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ABSTRACT. We introduce Screen Cauchy-Riemann(SCR) lightlike submani-
folds of a semi-Riemannian product manifold and give examples. We obtain
integrability conditions for the distributions and investigate the geometry of
leaves of distributions involved. We also obtain necessary and sufficient condi-
tion for SCR-lightlike submanifold to be locally lightlike Riemannian product
manifold. Finally, we prove that there exists no totally umbilical and curvature
invariant proper SCR-lightlike submanifold in any semi-Riemannian product
real space form.

1. Introduction

A. Bejancu introduced the notion of CR-submainfolds which was emerged as a
single setting to study holomorphic and totally real submanifolds of a Kaehler man-
ifold. In [2], Duggal and Bejancu initiated the study of CR-lightlike submanifolds
of an indefinite Kaehler manifold which excludes the complex and real lightlike
submanifolds ([2],p.210). Later on, Duggal and Sahin[4] gave the notion of Screen
Cauchy-Riemann(SCR)- lightlike submanifolds of an indefinite Kaehler manifold
which contains complex and screen real subcases. However, there is no inclusion
relation between screen Cauchy-Riemann and CR submanifolds. On the other hand,
semi-invariant lightlike submanifolds of a semi-Riemannian product manifold were
introduced by Atceken and Kilic in [1] and studied totally umbilical, curvature in-
variant lightlike submanifolds in real space forms as well as integrability conditions
for the distributions involved in the definition of semi-invariant lightlike submani-
folds.

In the present paper, we introduce and study screen CR-lightlike submanifold
of a semi-Riemannian product manifold. The paper is arranged as follows. In
sections 2 and 3, we summarize basic materials on lightlike submanifolds and semi-
Riemannian product manifolds which will be useful throughout this paper. In
section 4, we give examples of proper SCR-lightlike submanifolds, obtain integra-
bility conditions for the distributions involved, investigate the geometry of leaves of
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distributions and give necessary and sufficient condition for SCR-lightlike subman-
ifold to be locally lightlike Riemannian product. We also prove that there exists no
totally umbilical and curvature invariant proper SCR-lightlike submanifold in any
semi-Riemannian product of two real space forms.

2. Preliminaries

We follow [2] for the notation and fundamental equations for lightlike subman-
ifolds used in this paper. A submanifold M™ immersed in a semi-Riemannian
manifold (A" ", 5) is called a lightlike submanifold if it is a lightlike manifold
with respect to the metric g induced from g and the radical distribution Rad T'M
is of rank r, where 1 < r < m. Let S(T'M) be a screen distribution which is a
semi-Riemannian complementary distribution of Rad T'M in the tangent bundle
TM of M, i.e.,

TM = Rad TM LS(TM)

Consider a screen transversal vector bundle S(TM~), which is a semi-Riemannian
complementry vector bundle of Rad TM in the normal bundle TM~* of M. Since
for any local basis {{;} of Rad T'M, there exist a local null frame {N;} of sections
with values in the orthogonal complement of S(TM>) in [S(TM)]* such that
(&, N;) = 0;; , it follows that there exist a lightlike transversal vector bundle
ltr(TM) locally spanned by {N;} [2]. Let tr(T'M) be complementary (but not
orthogonal)vector bundle to TM in T'M ;. Then

tr(TM) = ltr(TM)LS(TM™*),
TM|y = S(TM)L[(Rad TM) & ltr(TM)]LS(TM™).
Following are four subcases of a lightlike submanifold (M, g, S(TM),S(TM*).
Case 1: r-lightlike if » < min{m,n}.
Case 2: Co-isotropic if r = n < m; S(TM=*) = {0}.
Case 3: Isotropic if r = m < n; S(TM) = {0}
Csae 4: Totally lightlike if r = m =n ; S(TM) = {0} = S(TM™1).
The Gauss and Weingarten equations are
(2.1) VxY = VY +h(X,Y), VX,Y € [(TM)
VxU=-AyX +V4U, VX € (TM),U € T(tr(TM))
where {VxY, Ay X} and {h(X,Y),V4U} belongs to I'(T'M) and I'(tr(TM)),
respectively, V and V! are linear connections on M and on the vector bundle
tr(TM), respectively. Moreover, we have

