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Abstract. We introduce Screen Cauchy-Riemann(SCR) lightlike submani-
folds of a semi-Riemannian product manifold and give examples. We obtain
integrability conditions for the distributions and investigate the geometry of

leaves of distributions involved. We also obtain necessary and sufficient condi-
tion for SCR-lightlike submanifold to be locally lightlike Riemannian product
manifold. Finally, we prove that there exists no totally umbilical and curvature
invariant proper SCR-lightlike submanifold in any semi-Riemannian product

real space form.

1. Introduction

A. Bejancu introduced the notion of CR-submainfolds which was emerged as a
single setting to study holomorphic and totally real submanifolds of a Kaehler man-
ifold. In [2], Duggal and Bejancu initiated the study of CR-lightlike submanifolds
of an indefinite Kaehler manifold which excludes the complex and real lightlike
submanifolds ([2],p.210). Later on, Duggal and Sahin[4] gave the notion of Screen
Cauchy-Riemann(SCR)- lightlike submanifolds of an indefinite Kaehler manifold
which contains complex and screen real subcases. However, there is no inclusion
relation between screen Cauchy-Riemann and CR submanifolds. On the other hand,
semi-invariant lightlike submanifolds of a semi-Riemannian product manifold were
introduced by Atceken and Kilic in [1] and studied totally umbilical, curvature in-
variant lightlike submanifolds in real space forms as well as integrability conditions
for the distributions involved in the definition of semi-invariant lightlike submani-
folds.

In the present paper, we introduce and study screen CR-lightlike submanifold
of a semi-Riemannian product manifold. The paper is arranged as follows. In
sections 2 and 3, we summarize basic materials on lightlike submanifolds and semi-
Riemannian product manifolds which will be useful throughout this paper. In
section 4, we give examples of proper SCR-lightlike submanifolds, obtain integra-
bility conditions for the distributions involved, investigate the geometry of leaves of
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distributions and give necessary and sufficient condition for SCR-lightlike subman-
ifold to be locally lightlike Riemannian product. We also prove that there exists no
totally umbilical and curvature invariant proper SCR-lightlike submanifold in any
semi-Riemannian product of two real space forms.

2. Preliminaries

We follow [2] for the notation and fundamental equations for lightlike subman-
ifolds used in this paper. A submanifold Mm immersed in a semi-Riemannian

manifold (M
m+n

, g) is called a lightlike submanifold if it is a lightlike manifold
with respect to the metric g induced from g and the radical distribution Rad TM
is of rank r, where 1 ≤ r ≤ m. Let S(TM) be a screen distribution which is a
semi-Riemannian complementary distribution of Rad TM in the tangent bundle
TM of M, i.e.,

TM = Rad TM⊥S(TM)

Consider a screen transversal vector bundle S(TM⊥), which is a semi-Riemannian
complementry vector bundle of Rad TM in the normal bundle TM⊥ of M . Since
for any local basis {ξi} of Rad TM , there exist a local null frame {Ni} of sections
with values in the orthogonal complement of S(TM⊥) in [S(TM)]⊥ such that
g(ξi, Nj) = δij , it follows that there exist a lightlike transversal vector bundle
ltr(TM) locally spanned by {Ni} [2]. Let tr(TM) be complementary (but not
orthogonal)vector bundle to TM in TM |M .Then

tr(TM) = ltr(TM)⊥S(TM⊥),

TM |M = S(TM)⊥[(Rad TM)⊕ ltr(TM)]⊥S(TM⊥).

Following are four subcases of a lightlike submanifold (M, g, S(TM), S(TM⊥).
Case 1: r-lightlike if r < min{m,n}.
Case 2: Co-isotropic if r = n < m; S(TM⊥) = {0}.
Case 3: Isotropic if r = m < n; S(TM) = {0}
Csae 4: Totally lightlike if r = m = n ; S(TM) = {0} = S(TM⊥).
The Gauss and Weingarten equations are

(2.1) ∇XY = ∇XY + h(X,Y ), ∀ X,Y ∈ Γ(TM)

∇XU = −AUX +∇t
XU, ∀ X ∈ Γ(TM), U ∈ Γ(tr(TM))

where {∇XY,AUX} and {h(X,Y ),∇t
XU} belongs to Γ(TM) and Γ(tr(TM)),

respectively, ∇ and ∇t are linear connections on M and on the vector bundle
tr(TM), respectively. Moreover, we have

