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ON T -CURVATURE TENSOR IN K-CONTACT AND SASAKIAN
MANIFOLDS

MUKUT MANI TRIPATHI AND PUNAM GUPTA

(Communicated by Murat TOSUN)

Abstract. Some properties of quasi-T -flat, ξ-T -flat and ϕ-T -flat K-contact
and Sasakian manifolds are obtained. We give the necessary and sufficient
condition for the K-contact manifold to be ξ-T -flat under some algebraic con-
dition. Among others, it is proved that a compact ϕ-T -flat K-contact manifold
with regular contact vector field, under an algebraic condition, is a principal
S1-bundle over an almost Kaehler space of constant holomorphic sectional
curvature.

1. Introduction

Let M be a (2n + 1)-dimensional almost contact metric manifold equipped with
an almost contact metric structure (ϕ, ξ, η, g). Then at each point p ∈ M the
tangent space TpM can be decomposed into the direct sum TpM = ϕ(TpM)⊕{ξp},
where {ξp} is the 1-dimensional linear subspace of TpM generated by ξp. Thus, the
conformal curvature tensor C is a map C : TpM × TpM × TpM → ϕ(TpM)⊕ {ξp},
p ∈ M . We have the following well-known particular cases: (1) the projection of
the image of C in ϕ(TpM) is zero, (2) the projection of the image of C in {ξp} is
zero, and (3) the projection of the image of C|ϕ(TpM)×ϕ(TpM)×ϕ(TpM) in ϕ(TpM) is
zero. An almost contact metric manifold satisfying the case (1), (2) and (3) is said
to be conformally symmetric [18], ξ-conformally flat [17] and ϕ-conformally flat [3],
respectively. The first case was studied by Zhen [18] by proving that a conformally
symmetric K-contact manifold is locally isometric to the unit sphere. The second
case was studied by Zhen et al. [17], they proved that a K-contact manifold is
ξ-conformally flat if and only if it is an η-Einstein Sasakian manifold. The third
case was studied by Cabrerizo et al. [3], they gave the some necessary conditions for
a K-contact manifold to be ϕ-conformally flat. In 2008, Tripathi and Dwivedi [12]
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defined and studied quasi projectively flat, ξ-projectively flat and ϕ-projectively flat
almost contact metric manifold. Necessary and sufficient conditions for a K-contact
manifold to be quasi projectively flat and ϕ-projectively flat were obtained. Finally,
they proved that a compact ϕ-projectively flat K-contact manifold with regular
contact vector field is a principal S1-bundle over an almost Kaehler space of constant
holomorphic sectional curvature 4. In 2010, Dwivedi and Kim [4] defined some
necessary and/or sufficient condition(s) for K-contact and/or Sasakian manifolds
to be quasi conharmonically flat, ξ-conharmonically flat and ϕ-conharmonically flat.
In last, they proved that a compact ϕ-conharmonically flat K-contact manifold with
regular contact vector field is a principal S1-bundle over an almost Kaehler space

of constant holomorphic sectional curvature 3− 2
2n− 1

.

Motivated by these studies, we study the T -curvature tensor [13] in K-contact
and Sasakian manifolds. Section 2 contains some preliminaries. In Section 3, we
give the definition of T -curvature tensor. In particular, T -curvature tensor is re-
duced to be quasi-conformal curvature tensor, conformal curvature tensor, conhar-
monic curvature tensor, concircular curvature tensor, pseudo-projective curvature
tensor, projective curvature tensor, M-projective curvature tensor, Wi-curvature
tensors (i = 0, . . . , 9), W∗

j -curvature tensors (j = 0, 1). In Section 4, we give
definitions of quasi T -flat, ξ-T -flat and ϕ-T -flat almost contact metric manifolds
analogous to those of conformal curvature tensor, projective curvature tensor and
conharmonic curvature tensor. We obtain some properties of ξ-T -flat, quasi T -flat
and ϕ-T -flat K-contact manifolds. We give a necessary and sufficient condition for
a K-contact manifold to be ξ-T -flat under some algebraic condition. In last sec-
tion, we establish that a ϕ-T -flat compact regular K-contact manifold with regular
contact vector field, under an algebraic condition, is a principal S1-bundle over an
almost Kaehler space of constant holomorphic sectional curvature.