(2.2) VxY =VxY +h(X,Y) + h*(X,Y)
(2.3) VxN =-AxX + VN + D*(X,N)
(2.4) VxW = —Aw X + V5 W + DX, W)

for each X,Y € I'(TM),N € T(ltr(TM)) and W € T'(S(TM1)). Denote the
projection morphism of I'(TM) on I'(S(T'M)) by P. Then, by using (2.1), (2.2),

(2.3), (2.4) and a metric connection V, we obtain
(2.5) g(h*(X,Y), W) +3(¥, D'(X, W) = g(Aw X, Y)



SCREEN CAUCHY-RIEMANN LIGHTLIKE SUBMANIFOLDS 143

From the decomposition of the tangent bundle of a lightlike submanifold, we have

VxPY = V4 PY + h*(X,PY),

(2.6) Vx&=—-A{X + V¥,
for X, Y € T(TM) and ¢ € I'(Rad TM). By using above equations we obtain
g(h'(X,PY),€) = g(Ac X, PY)
(@(h*(X, PY),N) = g(AN X, PY)
g(h'(X,€),€) =0, Az = 0.
In general, the induced connection V on M is not a metric connection whereas V*

is a metric connection on S(T'M). Using (2.2) and the fact that V is a metric
connection, we get

(Vx9)(Y,Z) =g(h'(X,Y), Z) + g(h (X, Z),Y).
The Gauss equation for M is given by

R(X,Y)Z =R(X,Y)Z + Anx.2)Y — Apyy X + Aps(x 2)Y — Ape(v. )X

(2.7) + (Vxh)(Y, Z) — (Vyh) (X, Z) + DY(X,h*(Y, Z)) — D'(Y,h*(X, Z))
+ (Vxh*)(Y, Z) — (Vyh®) (X, Z) + D*(X,h\(Y, Z)) — D*(Y,h (X, Z))

for each XY, Z € I'(TM).

3. Semi-Riemannian Product Manifolds

Let (Mj,g1) and (M, g2) be two my and mso- dimensional semi-Riemannian
manifolds with constant indices ¢; > 0 and g2 > 0 respectively. Let 7 : My x My —
My, and o : My X My — Ms be the projections which are given by m(z,y) = x
and o(z,y) = y for any (x,y) € M; x Ms. We denote the product manifold by
M = (M; x Ms,g) where

g(Xﬂ Y) =0 (W*Xa ’/T*Y) + gQ(J*Xa U*Y)

for any X,Y € I'(T'M), where * denotes the differential mapping. Then we have

T =1, 02 =0, M0, = 0,7 =0 and m, + 0, =1,

where 1 is the identity map of I'(M; x Ms). Thus (M, g) is a (m +mz)-dimensional
semi-Riemannian manifold with constant index (g1 +¢2). The Riemannian product
manifold M = (M; x Ma,q) is characterized by M; and M, which are totally
geodesic submanifold of M.

Now, if we put F = 7, — 0, then we can easily see that F? = I and

(3.1) g(FX,)Y)=g(X,FY)

for any X,Y € I'(TM), where F is called almost Riemannian product structure on
My x Ms. If we denote the Levi-Civita connection on M by V, then

(VxF)Y =0
for any X,Y € I'(T'M), that is, F is parallel with respect to V.
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Now, let My and Mz be two real space forms with constant sectional curvatures
¢1 and cg, respectively. Then the Riemannian curvature tensor R of M = M;(c1) x
Ms(c2) is given by
— 1
(82  RX.Y)Z = (e +e){3(Y. 2)X - (X, 2)Y +G(FY. 2)FX
—G(FX, Z)FY } + &5 (1 — ) {9(FY. 2)X ~g(FX, 2)Y +3(Y. Z)FX —§(X, Z)FY}
for any X,Y,Z € T(TM)[8].