(2.2) ∇XY = ∇XY + hl(X,Y ) + hs(X,Y )

(2.3) ∇XN = −ANX +∇l
XN +Ds(X,N)

(2.4) ∇XW = −AWX +∇s
XW +Dl(X,W )

for each X,Y ∈ Γ(TM), N ∈ Γ(ltr(TM)) and W ∈ Γ(S(TM⊥)). Denote the
projection morphism of Γ(TM) on Γ(S(TM)) by P. Then, by using (2.1), (2.2),
(2.3), (2.4) and a metric connection ∇, we obtain

(2.5) g(hs(X,Y ),W ) + g(Y,Dl(X,W )) = g(AWX,Y )

g(Ds(X,N),W ) = g(N,AWX)
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From the decomposition of the tangent bundle of a lightlike submanifold, we have

∇XPY = ∇∗
XPY + h∗(X,PY ),

(2.6) ∇Xξ = −A∗
ξX +∇∗t

Xξ,

for X,Y ∈ Γ(TM) and ξ ∈ Γ(Rad TM). By using above equations we obtain

g(hl(X,PY ), ξ) = g(A∗
ξX,PY )

(g(h∗(X,PY ), N) = g(ANX,PY )

g(hl(X, ξ), ξ) = 0, A∗
ξξ = 0.

In general, the induced connection ∇ on M is not a metric connection whereas ∇∗

is a metric connection on S(TM). Using (2.2) and the fact that ∇ is a metric
connection, we get

(∇Xg)(Y, Z) = g(hl(X,Y ), Z) + g(hl(X,Z), Y ).

The Gauss equation for M is given by

R(X,Y )Z = R(X,Y )Z +Ahl(X,Z)Y −Ahl(Y,Z)X +Ahs(X,Z)Y −Ahs(Y,Z)X

+ (∇Xhl)(Y, Z)− (∇Y h
l)(X,Z) +Dl(X,hs(Y, Z))−Dl(Y, hs(X,Z))(2.7)

+ (∇Xhs)(Y, Z)− (∇Y h
s)(X,Z) +Ds(X,hl(Y,Z))−Ds(Y, hl(X,Z))

for each X,Y, Z ∈ Γ(TM).

3. Semi-Riemannian Product Manifolds

Let (M1, g1) and (M2, g2) be two m1 and m2- dimensional semi-Riemannian
manifolds with constant indices q1 > 0 and q2 > 0 respectively. Let π : M1×M2 −→
M1, and σ : M1 × M2 −→ M2 be the projections which are given by π(x, y) = x
and σ(x, y) = y for any (x, y) ∈ M1 × M2. We denote the product manifold by
M = (M1 ×M2, g) where

g(X,Y ) = g1(π∗X,π∗Y ) + g2(σ∗X,σ∗Y )

for any X,Y ∈ Γ(TM), where ∗ denotes the differential mapping. Then we have

π2
∗ = π∗, σ

2
∗ = σ∗, π∗σ∗ = σ∗π∗ = 0 and π∗ + σ∗ = I,

where I is the identity map of Γ(M1×M2). Thus (M, g) is a (m1+m2)-dimensional
semi-Riemannian manifold with constant index (q1+q2). The Riemannian product
manifold M = (M1 × M2, g) is characterized by M1 and M2 which are totally
geodesic submanifold of M .

Now, if we put F = π∗ − σ∗, then we can easily see that F 2 = I and

(3.1) g(FX, Y ) = g(X,FY )

for any X,Y ∈ Γ(TM), where F is called almost Riemannian product structure on
M1 ×M2. If we denote the Levi-Civita connection on M by ∇, then

(∇XF )Y = 0

for any X,Y ∈ Γ(TM), that is, F is parallel with respect to ∇.
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Now, let M1 and M2 be two real space forms with constant sectional curvatures
c1 and c2, respectively. Then the Riemannian curvature tensor R of M = M1(c1)×
M2(c2) is given by

(3.2) R(X,Y )Z =
1

16
(c1 + c2){g(Y, Z)X − g(X,Z)Y + g(FY,Z)FX

−g(FX,Z)FY }+ 1
16 (c1−c2){g(FY,Z)X−g(FX,Z)Y +g(Y, Z)FX−g(X,Z)FY }

for any X,Y, Z ∈ Γ(TM)[8].

4. Screen Cauchy-Riemann Lightlike Submanifolds

In the present section, we define screen Cauchy-Riemann lightlike submanifolds
of a semi-Riemannian product manifold and study the integrability condition of
distributions involved in the definition of such submanifolds.