2. Preliminaries

Let (M,ϕ, ξ, η, g) be an (2n + 1)-dimensional almost contact metric manifold
consisting of a (1, 1) tensor field ϕ, a vector field ξ, a 1-form η and a Riemannian
metric g. Let X(M) be the Lie algebra of vector fields in M . Consider X, Y , Z,
V , W ∈ X(M) throughout the paper, unless otherwise specifically stated. Then

(2.1) ϕ2 = − I + η ⊗ ξ, η(ξ) = 1, ϕξ = 0, η ◦ ϕ = 0,

(2.2) g(ϕX,ϕY ) = g(X, Y )− η(X)η(Y ).

From (2.1) and (2.2) we have

(2.3) g(X, ϕY ) = −g(ϕX, Y ), g(X, ξ) = η(X).

An almost contact metric manifold is

1. a contact metric manifold if g(X, ϕY ) = dη(X, Y ).
2. a K-contact manifold if ∇ξ = −ϕ, where ∇ is Levi-Civita connection and
3. a Sasakian manifold if (∇Xϕ)Y = g(X, Y )ξ − η(Y )X.

A K-contact manifold is always contact metric manifold but converse is true
if the Lie derivative of ϕ in the characteristic direction ξ vanishes. A Sasakian
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manifold is a K-contact manifold but the converse is true if dimension is 3. A
contact metric manifold is Sasakian if and only if

(2.4) R(X, Y )ξ = η(Y )X − η(X)Y.

In a Sasakian manifold (M, ϕ, ξ, η, g), we easily get

(2.5) R(ξ,X)Y = g(X, Y )ξ − η(Y )X,

where R is the curvature tensor.
In a (2n + 1)-dimensional almost contact metric manifold M , if {e1, . . . , e2n, ξ}

is a local orthonormal basis of vector fields in M , then {ϕe1, . . . , ϕe2n, ξ} is also a
local orthonormal basis. It is easy to verify that

(2.6)
2n∑

i=1

g(ei, ei) =
2n∑

i=1

g(ϕei, ϕei) = 2n,

(2.7)
2n∑

i=1

g(ei, Z)S(Y, ei) =
2n∑

i=1

g(ϕei, Z)S(Y, ϕei) = S(Y, Z)− S(Y, ξ)η(Z),

(2.8)
2n∑

i=1

g(ei, ϕZ)S(Y, ei) =
2n∑

i=1

g(ϕei, ϕZ)S(Y, ϕei) = S(Y, ϕZ),

where S is the Ricci tensor. If M is a K-contact manifold then we have

(2.9) S(X, ξ) = 2nη(X),

(2.10) (∇Xϕ)Y = −R(X, ξ)Y,

(2.11) (∇Xϕ)ϕY + ϕ(∇Xϕ)Y = −g(ϕX, Y )ξ − η(Y )ϕX.

Then from (2.10) and (2.11), we get

(2.12) ϕR(X, ξ)Y + R(X, ξ)ϕY = g(ϕX, Y )ξ − η(Y )ϕX

and, in particular,

(2.13) R(X, ξ)ξ = X − η(X)ξ,

(2.14) S(ξ, ξ) = 2n.

From (2.14) we get

(2.15)
2n∑

i=1

S(ei, ei) =
2n∑

i=1

S(ϕei, ϕei) = r − 2n,

where r is the scalar curvature. In a K-contact manifold we also get

(2.16) R(ξ, Y, Z, ξ) = g(ϕY, ϕZ).

Consequently,

(2.17)
2n∑

i=1

R(ei, Y, Z, ei) =
2n∑

i=1

R(ϕei, Y, Z, ϕei) = S(Y, Z)− g(ϕY, ϕZ).
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Definition 2.1. An almost contact metric manifold M is said to be η-Einstein
manifold [1, p. 105] if the Ricci tensor satisfies

(2.18) S(X, Y ) = b1g(X, Y ) + b2η(X)η(Y ),

where b1,b2 are smooth functions on the manifold and η is 1-form. In particular, if
b2 = 0, then M is an Einstein manifold.

Remark 2.1. In [17, Lemma 1.1], the authors proved that for a K-contact metric
manifold

g((∇ξQ)X − (∇XQ)ξ, ξ) = 3g(QϕX, ξ).