4. Screen Cauchy-Riemann Lightlike Submanifolds

In the present section, we define screen Cauchy-Riemann lightlike submanifolds
of a semi-Riemannian product manifold and study the integrability condition of
distributions involved in the definition of such submanifolds.

Definition 4.1. Let (M,g) be a semi-Riemannian product manifold and M be a
r-lightlike submanifold of M. We say that M is a SCR-lightlike submanifold of M,
if the following conditions are satisfied:

(i) There exists real non-null distributions D and D+ such that

S(TM)= D& D+, F(D*)c (S(TM*1)), Dn D+ = {0},
where D+ is orthogonal complement to D in S(T'M).
(ii) The distribution D and Rad T'M are invariant with respect to F.

It follows that ltr(TM) is also invariant with respect to F. Hence we have
(4.1) TM =D @ D+,
where D = D1 Rad TM.

Denote the orthogonal complement to F(D+) in S(TM+1) by p. The subman-

ifold M is said to be a proper SCR-lightlike submanifold of M if neither D = {0}
nor D+ = {0}.

Now, we give examples of proper SCR-lightlike submanifolds of semi-Riemannian
product manifolds.

Example 4.1. Let R} = R} x R{ be a semi-Riemannian product manifold with
semi-Riemannian product metric tensor § = m.g1 ® 0.ga,, where g;(i = 1,2) denote
standard metric tensor of R}. Consider a product structure F defined by
o 0 o 0
Flo—3-)=(3-7-)
Ox; Oy, 0y; " Ox;
where (z7,17) are the cartesian co-ordinates of RS.
Let M be a submanifold of RS defined by

ol =5, 22 =t 23 =w, 2* =ucosa+vsina

yt=t y>=s, > =0, y* = usina + vcosa.

Then, a local frame of TM is given by

=9 42 9 9
te 8.231 83/27 2T 8y1 6.132
lecosaiquina—, ZQ:sinaiJrcosa—, 73 = 9

Oxy m Oy dys 7P By
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Hence M is a 2-lightlike submanifold with invariant Rad TM = span{&;,&2}. Tt is
easy to see that lightlike transversal bundle ltr(TM) is spanned by
1 0 0 1 0 0

=320y T

leg(_aixl‘f'aimh 2 =

and the screen transversal bundle S(T M) is spanned by
w2
dys

By direct calculations, we get
FZ1 2227 FZQ :Zl, and FZg =W.

If we take D = span{Z1, Zo} and D+ = span{Z3}, then D is invariant and F D+ C
(S(TM™)). Hence M is a proper screen Cauchy-Riemann lightlike submanifold of
RS.

Example 4.2. Let RS = R} x R{ be a semi-Riemannian product manifold with
the product structure

200 0

axi’ 8yi N 8xi’ Gyz ’
where (27, y7) are the cartesian co-ordinates of RS.
Suppose M is a submanifold of RS defined by
ot =s—t, 2 =wuy, 2° = (s —t), 2* = (ug — uz) cos
y' =0, y* =1, y* = (u2 +uz)sina, y' = 0.

Then the tangent bundle TM is spanned by

(L0 0 0 0
e 6l‘1 8x3’ 2T 8331 8$37
0 0 0 . .
Zl = 671'2 + aiw, ZQ = COSO{TM +Sln0687y3, Zg = _COSOéai:L‘4 +Sln0é87y3.

Thus M is a 2-lightlike submanifold with Rad TM = span{{1, &2}, which is invariant
with respect to F. Moreover, the lightlike transversal bundle ltr(T M) is spanned
by
1 0 0 1, 0 0
Ny = (-2 + 9y n=—2( 2 Y
! 2( 81‘1 * 8$3)’ 2 2(8I1 31‘3

and the screen transversal bundle S(T'M~) is spanned by

It is easy to see that
FZl :VV, FZQ :Zg, and FZ3:ZQ.