Definition 4.1. Let (M, g) be a semi-Riemannian product manifold and M be a
r-lightlike submanifold of M . We say that M is a SCR-lightlike submanifold of M,
if the following conditions are satisfied:
(i) There exists real non-null distributions D and D⊥ such that

S(TM) = D ⊕D⊥, F (D⊥) ⊂ (S(TM⊥)), D ∩D⊥ = {0},
where D⊥ is orthogonal complement to D in S(TM).
(ii) The distribution D and Rad TM are invariant with respect to F.

It follows that ltr(TM) is also invariant with respect to F. Hence we have

(4.1) TM = D ⊕D⊥,

where D = D⊥Rad TM .
Denote the orthogonal complement to F (D⊥) in S(TM⊥) by µ. The subman-

ifold M is said to be a proper SCR-lightlike submanifold of M if neither D = {0}
nor D⊥ = {0}.

Now, we give examples of proper SCR-lightlike submanifolds of semi-Riemannian
product manifolds.

Example 4.1. Let R8
2 = R4

1 × R4
1 be a semi-Riemannian product manifold with

semi-Riemannian product metric tensor g = π∗g1⊗σ∗g2,, where gi(i = 1, 2) denote
standard metric tensor of R4

1. Consider a product structure F defined by

F (
∂

∂xi
,
∂

∂yi
) = (

∂

∂yi
,

∂

∂xi
),

where (xj , yj) are the cartesian co-ordinates of R8
2.

Let M be a submanifold of R8
2 defined by

x1 = s, x2 = t, x3 = w, x4 = u cosα+ v sinα

y1 = t, y2 = s, y3 = 0, y4 = u sinα+ v cosα.

Then, a local frame of TM is given by

ξ1 =
∂

∂x1
+

∂

∂y2
, ξ2 =

∂

∂y1
+

∂

∂x2

Z1 = cosα
∂

∂x4
+ sinα

∂

∂y4
, Z2 = sinα

∂

∂x4
+ cosα

∂

∂y4
, Z3 =

∂

∂x3
.
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Hence M is a 2-lightlike submanifold with invariant Rad TM = span{ξ1, ξ2}. It is
easy to see that lightlike transversal bundle ltr(TM) is spanned by

N1 =
1

2
(− ∂

∂x1
+

∂

∂y2
), N2 =

1

2
(− ∂

∂y1
+

∂

∂x2
)

and the screen transversal bundle S(TM⊥) is spanned by

W =
∂

∂y3
.

By direct calculations, we get

FZ1 = Z2, FZ2 = Z1, and FZ3 = W.

If we take D = span{Z1, Z2} and D⊥ = span{Z3}, then D is invariant and FD⊥ ⊂
(S(TM⊥)). Hence M is a proper screen Cauchy-Riemann lightlike submanifold of
R8

2.

Example 4.2. Let R8
2 = R4

1 × R4
1 be a semi-Riemannian product manifold with

the product structure

F (
∂

∂xi
,
∂

∂yi
) = (− ∂

∂xi
,
∂

∂yi
),

where (xj , yj) are the cartesian co-ordinates of R8
2.

Suppose M is a submanifold of R8
2 defined by

x1 = s− t, x2 = u1, x3 = (s− t), x4 = (u2 − u3) cosα

y1 = 0, y2 = u1, y3 = (u2 + u3) sinα, y4 = 0.

Then the tangent bundle TM is spanned by

ξ1 =
∂

∂x1
+

∂

∂x3
, ξ2 = − ∂

∂x1
− ∂

∂x3
,

Z1 =
∂

∂x2
+

∂

∂y2
, Z2 = cosα

∂

∂x4
+ sinα

∂

∂y3
, Z3 = − cosα

∂

∂x4
+ sinα

∂

∂y3
.

Thus M is a 2-lightlike submanifold withRad TM = span{ξ1, ξ2}, which is invariant
with respect to F . Moreover, the lightlike transversal bundle ltr(TM) is spanned
by

N1 =
1

2
(− ∂

∂x1
+

∂

∂x3
), N2 =

1

2
(

∂

∂x1
− ∂

∂x3
)

and the screen transversal bundle S(TM⊥) is spanned by

W = − ∂

∂x2
+

∂

∂y2
.

It is easy to see that

FZ1 = W, FZ2 = Z3, and FZ3 = Z2.