Since Qξ = 2nξ, therefore

g((∇ξQ)X − (∇XQ)ξ, ξ) = 0.

3. T -curvature tensor

In a (2n + 1)-dimensional Riemannian manifold M , the T -curvature tensor [13]
is given by

T (X, Y )Z = a0 R (X, Y )Z(3.1)
+ a1 S (Y,Z)X + a2 S (X, Z) Y + a3 S(X,Y )Z
+ a4 g (Y, Z)QX + a5 g (X,Z)QY + a6 g(X, Y )QZ

+ a7 r (g (Y,Z)X − g (X, Z)Y ) ,

where R, S, Q and r are the curvature tensor, the Ricci tensor, the Ricci operator
and the scalar curvature, respectively.

In particular, the T -curvature tensor is reduced to be
(1) the quasi-conformal curvature tensor C∗ [16] if

a1 = − a2 = a4 = − a5, a3 = a6 = 0, a7 = − 1
2n + 1

( a0

2n
+ 2a1

)
,

(2) the conformal curvature tensor C [5, p. 90] if

a0 = 1, a1 = − a2 = a4 = − a5 = − 1
2n− 1

, a3 = a6 = 0, a7 =
1

2n(2n− 1)
,

(3) the conharmonic curvature tensor L [6] if

a0 = 1, a1 = − a2 = a4 = − a5 = − 1
2n− 1

, a3 = a6 = 0, a7 = 0,

(4) the concircular curvature tensor V ([14], [15, p. 87]) if

a0 = 1, a1 = a2 = a3 = a4 = a5 = a6 = 0, a7 = − 1
2n(2n + 1)

,

(5) the pseudo-projective curvature tensor P∗ [11] if

a1 = − a2, a3 = a4 = a5 = a6 = 0, a7 = − 1
2n + 1

( a0

2n
+ a1

)
,

(6) the projective curvature tensor P [15, p. 84] if

a0 = 1, a1 = − a2 = − 1
2n

, a3 = a4 = a5 = a6 = a7 = 0,
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(7) the M-projective curvature tensor [9] if

a0 = 1, a1 = − a2 = a4 = − a5 = − 1
4n

, a3 = a6 = a7 = 0,

(8) the W0-curvature tensor [9, Eq. (1.4)] if

a0 = 1, a1 = − a5 = − 1
2n

, a2 = a3 = a4 = a6 = a7 = 0,

(9) the W∗
0 -curvature tensor [9, Eq. (2.1)] if

a0 = 1, a1 = − a5 =
1
2n

, a2 = a3 = a4 = a6 = a7 = 0,

(10) the W1-curvature tensor [9] if

a0 = 1, a1 = − a2 =
1
2n

, a3 = a4 = a5 = a6 = a7 = 0,

(11) the W∗
1 -curvature tensor [9] if

a0 = 1, a1 = − a2 = − 1
2n

, a3 = a4 = a5 = a6 = a7 = 0,

(12) the W2-curvature tensor [8] if

a0 = 1, a4 = − a5 = − 1
2n

, a1 = a2 = a3 = a6 = a7 = 0,

(13) the W3-curvature tensor [9] if

a0 = 1, a2 = − a4 = − 1
2n

, a1 = a3 = a5 = a6 = a7 = 0,

(14) the W4-curvature tensor [9] if

a0 = 1, a5 = − a6 =
1
2n

, a1 = a2 = a3 = a4 = a7 = 0,

(15) the W5-curvature tensor [10] if

a0 = 1, a2 = − a5 = − 1
2n

, a1 = a3 = a4 = a6 = a7 = 0,

(16) the W6-curvature tensor [10] if

a0 = 1, a1 = − a6 = − 1
2n

, a2 = a3 = a4 = a5 = a7 = 0,

(17) the W7-curvature tensor [10] if

a0 = 1, a1 = − a4 = − 1
2n

, a2 = a3 = a5 = a6 = a7 = 0,

(18) the W8-curvature tensor [10] if

a0 = 1, a1 = − a3 = − 1
2n

, a2 = a4 = a5 = a6 = a7 = 0,

(19) the W9-curvature tensor [10] if

a0 = 1, a3 = − a4 =
1
2n

, a1 = a2 = a5 = a6 = a7 = 0.
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Denoting
T (X, Y, Z, V ) = g(T (X, Y )Z, V ),

we write the curvature tensor T in its (0, 4) form as follows.