Let D = span{Zy, Z3} and D+ = span{Z;}. Then D is invariant and FD+ C
(S(TM™)). Hence M is a proper screen Cauchy-Riemann lightlike submanifold of
RS.
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Example 4.3. Let M be a submanifold of a semi-Riemannian product manifold
R}%? = RS x RS with the product structure

( o 0 ) = 0 0 )

(933’1‘7 3yz n 6$¢7 8yz

given by
o' =y Fuy, 2% = (ug +ug)sinh @, 2® = uy 4+ us, 2* = u3, 2° = (ug + us) cos b,
2% = (u1+ug) cosh @, y' =0, v =0, > =0, yv* = us, v° = (ug—us)sind, y°=0.
Then, the tangent bundle is spanned by &1,¢2, 721, 25, Z3, where

0 0 6 0 0
— ho— h — ho— h—
&= 81+sm 982+0089 , o= +s1n 982+cos 086
0 0 0] 0] 0 0 0 0
= —+— Z —+sinf—, Z 0— —sin—.
! 83;‘4—’_8]]4’ 2= 8.133 Dy 08 8.135 +SH1 6y5 8= 8.733 Dy |08 8.735 sin 6y5

Thus M is a 2-lightlike submanifold with invariant Rad TM = span{&1,&} and
the lightlike transversal bundle ltr(T'M) is spanned by

N, = %(_(’%1 +sinh Hai +cosh 9%) Ny = %(_(’%1 +sinh 9(,%2 +cosh 9%)
Furthermore, the screen transversal bundle S(T M=) is spanned by
0 3]
T On Ow’

Then after simple calculations, we get
FZl = VV, FZ2 =Z3, and FZg ZZQ.

Choose D = span{Z,, Z3} and D+ = span{Z;}. Clearly D is invariant with
respect to F'and FD+ C (S(TM™)). Hence M is a proper screen Cauchy-Riemann
lightlike submanifold of R}2.

For any vector field X € I'(TM), we write
(4.2) FX = fX +wX

where fX and wX are tangential and normal parts of FX. Similarly, for the vector
field V e T'(tr(T'M)), we set

(4.3) FV =BV +CV

where BV and CV are tangential and normal parts of F'V. o
Using (2.2),(2.4),(4.2),(4.3) and the fact that F' is parallel on M, we get

VxFY = FVxY,
which implies
VxfY +hN(X, fY)+ 0% (X, fY) — Apy X + V5wY + DY X, wY) = fVxY +wVxY

+FhY(X,Y) + Bh*(X,Y) + Ch*(X,Y)
for any X,Y € I'(T'M). Taking into account the tangential, lightlike transversal
and screen transversal components of the above equation, respectively, we get

(4.4) (Vxf)Y = Auy X + Bh*(X,Y),

(4.5) RU(X, fY) + DY(X,wY) = FRY(X,Y),
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(4.6) (Vxw)Y =Ch(X,Y) - h(X, fY).
For the integrability of the distributions D and D+ involved in the definition of

a screen CR-lightlike submanifold, we have:

Theorem 4.1. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then the distribution D is integrable if and only if the second
fundamental form of M satisfies

h*(X, fY) = b*(Y, fX)

for any X, Y € I'(D).
Proof. Using (4.6), for any X,Y € I'(D), we obtain

(4.7) WwVxY = Ch*(X,Y) — h*(X, fY).
By interchanging X and Y in (4.7), we get
(4.8) WwVy X = Ch*(Y, X) — h3(Y, £X).

Using (4.7), (4.8) and the fact that h is symmetric, we arrive at
w[X, Y] =Rr*(Y, fX) - h*(X, fY),
which proves our assertion. (I
Theorem 4.2. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then the distribution D is integrable if and only if the shape
operator of M satisfies
AuxY = AvX
for any X, Y € T(D4).

Proof. From (4.4) and after calculation, we have

(4.9) —fVxY = A,y X + Bh¥(X,Y)
for X, Y € T'(D%). By interchanging X and Y in (4.9), we obtain
(4.10) —fVyX = A,xY + Bh*(X,Y).