Let D = span{Z2, Z3} and D⊥ = span{Z1}. Then D is invariant and FD⊥ ⊂
(S(TM⊥)). Hence M is a proper screen Cauchy-Riemann lightlike submanifold of
R8

2.
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Example 4.3. Let M be a submanifold of a semi-Riemannian product manifold
R12

4 = R6
2 ×R6

2 with the product structure

F (
∂

∂xi
,
∂

∂yi
) = (

∂

∂xi
,− ∂

∂yi
)

given by

x1 = u1 + u2, x2 = (u1 + u2) sinh θ, x3 = u4 + u5, x4 = u3, x5 = (u4 + u5) cos θ,

x6 = (u1+u2) cosh θ, y1 = 0, y2 = 0, y3 = 0, y4 = u3, y5 = (u4−u5) sin θ, y6 = 0.

Then, the tangent bundle is spanned by ξ1, ξ2, Z1, Z2, Z3, where

ξ1 =
∂

∂x1
+ sinh θ

∂

∂x2
+ cosh θ

∂

∂x6
, ξ2 =

∂

∂x1
+ sinh θ

∂

∂x2
+ cosh θ

∂

∂x6

Z1 =
∂

∂x4
+

∂

∂y4
, Z2 =

∂

∂x3
+cos θ

∂

∂x5
+sin θ

∂

∂y5
, Z3 =

∂

∂x3
+cos θ

∂

∂x5
−sin θ

∂

∂y5
.

Thus M is a 2-lightlike submanifold with invariant Rad TM = span{ξ1, ξ2} and
the lightlike transversal bundle ltr(TM) is spanned by

N1 =
1

2
(− ∂

∂x1
+sinh θ

∂

∂x2
+cosh θ

∂

∂x6
), N2 =

1

2
(− ∂

∂x1
+sinh θ

∂

∂x2
+cosh θ

∂

∂x6
).

Furthermore, the screen transversal bundle S(TM⊥) is spanned by

W =
∂

∂x4
− ∂

∂y4
.

Then after simple calculations, we get

FZ1 = W, FZ2 = Z3, and FZ3 = Z2.

Choose D = span{Z2, Z3} and D⊥ = span{Z1}. Clearly D is invariant with
respect to F and FD⊥ ⊂ (S(TM⊥)). Hence M is a proper screen Cauchy-Riemann
lightlike submanifold of R12

4 .

For any vector field X ∈ Γ(TM), we write

(4.2) FX = fX + ωX

where fX and ωX are tangential and normal parts of FX. Similarly, for the vector
field V ∈ Γ(tr(TM)), we set

(4.3) FV = BV + CV

where BV and CV are tangential and normal parts of FV .
Using (2.2),(2.4),(4.2),(4.3) and the fact that F is parallel on M , we get

∇XFY = F∇XY,

which implies

∇XfY +hl(X, fY )+hs(X, fY )−AωY X+∇s
XωY +Dl(X,ωY ) = f∇XY +ω∇XY

+Fhl(X,Y ) +Bhs(X,Y ) + Chs(X,Y )
for any X,Y ∈ Γ(TM). Taking into account the tangential, lightlike transversal
and screen transversal components of the above equation, respectively, we get

(4.4) (∇Xf)Y = AωY X +Bhs(X,Y ),

(4.5) hl(X, fY ) +Dl(X,ωY ) = Fhl(X,Y ),
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(4.6) (∇Xω)Y = Chs(X,Y )− hs(X, fY ).

For the integrability of the distributions D and D⊥ involved in the definition of
a screen CR-lightlike submanifold, we have:

Theorem 4.1. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M . Then the distribution D is integrable if and only if the second
fundamental form of M satisfies

hs(X, fY ) = hs(Y, fX)

for any X,Y ∈ Γ(D).

Proof. Using (4.6), for any X,Y ∈ Γ(D), we obtain

(4.7) ω∇XY = Chs(X,Y )− hs(X, fY ).

By interchanging X and Y in (4.7), we get

(4.8) ω∇Y X = Chs(Y,X)− hs(Y, fX).

Using (4.7), (4.8) and the fact that h is symmetric, we arrive at

ω[X,Y ] = hs(Y, fX)− hs(X, fY ),

which proves our assertion. �
Theorem 4.2. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M . Then the distribution D⊥ is integrable if and only if the shape
operator of M satisfies

AωXY = AωY X

for any X,Y ∈ Γ(D⊥).