T (X,Y, Z, V ) = a0 R (X,Y, Z, V ) + a1 S (Y, Z) g (X,V )(3.2)
+ a2 S (X,Z) g (Y, V ) + a3 S(X,Y )g(Z, V )
+ a4 g (Y, Z) S (X, V ) + a5 g (X, Z)S (Y, V )
+ a6 S(Z, V )g(X, Y )
+ a7 r (g (Y, Z) g (X, V )− g (X, Z) g (Y, V )) .

Remark 3.1. In [12], the projective curvature tensor is defined by

P(X, Y )Z = R(X, Y )Z − 1
2n

(g(Y, Z)QX − g(X, Z)QY ),

which is W2-curvature tensor. In [9], the projective curvature tensor is defined by

W (X,Y )Z = R(X, Y )Z +
1
2n

(g(X,Z)QY − S(Y, Z)X),

which we call W0-curvature tensor.

4. Some structure theorems

Analogous to the considerations of conformal curvature tensor, conharmonic
curvature tensor and projective curvature tensor, we give the following:

Definition 4.1. An almost contact metric manifold M is said to be
(1) quasi T -flat if

(4.1) g(T (X, Y )Z,ϕW ) = 0,

(2) ξ-T -flat if

(4.2) T (X,Y )ξ = 0,

(3) ϕ-T -flat if

(4.3) g(T (ϕX, ϕY )ϕZ,ϕW ) = 0.

We begin with the following Theorem

Theorem 4.1. Let M be a (2n + 1)-dimensional K-contact manifold satisfying

(4.4) g(T (ϕX, Y )Z,ϕW ) = 0,

1. If
a0 + 2na1 + a2 + a3 + a5 + a6 6= 0.

Then

(4.5) S = A0g + A1η ⊗ η,

where

(4.6) A0 =
a0 − a4(r − 2n)− (2n− 1)a7r

a0 + 2na1 + a2 + a3 + a5 + a6

and

(4.7) A1 =
2n(a2 + a3 + a5 + a6)− (a0 + a7 r)

a0 + 2na1 + a2 + a3 + a5 + a6
.
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Therefore M is an η-Einstein manifold. In particular, M becomes an Ein-
stein manifold provided

2n(a2 + a3 + a5 + a6)− (a0 + a7 r) = 0.

Consequently, we have the following:

K-contact manifold Einstein/ S =
η-Einstein

g(C∗(ϕX, Y )Z, ϕW ) = 0 η-Einstein
1

a0 + (2n− 2)a1

((
1 +

(2n− 1)r
2n(2n + 1)

)
a0

+
(

2n +
(2n− 3)r
2n + 1

)
a1

)
g

+
1

a0 + 2na1

((
−1 +

r

2n(2n + 1)

)
a0

+
(
−4n +

2r

2n + 1

)
a1

)
η ⊗ η

g(C(ϕX, Y )Z, ϕW ) = 0 η-Einstein
( r

2n
− 1

)
g +

(
2n + 1− r

2n

)
η ⊗ η

g(L(ϕX, Y )Z,ϕW ) = 0 η-Einstein (r − 1)g + (2n + 1)η ⊗ η
g(V(ϕX, Y )Z, ϕW ) = 0 Einstein 2ng

g(P∗(ϕX, Y )Z, ϕW ) = 0 Einstein
2na0 + 2n(2n− 1)a1

a0 + (2n− 1)a1
g

g(P(ϕX, Y )Z, ϕW ) = 0 Einstein 2ng
g(M(ϕX, Y )Z,ϕW ) = 0 Einstein 2ng
g(W0(ϕX, Y )Z, ϕW ) = 0 Einstein 2ng

g(W∗
0 (ϕX, Y )Z, ϕW ) = 0 η-Einstein

2n

4n− 1
g − 4n

4n− 1
η ⊗ η

g(W1(ϕX, Y )Z, ϕW ) = 0 η-Einstein
2n

4n− 1
g − 4n

4n− 1
η ⊗ η

g(W∗
1 (ϕX, Y )Z, ϕW ) = 0 Einstein 2ng

g(W2(ϕX, Y )Z, ϕW ) = 0 [12] Einstein 2ng

g(W3(ϕX, Y )Z, ϕW ) = 0 η-Einstein
2n(2n + 1)