From (4.9) and (4.10), we conclude that
fIX,)Y]=A,xY — Ay X,
which proves our assertion. (I
For the leaves of D to be totally geodesic foliation on M, we have:

Theorem 4.3. Let M be a SCR-lightlike submanifold of a semi-Riemannian product
manifold M. Then the invariant distribution D defines a totally geodesic foliation
on M if and only if h*(X, FY) has no component in U'(S(TM™1)), for any X,Y €
(D).

Proof. The distribution D defines a totally geodesic foliation on M if and only if
VxY € I'(D). Using (4.1) and the fact that F(D+) C S(TM~), we conclude that
VxY € I'(D) if and only if
g(vXYa Z) =0
for any X,Y € I'(D) and Z € ['(D1).
On the other hand, using (2.2) and (3.1), we obtain

H(VxY, 2) = (Vx FY, FZ) — §(Fh*(X,Y), FZ)
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=g(h*(X,FY),FZ),

which proves our assertion. O

Now, we define SCR-lightlike product submanifolds of a semi-Riemannian prod-
uct manifold similar to the definition of SCR-lightlike product given by Duggal
and Sahin [5] and prove two characterization theorems for the existence of such
submanifolds in semi-Riemannian product manifolds.

Definition 4.2. A SCR-lightlike submanifold M of a semi-Riemannian product
manifold M is a SCR-lightlike product if both distributions D and D+ of M are
integrable and their leaves are totally geodesic in M, i.e, M is locally a product
manifold (M; ® Ms,g) with ¢ = g1 + g2, where g1 is the degenerate metric tensor
of the leaf M7 of D and g2 is the non-degenerate metric tensor of the leaf My of
D+,

Lemma 4.1. For a proper SCR-lightlike submanifold M of a semi-Riemannian
product manifold M, one has

(4.11) DY(Z,FW) = DY (W, FZ)
for all Z,W € T'(D").

Proof. Using (2.6), VF = 0 and (2.4), for ¢ € I[(Rad TM) and Z,W € I'(D}) we
obtain

(4.12) 9(A5eZ, W) = g(¢, DY(Z, FW)).
Similarly
(4.13) 9(ApW, Z) = g(&§, D'(W, FZ2)).

From (4.12), (4.13) and the fact that A* is self-adjoint, we have
9(&, D'(Z, FW) — D'(W, FZ)) =0,
which proves our assertion. ([l

Theorem 4.4. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then M is a SCR-lightlike product if and only if Vf = 0.

Proof. Let M be a SCR-lightlike product submanifold of a semi-Riemannian prod-
uct manifold M. Then the distributions D and D+ are integrable and its leaves are
totally geodesic in M. Using (2.2), (4.2), (4.3) and the fact that Vg FX = FVy X,
we arrive at
VufX+hNU, fX)+h*(U, fX) = fVyX+wVyX+Fh (U, X)+Bh*(U, X)+Ch*(U, X)
for any U € I'(TM) and X € I'(D). Comparing the components of D and D+ on
both sides of the above equation, respectively, we get

VUfX = fVUX i.€7 (VUf)X =0
and

Bhr*(U,X) = 0.

On the other hand, using VyFY = FVyY, for any U € ['(TM) and Y € T'(D%)
we have
(4.14)
—ApyU+V§EFY+DY U, FY) = fVuY+wVyY +FRN(U,Y)+Bh*(U,Y)+Ch*(U,Y)
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Considering the tangential parts of (4.14), we obtain
—ApyU = fVyY + BhY(U,Y).

Since leaves of Dt are totally geodesic in M, VY € D+ for all Y € I'(D+) and
fVyY =0. Thus

(4.15) AFyU+BhS(U,Y) =0.
Combining (4.4) with (4.15), we get (Vi f)Y = 0.