Proof. From (4.4) and after calculation, we have

(4.9) −f∇XY = AωY X +Bhs(X,Y )

for X,Y ∈ Γ(D⊥). By interchanging X and Y in (4.9), we obtain

(4.10) −f∇Y X = AωXY +Bhs(X,Y ).

From (4.9) and (4.10), we conclude that

f [X,Y ] = AωXY −AωY X,

which proves our assertion. �
For the leaves of D to be totally geodesic foliation on M, we have:

Theorem 4.3. Let M be a SCR-lightlike submanifold of a semi-Riemannian product
manifold M . Then the invariant distribution D defines a totally geodesic foliation
on M if and only if hs(X,FY ) has no component in Γ(S(TM⊥)), for any X,Y ∈
Γ(D).

Proof. The distribution D defines a totally geodesic foliation on M if and only if
∇XY ∈ Γ(D). Using (4.1) and the fact that F (D⊥) ⊂ S(TM⊥), we conclude that
∇XY ∈ Γ(D) if and only if

g(∇XY, Z) = 0

for any X,Y ∈ Γ(D) and Z ∈ Γ(D⊥).
On the other hand, using (2.2) and (3.1), we obtain

g(∇XY, Z) = g(∇XFY, FZ)− g(Fhs(X,Y ), FZ)
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= g(hs(X,FY ), FZ),

which proves our assertion. �

Now, we define SCR-lightlike product submanifolds of a semi-Riemannian prod-
uct manifold similar to the definition of SCR-lightlike product given by Duggal
and Sahin [5] and prove two characterization theorems for the existence of such
submanifolds in semi-Riemannian product manifolds.

Definition 4.2. A SCR-lightlike submanifold M of a semi-Riemannian product
manifold M is a SCR-lightlike product if both distributions D and D⊥ of M are
integrable and their leaves are totally geodesic in M , i.e, M is locally a product
manifold (M1 ⊗M2, g) with g = g1 + g2, where g1 is the degenerate metric tensor
of the leaf M1 of D and g2 is the non-degenerate metric tensor of the leaf M2 of
D⊥.

Lemma 4.1. For a proper SCR-lightlike submanifold M of a semi-Riemannian
product manifold M , one has

(4.11) Dl(Z,FW ) = Dl(W,FZ)

for all Z,W ∈ Γ(D⊥).

Proof. Using (2.6), ∇F = 0 and (2.4), for ξ ∈ Γ(Rad TM) and Z,W ∈ Γ(D⊥) we
obtain

(4.12) g(A∗
FξZ,W ) = g(ξ,Dl(Z,FW )).

Similarly

(4.13) g(A∗
FξW,Z) = g(ξ,Dl(W,FZ)).

From (4.12), (4.13) and the fact that A∗ is self-adjoint, we have

g(ξ,Dl(Z,FW )−Dl(W,FZ)) = 0,

which proves our assertion. �

Theorem 4.4. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M . Then M is a SCR-lightlike product if and only if ∇f = 0.

Proof. Let M be a SCR-lightlike product submanifold of a semi-Riemannian prod-
uct manifold M . Then the distributions D and D⊥ are integrable and its leaves are
totally geodesic in M. Using (2.2), (4.2), (4.3) and the fact that ∇UFX = F∇UX,
we arrive at

∇UfX+hl(U, fX)+hs(U, fX) = f∇UX+ω∇UX+Fhl(U,X)+Bhs(U,X)+Chs(U,X)

for any U ∈ Γ(TM) and X ∈ Γ(D). Comparing the components of D and D⊥ on
both sides of the above equation, respectively, we get

∇UfX = f∇UX i.e, (∇Uf)X = 0

and

Bhs(U,X) = 0.

On the other hand, using ∇UFY = F∇UY , for any U ∈ Γ(TM) and Y ∈ Γ(D⊥)
we have
(4.14)
−AFY U+∇s

UFY+Dl(U,FY ) = f∇UY+ω∇UY+Fhl(U, Y )+Bhs(U, Y )+Chs(U, Y )
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Considering the tangential parts of (4.14), we obtain

−AFY U = f∇UY +Bhs(U, Y ).

Since leaves of D⊥ are totally geodesic in M, ∇UY ∈ D⊥ for all Y ∈ Γ(D⊥) and
f∇UY = 0. Thus

(4.15) AFY U +Bhs(U, Y ) = 0.