2n− 1
g − 4n

2n− 1
η ⊗ η

g(W4(ϕX, Y )Z, ϕW ) = 0 η-Einstein g − η ⊗ η
g(W5(ϕX, Y )Z, ϕW ) = 0 η-Einstein g − η ⊗ η
g(W6(ϕX, Y )Z, ϕW ) = 0 Einstein 2ng
g(W8(ϕX, Y )Z, ϕW ) = 0 Einstein 2ng
g(W9(ϕX, Y )Z, ϕW ) = 0 Einstein 2ng

2. If a0 + 2na1 + a2 + a3 + a5 + a6 = 0 and 4n2a7 + (2n + 1)a4 6= 0 then

(4.8) r =
2n (a0 + a2 + a3 + (2n + 1)a4 + a5 + a6)

4n2a7 + (2n + 1)a4
.

Consequently, for a K-contact manifold which satisfies g(W7(ϕX, Y )Z,ϕW ) =
0, we have

r =
2n(4n + 1)

2n + 1
.

3. If a0 + 2na1 + a2 + a3 + a5 + a6 = 0 and 4n2a7 + (2n + 1)a4 = 0, then

(4.9) a0 + a2 + a3 + (2n + 1)a4 + a5 + a6 = 0.
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Proof. Let M be a (2n + 1)-dimensional K-contact manifold, then from (3.2) we
have

T (ϕX, Y, Z, ϕW ) = a0 R(ϕX, Y, Z, ϕW )(4.10)
+ a1 S (Y, Z) g(ϕX, ϕW ) + a2 S (ϕX, Z) g(Y, ϕW )
+ a3 S(ϕX, Y )g(Z,ϕW ) + a4 g (Y, Z)S(ϕX, ϕW )
+ a5 g (ϕX, Z)S(Y, ϕW ) + a6 g(ϕX, Y )S(Z,ϕW )
+ a7 r (g (Y, Z) g(ϕX, ϕW )− g (ϕX,Z) g(Y, ϕW )) .

If {e1, . . . , e2n, ξ} is a local orthonormal basis of vector fields in M , then from (4.10)
we get

2n∑

i=1

T (ϕei, Y, Z, ϕei) = a0

2n∑

i=1

R(ϕei, Y, Z, ϕei)(4.11)

+
2n∑

i=1

( a1 S (Y,Z) g(ϕei, ϕei) + a2 S (ϕei, Z) g(Y, ϕei)

+ a3 S(ϕei, Y )g(Z,ϕei) + a4 g (Y,Z)S(ϕei, ϕei)
+ a5 g (ϕei, Z)S(Y, ϕei) + a6 g(ϕei, Y )S(Z, ϕei)
+ a7 r (g (Y,Z) g(ϕei, ϕei)− g (ϕei, Z) g(Y, ϕei))).

Using (2.6), (2.7), (2.15) and (2.17) in (4.11), we get

2n∑

i=1

T (ϕei, Y, Z, ϕei)(4.12)

= (a0 + 2na1 + a2 + a3 + a5 + a6)S(Y, Z)
− (a2 + a6)S (Z, ξ) η(Y )− (a3 + a5)S(Y, ξ)η(Z)
+ (a4(r − 2n) + 2n a7 r)g (Y, Z) + (−a0 − a7 r)g(ϕY, ϕZ).

If M satisfies (4.4) then from (4.12) we get

(a0 + 2na1 + a2 + a3 + a5 + a6)S(Y,Z)(4.13)
= (a2 + a6)S (Z, ξ) η(Y ) + (a3 + a5)S(Y, ξ)η(Z)

+ (a0 + a7 r)g(ϕY, ϕZ)− (a4(r − 2n) + 2n a7 r)g (Y, Z) .

Case 1. If a0 + 2na1 + a2 + a3 + a5 + a6 6= 0, then by using (2.2) and (2.9) in
(4.13), we get (4.5).
Case 2. If a0 + 2na1 + a2 + a3 + a5 + a6 = 0 and 4n2a7 + (2n + 1)a4 6= 0, we get
from (4.13)

0 = (a0 − (2n− 1)a7r − (r − 2n)a4) g(Y, Z)
− ((a0 + a7 r)− 2n(a2 + a3 + a5 + a6)) η(Y )η(Z).