Conversely, suppose V f = 0. Then, using Vf = 0 and (2.2) for any X, Z € I'(D),
we obtain B

VX = h(Z, fX) = h(Z, fX) = fV5X =0,

which implies
V2FX —hNZ, fX)—h*(Z, fX) - FV X +Fh(X,Z) + Fh*(X,Z) +wVzX =0,
where we have used (2.2) and (4.2). Using VF = 0 in the above equation, we get
(4.16) —WNZ, fX) = h*(Z, fX) + FR(X,Z) + Fh*(X,Z) + wVzX = 0.

Interchanging Z and X in (4.16) and substracting the resulting equation from (4.16),
we arrive at

(4.17) wlZ,X] - h(Z, fX) - W (Z, fX) + (X, fZ) + h*(X, fZ) = 0.
Taking inner product of (4.17) with F'Y’, we obtain
9WwlZ, X, FY) = g(h*(Z, fX) = h* (X, fZ), FY),

from which we conclude that D is integrable in view of Theorem 4.1.
In respect of integrability of D+, we have

(4.18) FVxZ =VxwZ

for any X, Z € T'(D+). Using (2.2),(2.4) and (4.2) in (4.18), we get
fVXZ+wVxZ+Fh(X,Z)+Fh¥(X,Z) = —AuzX + ViwZ + DY (X,wZ),

which implies

(4.19)  wVxZ+Fh(X,2)+Fh*(X,Z) = —A,zX + V4wZ + D'(X,wZ),

where we have used Vf = 0, i.e, fVzX = VzfX = 0. Interchanging X and Z in
(4.19) and substracting the resulting equation from (4.19), we get

(4.20) w[X,Z) = —A,zX + AuxZ + ViwZ — VywX + DY(X,wZ) — DY(Z,wX).

Taking inner product of (4.20) with Y € I'(D) and using (4.11), we obtain
9([X, Z], FY) = g(=Auz X + Aux Z,Y),

from which we conclude that Dj‘ is integrable in view of Theorem 4.2.
Now, we prove that leaves of D and D are totally geodesic in M. Let Vf = 0.

Then for any Z € I'(TM) and X € I'(D),
fVzX =VzfX #0,

from which we infer that VzX € I'(D), i.e, the leaves of D are totally geodesic in
M.
In the similar way, for any Z € ['(TM) and Y € I'(D1), we have

fVzY =VzfY =0,
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from which we infer that VY & I'(D%), that is, the leaves of D+ are totally
geodesic in M. This completes the proof of theorem. (I

Theorem 4.5. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then M is a SCR-lightlike product if and only if

(4.21) Bh(Z,X) =0

for each Z € T(TM) and X € I'(D).

Proof. Let M be a SCR-lightlike product. Then, from Theorem 4.4 and (4.4) we
have

Bh(Z,X) =0

for any Z e T(TM) and X € T'(D).
Conversely, suppose that (4.21) is satisfied for each Z € I'(TM) and X € I'(D).
Then, using (4.21) and (4.4) we get

(Vx[f)Z =0.
Thus by Theorem 4.4, M is a SCR-lightlike product. O

As a consequence of Theorem 4.4 and Theorem 4.5, we have the following result:

Theorem 4.6. Let M be a proper SCR-lightlike totally umbilical submanifold of a
semi-Riemannian product manifold M. Then M is a SCR-lightlike product if M is
totally geodesic submanifold in M.

Definition 4.3. A SCR-lightlike submanifold M of a semi-Riemannian product
manifold is said to be D-totally geodesic(resp. D-*-totally geodesic) if its sec-
ond fundamental form h satisfies h(X,Y) = 0 (resp. h(Z,W) = 0) for X,Y €
I'(D)(zZ,W € T'(D1)).

For a proper screen CR-lightlike submanifold to be D-totally geodesic, we have

Theorem 4.7. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
Product manifold M. Then M is D-totally geodesic submanifold if and only if Ay X
and A{X have no components in I'(D) for any X € (D), W € T(S(TM*) and
el (Rad TM).