Combining (4.4) with (4.15), we get (∇Uf)Y = 0.
Conversely, suppose ∇f = 0. Then, using ∇f = 0 and (2.2) for any X,Z ∈ Γ(D),

we obtain

∇ZfX − hl(Z, fX)− hs(Z, fX)− f∇ZX = 0,

which implies

∇ZFX −hl(Z, fX)−hs(Z, fX)−F∇ZX +Fhl(X,Z)+Fhs(X,Z)+ω∇ZX = 0,

where we have used (2.2) and (4.2). Using ∇F = 0 in the above equation, we get

(4.16) −hl(Z, fX)− hs(Z, fX) + Fhl(X,Z) + Fhs(X,Z) + ω∇ZX = 0.

Interchanging Z and X in (4.16) and substracting the resulting equation from (4.16),
we arrive at

(4.17) ω[Z,X]− hl(Z, fX)− hs(Z, fX) + hl(X, fZ) + hs(X, fZ) = 0.

Taking inner product of (4.17) with FY , we obtain

g(ω[Z,X], FY ) = g(hs(Z, fX)− hs(X, fZ), FY ),

from which we conclude that D is integrable in view of Theorem 4.1.
In respect of integrability of D⊥, we have

(4.18) F∇XZ = ∇XωZ

for any X,Z ∈ Γ(D⊥). Using (2.2),(2.4) and (4.2) in (4.18), we get

f∇XZ + ω∇XZ + Fhl(X,Z) + Fhs(X,Z) = −AωZX +∇s
XωZ +Dl(X,ωZ),

which implies

(4.19) ω∇XZ + Fhl(X,Z) + Fhs(X,Z) = −AωZX +∇s
XωZ +Dl(X,ωZ),

where we have used ∇f = 0, i.e, f∇ZX = ∇ZfX = 0. Interchanging X and Z in
(4.19) and substracting the resulting equation from (4.19), we get

(4.20) ω[X,Z] = −AωZX +AωXZ +∇s
XωZ −∇s

ZωX +Dl(X,ωZ)−Dl(Z, ωX).

Taking inner product of (4.20) with Y ∈ Γ(D) and using (4.11), we obtain

g([X,Z], FY ) = g(−AωZX +AωXZ, Y ),

from which we conclude that D⊥ is integrable in view of Theorem 4.2.
Now, we prove that leaves of D and D⊥ are totally geodesic in M. Let ∇f = 0.
Then for any Z ∈ Γ(TM) and X ∈ Γ(D),

f∇ZX = ∇ZfX ̸= 0,

from which we infer that ∇ZX ∈ Γ(D), i.e, the leaves of D are totally geodesic in
M.
In the similar way, for any Z ∈ Γ(TM) and Y ∈ Γ(D⊥), we have

f∇ZY = ∇ZfY = 0,



150 S.M.KHURSHEED HAIDER, MAMTA THAKUR AND ADVIN

from which we infer that ∇ZY ∈ Γ(D⊥), that is, the leaves of D⊥ are totally
geodesic in M. This completes the proof of theorem. �

Theorem 4.5. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M . Then M is a SCR-lightlike product if and only if

(4.21) Bhs(Z,X) = 0

for each Z ∈ Γ(TM) and X ∈ Γ(D).

Proof. Let M be a SCR-lightlike product. Then, from Theorem 4.4 and (4.4) we
have

Bhs(Z,X) = 0

for any Z ∈ Γ(TM) and X ∈ Γ(D).
Conversely, suppose that (4.21) is satisfied for each Z ∈ Γ(TM) and X ∈ Γ(D).
Then, using (4.21) and (4.4) we get

(∇Xf)Z = 0.

Thus by Theorem 4.4, M is a SCR-lightlike product. �

As a consequence of Theorem 4.4 and Theorem 4.5, we have the following result:

Theorem 4.6. Let M be a proper SCR-lightlike totally umbilical submanifold of a
semi-Riemannian product manifold M . Then M is a SCR-lightlike product if M is
totally geodesic submanifold in M .

Definition 4.3. A SCR-lightlike submanifold M of a semi-Riemannian product
manifold is said to be D-totally geodesic(resp. D⊥-totally geodesic) if its sec-
ond fundamental form h satisfies h(X,Y ) = 0 (resp. h(Z,W ) = 0) for X,Y ∈
Γ(D)(Z,W ∈ Γ(D⊥)).

For a proper screen CR-lightlike submanifold to be D-totally geodesic, we have

Theorem 4.7. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
Product manifold M . Then M is D-totally geodesic submanifold if and only if AWX
and A∗

ξX have no components in Γ(D) for any X ∈ Γ(D), W ∈ Γ(S(TM⊥) and

ξ ∈ Γ(Rad TM).