Contracting the above equation, we get

(4.14)
(
4n2a7 + (2n + 1)a4

)
r = 2n (a0 + a2 + a3 + (2n + 1)a4 + a5 + a6) .

From (4.14), we have (4.8).
Case 3. If a0 + 2na1 + a2 + a3 + a5 + a6 = 0 and 4n2a7 + (2n + 1)a4 = 0, then
from (4.14), we get (4.9). This proves the result. ¤
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Remark 4.1. The conclusions of Theorem 4.1 remain true if the condition of the
equation (4.4) is replaced by the condition of being quasi T -flat.

Remark 4.2. In [4, Lemma 3.5], it is proved that a (2n + 1)-dimensional quasi
conharmonically flat Sasakian manifold is η-Einstein. But here we prove this result
for K-contact manifold, which is weaker condition than that of Sasakian manifold.

Next, we have the following.

Theorem 4.2. Let M be a (2n + 1)-dimensional is ξ-T -flat K-contact manifold.
1. If a4 6= 0, then

(4.15) S = A2 g + A3η ⊗ η,

where

(4.16) A2 = − a0 + 2na1 + a7r

a4

and

(4.17) A3 =
a0 − 2na2 − 2na3 − 2na5 − 2na6 + a7r

a4
.

Therefore it is an η-Einstein manifold. In particular, M becomes an Ein-
stein manifold provided

a0 − 2na2 − 2na3 − 2na5 − 2na6 + a7r = 0.

Consequently, we have the following:

K-contact manifold Einstein/ S =
η-Einstein

ξ-quasi-conformally flat η-Einstein −
(

a0

a1
+ 2n− r

2n + 1

(
a0

2na1
+ 2

))
g

+
(

a0

a1
+ 4n− r

2n + 1

(
a0

2na1
+ 2

))
η ⊗ η

ξ-conformally flat η-Einstein
( r

2n
− 1

)
g +

(
2n + 1− r

2n

)
η ⊗ η

ξ-conharmonically flat η-Einstein −g + (2n + 1)η ⊗ η
ξ-M-projectively flat Einstein 2ng
ξ-W2-flat [12] Einstein 2ng
ξ-W3-flat η-Einstein − 2ng + 4nη ⊗ η
ξ-W7-flat η-Einstein 2nη ⊗ η
ξ-W9-flat Einstein 2ng

2. If a4 = 0 and a7 6= 0, then

(4.18) r = −a0 + (2n + 1)a1 + a2 + a3 + a5 + a6

a7
.

Consequently, if M is ξ-concircularly flat or ξ-pseudo-projectively flat then
r = 2n(2n + 1).

3. If a4 = 0 and a7 = 0, then

(4.19) a0 + (2n + 1)a1 + a2 + a3 + a5 + a6 = 0.

In particular, for projective curvature tensor, W0-curvature tensor, W∗
1 -

curvature tensor, W6-curvature tensor and W8-curvature tensor, the equa-
tion (4.19) is true.
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Proof. By (3.2) and (2.3), we get

T (X, Y, ξ, W ) = a0 R(X, Y, ξ, W )(4.20)
+ a1 S (Y, ξ) g(X, W ) + a2S (X, ξ) g(Y, W )
+ a3 S(X, Y )η(W ) + a4η(Y )S(X, W )
+ a5η(X)S(Y,W ) + a6 g(X, Y )S(ξ, W )
+ a7 r (η(Y )g(X, W )− η(X)g(Y,W )) .

Using Y = ξ in (4.20), we get

T (X, ξ, ξ,W ) = a0 R(X, ξ, ξ, W )(4.21)
+ a1 S (ξ, ξ) g(X, W ) + a2 S (X, ξ) g(ξ, W )
+ a3 S(X, ξ)η(W ) + a4 η(ξ)S(X, W )
+ a5η(X)S(ξ, W ) + a6 g(X, ξ)S(ξ, W )
+ a7 r (η(ξ)g(X, W )− η(X)g(ξ, W )) .