Proof. For any X,Y € I'(D), W € T(S(TM*) and ¢ € T'(Rad TM), we have

(4.22) g(h* (X, FY), W) =g(VxFY,W) = g(Aw X, FY)
and
(4.23) G(H (X, FY),€) = (VX FY,€) = g(FY, ALX).
Thus, our assertion follows from (4.22) and (4.23). O

Theorem 4.8. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then M is D*- totally geodesic submanifold if and only
if AwY and A{X have no components in (DY) for any Y,Z € T(DY), W €
L(S(TM*Y)) and &€ € T'(Rad TM).



SCREEN CAUCHY-RIEMANN LIGHTLIKE SUBMANIFOLDS 151

Proof. Let Y, Z € T(D+), W € T'(S(TM™)) and ¢ € T'(Rad TM). Then

and
(4.25) G(H(Z,Y).€) = G(V Y. €) = 5V, A:.2)
Thus, proof follows from (4.24) and (4.25). O

A characterization of totally geodesic submanifolds is given by following:

Theorem 4.9. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product M.Then M is totally geodesic submanifold if and only if S(TM*) and
Rad TM are Killing distributions on M.

The proof of the above theorem is similar to Theorem 3.1 of [7].

Definition 4.4. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then M is mixed geodesic submanifold if the second funda-
mental form of M satisfies h(X,Y) = 0 for any X € I'(D) and Y € I'(D%).

For the proper screen CR-lightlike submanifold to be mixed geodesic, we have:

Theorem 4.10. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M. Then M is mized-geodesic if and only if the shape oper-
ators AuX and A;X of M have no components in (DY) for any X € T'(D),

UeTl(S(TM*Y)) and € € T(Rad TM).

Proof. For any X € I'(D), Y € I'(D4), ¢ € I'(Rad TM) and U € T'(S(TM*1)), we
have

(4.26) g(h*(X.Y),U) =g(VxY.U) = g(AuX,Y)

and

(4.27) (X, ), €) = (VY. €) = (¥, AL X).

Thus, our assertion follows from (4.26) and (4.27). O

Definition 4.5. [3] A lightlike submanifold (M, g) of a semi-Riemannian manifold
(M,7g) is said to be totally umbilical if there is a smooth transversal vector field
H eT'(tr(T'M)) on M, called the transversal curvature vector field of M, such that

(4.28) hX,Y)=9(X,Y)H
for any X, Y € (T M).

Using (2.2) and (4.28), it is easy to see that M is totally umbilical if and only if on
each coordinate neighbourhood u there exist smooth vector fields H' € T'(Itr(TM))
and H® € T'(S(TM~)) such that

(X,Y)=g(X,Y)H,, h*(X,Y)=g(X,Y)H,
for any X,Y € T'(T'M). Thus, we have

Theorem 4.11. There does not exist any totally umbilical proper SCR-lightlike
submanifold in the semi-Riemannian product of two real space forms Mi(c1) and
MQ(CQ) with c] + C2 75 0.



152 S.M.KHURSHEED HAIDER, MAMTA THAKUR AND ADVIN

Proof. Let, if possible, M be a totally umbilical proper SCR-lightlike submanifold
of My(c1) x Ma(cg) with ¢; + ¢2 # 0. By using (2.7), for any X, Y € I'(TM),
Z € (D) and FW € T'(S(TM)), we obtain

(4.29) G(R(X,Y)FZ,FW) =g((Vxh)(Y,FZ),FW) —g((Vyh)(X,FZ), FW).
On the other hand, from (4.28), we have
(4.30) (Vxh)(Y, 2) = g(¥, Z)VEH.
Using (4.29) and (4.30), we get
9R(X,Y)FZ,FW) =g(Y,FZ)g(N+xH,FW) — §(X, FZ)g(VyH, FW).
Replacing X by Z and Y by W in the above equation, we arrive at
K(Z,W,FZ,FW) =g(W,FZ)g(V;H,FW) —§(Z, FZ)§(Viy H, FW).
Choosing Z orthogonal to F'Z in the above equation, we get
(4.31) K(Z,W,FZ,FW) = 0.
Also, from (3.2), we have