Proof. For any X,Y ∈ Γ(D), W ∈ Γ(S(TM⊥) and ξ ∈ Γ(Rad TM), we have

(4.22) g(hs(X,FY ),W ) = g(∇XFY,W ) = g(AWX,FY )

and

(4.23) g(hl(X,FY ), ξ) = g(∇XFY, ξ) = g(FY,A∗
ξX).

Thus, our assertion follows from (4.22) and (4.23). �

Theorem 4.8. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M . Then M is D⊥- totally geodesic submanifold if and only
if AWY and A∗

ξX have no components in Γ(D⊥) for any Y,Z ∈ Γ(D⊥), W ∈
Γ(S(TM⊥)) and ξ ∈ Γ(Rad TM).
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Proof. Let Y, Z ∈ Γ(D⊥), W ∈ Γ(S(TM⊥)) and ξ ∈ Γ(Rad TM). Then

(4.24) g(hs(Z, Y ),W ) = g(∇Y Z,W ) = g(AWY, Z)

and

(4.25) g(hl(Z, Y ), ξ) = g(∇ZY, ξ) = g(Y,A∗
ξZ).

Thus, proof follows from (4.24) and (4.25). �

A characterization of totally geodesic submanifolds is given by following:

Theorem 4.9. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product M .Then M is totally geodesic submanifold if and only if S(TM⊥) and
Rad TM are Killing distributions on M .

The proof of the above theorem is similar to Theorem 3.1 of [7].

Definition 4.4. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M . Then M is mixed geodesic submanifold if the second funda-
mental form of M satisfies h(X,Y ) = 0 for any X ∈ Γ(D) and Y ∈ Γ(D⊥).

For the proper screen CR-lightlike submanifold to be mixed geodesic, we have:

Theorem 4.10. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M . Then M is mixed-geodesic if and only if the shape oper-
ators AUX and A∗

ξX of M have no components in Γ(D⊥) for any X ∈ Γ(D),

U ∈ Γ(S(TM⊥)) and ξ ∈ Γ(Rad TM).

Proof. For any X ∈ Γ(D), Y ∈ Γ(D⊥), ξ ∈ Γ(Rad TM) and U ∈ Γ(S(TM⊥)), we
have

(4.26) g(hs(X,Y ), U) = g(∇XY,U) = g(AUX,Y )

and

(4.27) g(hs(X,Y ), ξ) = g(∇XY, ξ) = g(Y,A∗
ξX).

Thus, our assertion follows from (4.26) and (4.27). �

Definition 4.5. [3] A lightlike submanifold (M, g) of a semi-Riemannian manifold
(M, g) is said to be totally umbilical if there is a smooth transversal vector field
H ∈ Γ(tr(TM)) on M, called the transversal curvature vector field of M, such that

(4.28) h(X,Y ) = g(X,Y )H

for any X,Y ∈ Γ(TM).

Using (2.2) and (4.28), it is easy to see that M is totally umbilical if and only if on
each coordinate neighbourhood u there exist smooth vector fields H l ∈ Γ(ltr(TM))
and Hs ∈ Γ(S(TM⊥)) such that

hl(X,Y ) = g(X,Y )Hl, hs(X,Y ) = g(X,Y )Hs

for any X,Y ∈ Γ(TM). Thus, we have

Theorem 4.11. There does not exist any totally umbilical proper SCR-lightlike
submanifold in the semi-Riemannian product of two real space forms M1(c1) and
M2(c2) with c1 + c2 ̸= 0.
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Proof. Let, if possible, M be a totally umbilical proper SCR-lightlike submanifold
of M1(c1) × M2(c2) with c1 + c2 ̸= 0. By using (2.7), for any X,Y ∈ Γ(TM),
Z ∈ Γ(D) and FW ∈ Γ(S(TM⊥)), we obtain

(4.29) g(R(X,Y )FZ,FW ) = g((∇Xh)(Y, FZ), FW )− g((∇Y h)(X,FZ), FW ).

On the other hand, from (4.28), we have

(4.30) (∇Xh)(Y, Z) = g(Y, Z)∇⊥
XH.

Using (4.29) and (4.30), we get

g(R(X,Y )FZ,FW ) = g(Y, FZ)g(∇⊥
XH,FW )− g(X,FZ)g(∇⊥

Y H,FW ).

