the right hand side of equation (4.7) we
see that if M is non-negative curvature and with constant scalar curvature R >
—4n(n — 1), then the right hand side is non-negative.

Lemma 5.2. Let M be a compact orientable hypersurface of non-negative curva-
ture and with constant scalar curvature R in M . If R > —$n(n — 1), then there
exist at most two distinct principal curvatures, say A and p, such that

(5.3) —2 S =0.

Proof. Using Lemma 4.1 one can conclude that D is empty. This shows that
ViHVEHT — ff >0

on M. On the other hand, taking into account of Green’s theorem and equation

(4.7) , we obtain

/ VeH i VEHY — fif 4y (—Z + kil ) (ks = ky)? ¢ M =0
M i<j
dM being the volume element of M. Thus V,H;; V*H7* — f; f* and —¢ + k;k; being
both non-negative, we find

(5.4) ViHVPHI — f,f' =0
and
(5.5) (=5 + ks ) (ks = k3)* =0

for any indices at each point is at most two, and satisfy (5.3). O
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Theorem 5.1. Let M be a complete and simply connected Hessian
(n + 1) —manifold of constant curvature —§ (c < 0) and let M be a connected com-
pact Riemannian n— manifold. Let ® be an isometric immersion of M into M.
Suppose that M is of non-negative curvature and with constant scalar curvature
R.If R > —§n(n—1), then (M, ®) is totally umbilic or there exist exactly two
distinct and constant principal curvatures.

Proof. Using the equations (5.1) and (5.4) and taking into account of the assump-
tion R > —¢n(n — 1), we conclude that the equation

{R+£n(n—1)}f¢fi:0

holds. We consider the case in which R is different from —$n (n — 1) and the case
in which R = —¢n (n — 1), separately. In the first case, f is constant. Accordingly
a theorem Nomizu and Smyth [10], the assertion of Theorem 4.1 is true. In the

other case, it follows from (4.5) that
f?—H;H" =0.
This equation can be written by using principal curvatures as

(5.6) > kik; =0.

i<j
Also considering the sectional curvature is non negative we see that the scalar
curvature R is non-negative and so is the constant curvature —7. Considering c is

equal to zero we conclude that the ambient space M is an (n + 1)— dimensional
Euclidean space E"T!. We get by (5.6) and the assumption that the hypersurface
is non-negative curvature

kik; =0

for any distinct indices 7 and j. This implies that the type number ¢ (x) at each point
x in M is equal to 0 or 1. Since M is compact, it is seen that there exists a point in
M at which all principal curvatures of M are positive or negative. This contradicts
the fact that the type number is equal to 0 or 1. Thus the constant curvature —3
must be positive. Then let us suppose that there exists a non-umbilical point p in
M, at which we have two distinct principal curvatures A (p) and p(p). Then, by
means of (5.3) they satisfy —§ + A (p) p(p) = 0. Hence one is positive and other
is negative. Under this situation, there exists a maximal connected open set U
consisting of non-umbilic points, which contains p. At each point in U, (M, ®) has
exactly two distinct principal curvatures with constant multiplicities & and n — k |
respectively. Then equation (5.6) is equivalent to

w (n k)(?; k 1);[":0.

Considering (5.3) and (5.7), we see that A and p are constant on U. This shows
that X is different from g at the boundary point of U and then by the definition of

U, the closure U’ of U should be contained in U < Thus U is closed. Since M is
connected U is M itself. This completes the proof. O

(5.7) Nt k(n—k) A+

If the ambient space is Euclidean as a direct consequence of Theorem 4.1 we
obtain the following theorem that is similar to Nakagawa and Yokote’s results.
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Theorem 5.2. Let M be a connected compact Riemannian n— manifold of non-
negative curvature and let ® be an isometric immersion of M into E™t'. If the
scalar curvature R of M is constant, then M is isometric to a sphere S™ and ® is
an imbedding.
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