_ 1
(4.32) K(Z,W,FZ,FW) = =(c1 +c2).
Thus, our assertion follows from (4.31), (4.32) and the fact that ¢; + ¢o # 0. O

Theorem 4.12. Let M be a proper SCR-lightlike totally umbilical submanifold of a
semi-Riemannian product manifold M. Then the following statement are equivalent
i) The distribution D is parallel in M.

i) g(Z, FY)H, = g(Z,Y)CHj, for any Y € T'(D) and Z € T(TM), i.e BH, = 0.
i1i) The transversal vector field Hy is invariant with respect to F.

i) fis parallel in M.

Proof. Since D is an invariant distribution, we have FX = fX for any X € I'(D).
If M is totally umbilical, from (4.28) and the fact that VxFY = FVxY we have

VxfY+g(X,FY)H+g(X,FY)H, = fVxY+wVxY+g(X,Y)FH+g(X,Y)BH,

- +9(X,Y)CH,
for any X,Y € I'(D). Taking the tangential, lightlike transversal and screen
transversal component of both sides of the above equation, we obtain

vaY = fVXY+g(Xa Y)BHsa
9(X,FY)H, = ¢(X,Y)FH,

(4.33) wVxY = g(X,Y)CH, — g(X,FY)H,,
from which we conclude that VxY € I'(D) if and only if g(X, FY)H, = g(X,Y)CH,.
Thus proof is complete. ([l

Interchanging X and Y in (4.33) and then subtracting the resulting equation
from (4.33), we have:

Corollary 4.1. Let M be a proper SCR-lightlike submanifold of a semi-Riemannian
product manifold M. The distribution D is always integrable if M is a totally um-
bilical proper SCR-lightlike submanifold.
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From (4.2) and (3.2), we have

R(X,Y)Z = S (er + ) {(V, 2)X ~5(X, 2)Y +(FY, 2)fX +G(FY, Z)wX

(@3)  ~GFX,2)fY ~§(FX, 2)e¥) + 1 (e — ) {g(FY, 2)X
S GEX,Z)Y + (Y, 2)FX + (Y, Z)wX — G(X, 2)fY —G(X, Z)wY}

for any X,Y,Z € T'(T'M). Using (2.7) and (4.34), the equations of Gauss and
Codazzi for the submanifold M, respectively, can be written as

R(X,Y)Z = = (e1 + e){g(V. 2)X ~ §(X. 2)Y +§(FY, 2)[X — g(FX, 2)[Y)}

16
1

+ E(Cl —e){g(FY, 2)X —g(FX,2)Y +g(Y, Z)fX —g9(X, 2)fY}

+ Ahz(y7Z)X + AhS(Y,Z)X — Ah"(X7Z)Y — AhS(X,Z)Y
and

— — 1
(435) (Vxh)(Y,2) — (Tyh)(X, 2) = <(er + ) {g(FY, Z)wX — g(FX, Z)wY'}
1
+15(er — e {g(Y, Z)wX — g(X, Z)wY'}

for any X,Y,Z € T(TM).

Definition 4.6. Let M be a r-lightlike submanifold of any semi-Riemannian man-
ifold M. M is said to be curvature-invariant lightlike submanifold if the covariant
derivative of the second fundamental form h of M is satisfies

(Vxh)(Y, Z) = (Vyh)(X, Z) = 0.
for any X,Y,Z € T(TM).

Theorem 4.13. There does not exist any curvature-invariant proper SCR-lightlike
submanifold in the semi-Riemannian product of two real space forms Mi(c1) and
MQ(C2) with C1,C2 75 0.

Proof. For X, Z € T(D) and Y € I'(D%), using (4.35) we get
_ _ 1 1
(Vah)(Y, 2) = (Tyh)(X, 2) = =<l + @)X, )Y — (e — )g(X, Z)wY,
from which our assertion follows. [l
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