Replacing X by Z and Y by W in the above equation, we arrive at

K(Z,W,FZ, FW ) = g(W,FZ)g(∇⊥
ZH,FW )− g(Z,FZ)g(∇⊥

WH,FW ).

Choosing Z orthogonal to FZ in the above equation, we get

(4.31) K(Z,W,FZ, FW ) = 0.

Also, from (3.2), we have

(4.32) K(Z,W,FZ, FW ) =
−1

16
(c1 + c2).

Thus, our assertion follows from (4.31), (4.32) and the fact that c1 + c2 ̸= 0. �

Theorem 4.12. Let M be a proper SCR-lightlike totally umbilical submanifold of a
semi-Riemannian product manifold M . Then the following statement are equivalent
i) The distribution D is parallel in M.
ii) g(Z,FY )Hs = g(Z, Y )CHs, for any Y ∈ Γ(D) and Z ∈ Γ(TM), i.e BHs = 0.
iii) The transversal vector field Hs is invariant with respect to F.
iv) f is parallel in M.

Proof. Since D is an invariant distribution, we have FX = fX for any X ∈ Γ(D).
If M is totally umbilical, from (4.28) and the fact that ∇XFY = F∇XY we have

∇XfY +g(X,FY )Hl+g(X,FY )Hs = f∇XY +ω∇XY +g(X,Y )FHl+g(X,Y )BHs

+g(X,Y )CHs

for any X,Y ∈ Γ(D). Taking the tangential, lightlike transversal and screen
transversal component of both sides of the above equation, we obtain

∇XfY = f∇XY + g(X,Y )BHs,

g(X,FY )Hl = g(X,Y )FHl,

(4.33) ω∇XY = g(X,Y )CHs − g(X,FY )Hs,

from which we conclude that∇XY ∈ Γ(D) if and only if g(X,FY )Hs = g(X,Y )CHs.
Thus proof is complete. �

Interchanging X and Y in (4.33) and then subtracting the resulting equation
from (4.33), we have:

Corollary 4.1. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M. The distribution D is always integrable if M is a totally um-
bilical proper SCR-lightlike submanifold.
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From (4.2) and (3.2), we have

R(X,Y )Z =
1

16
(c1 + c2){g(Y,Z)X − g(X,Z)Y + g(FY,Z)fX + g(FY,Z)ωX

− g(FX,Z)fY − g(FX,Z)ωY }+ 1

16
(c1 − c2){g(FY,Z)X(4.34)

− g(FX,Z)Y + g(Y,Z)fX + g(Y,Z)ωX − g(X,Z)fY − g(X,Z)ωY }

for any X,Y, Z ∈ Γ(TM). Using (2.7) and (4.34), the equations of Gauss and
Codazzi for the submanifold M , respectively, can be written as

R(X,Y )Z =
1

16
(c1 + c2){g(Y,Z)X − g(X,Z)Y + g(FY,Z)fX − g(FX,Z)fY )}

+
1

16
(c1 − c2){g(FY,Z)X − g(FX,Z)Y + g(Y,Z)fX − g(X,Z)fY }

+Ahl(Y,Z)X +Ahs(Y,Z)X −Ahl(X,Z)Y −Ahs(X,Z)Y

and

(∇Xh)(Y, Z)− (∇Y h)(X,Z) =
1

16
(c1 + c2){g(FY,Z)ωX − g(FX,Z)ωY }(4.35)

+
1

16
(c1 − c2){g(Y, Z)ωX − g(X,Z)ωY }

for any X,Y, Z ∈ Γ(TM).

Definition 4.6. Let M be a r-lightlike submanifold of any semi-Riemannian man-
ifold M . M is said to be curvature-invariant lightlike submanifold if the covariant
derivative of the second fundamental form h of M is satisfies

(∇Xh)(Y, Z)− (∇Y h)(X,Z) = 0.

for any X,Y, Z ∈ Γ(TM).

Theorem 4.13. There does not exist any curvature-invariant proper SCR-lightlike
submanifold in the semi-Riemannian product of two real space forms M1(c1) and
M2(c2) with c1, c2 ̸= 0.

Proof. For X, Z ∈ Γ(D) and Y ∈ Γ(D⊥), using (4.35) we get

(∇Xh)(Y, Z)− (∇Y h)(X,Z) = − 1

16
(c1 + c2)g(FX,Z)ωY − 1

16
(c1 − c2)g(X,Z)ωY,

from which our assertion follows. �
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