Case 1. If a4 6= 0, then using (2.9), (2.13) and (2.14) and the fact that M is
ξ-T -flat in (4.21), we get (4.15).
Case 2. If a4 = 0 and a7 6= 0, then by using (2.9), (2.13) and (2.14) and the fact
that M is ξ-T -flat in (4.21), we get

(a0 + 2na1 + a7r) g(Y, Z) = ((a0 + a7 r)− 2n(a2 + a3 + a5 + a6)) η(Y )η(Z),

Contracting the above equation, we get

(4.22) a7r = − (a0 + (2n + 1)a1 + a2 + a3 + a5 + a6) ,

If a7 6= 0, we get (4.18).
Case 3. If a4 = 0 and a7 = 0, from (4.22) we get (4.19). This proves the result. ¤

Remark 4.3. For W∗
0 -curvature tensor, W1-curvature tensor, W4-curvature tensor

and W5-curvature tensor (4.19) do not hold.

Remark 4.4. In [4], it is proved that if M is a (2n+1)-dimensional ξ-conharmonically
flat K-contact manifold, then the Ricci tensor satisfies

S(X, Y ) = −g(X, Y ) + S(X, ξ)η(Y ) + S(Y, ξ)η(X)
−(2n− 1)η(X)η(Y ).

But from Theorem 4.2, we see that any ξ-conharmonically flat K-contact manifold
is η-Einstein because in this case S = −g + (2n + 1)η ⊗ η.

Theorem 4.3. Let M be a (2n + 1)-dimensional K-contact manifold such that
a4 6= 0 and a4 + 2na7 6= 0. Then M is ξ-T -flat if and only if Ricci tensor satisfies
the equations (4.15),

(4.23) r = −2n (a0 + (2n + 1)a1 + a2 + a3 + a5 + a6)
a4 + 2na7

= B0, (say),

and

− a0R(X, Y )ξ = (2na1 + a4A2 + a7B0)η(Y )X(4.24)
+ (2na2 + a5A2 − a7B0)η(X)Y
+(2na6 + a3A2)g(X,Y )ξ
+(a3 + a4 + a5)A3η(X)η(Y )ξ.
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Proof. From Theorem 4.2, we get (4.15). Then contracting (4.15), we have (4.23).
Using (4.15) and (4.23) in (4.20), we get (4.24).

Conversely if (4.15), (4.23) and (4.24) are satisfied, then the K-contact manifold
is ξ-T -flat. ¤

In [17], it is proved that a K-contact manifold is ξ-conformally flat if and only
if it is an η-Einstein Sasakian manifold. In fact, we have the following

Corollary 4.1. Let M be a (2n + 1)-dimensional K-contact manifold. Then the
following statements are true:

(a) For T ∈ {C∗, C,L}, M is ξ-T -flat if and only if it is η-Einstein and
Sasakian.

(b) For T ∈ {M,W2}, M is ξ-T -flat if and only if it is Einstein and Sasakian.

Remark 4.5. M is ξ-conformally flat, then from (4.23), the scalar curvature r is in
indeterminate form.

Theorem 4.4. If a (2n + 1)-dimensional K-contact manifold M is ϕ-T -flat such
that

a0 + 2na1 + a2 + a3 + a5 + a6 6= 0,

then

a0R(ϕX,ϕY, ϕZ, ϕW )(4.25)
= − (A4a1 + A4a4 + ra7)g(ϕY, ϕZ)g(ϕX, ϕW )

− (A4a2 + A4a5 − ra7)g(ϕX,ϕZ)g(ϕY, ϕW )
− (A4a3 + A4a6)g(ϕX, ϕY )g(ϕZ,ϕW ).

Proof. Let M be a (2n + 1)-dimensional K-contact manifold. From (3.2) we have

T (ϕX, ϕY, ϕZ, ϕW ) = a0R(ϕX, ϕY, ϕZ, ϕW )(4.26)
+ a1 S (ϕY, ϕZ) g(ϕX, ϕW ) + a2 S (ϕX, ϕZ) g(ϕY, ϕW )
+ a3 S(ϕX,ϕY )g(ϕZ, ϕW ) + a4 g (ϕY, ϕZ)S(ϕX, ϕW )
+ a5 g (ϕX, ϕZ)S(ϕY, ϕW ) + a6 g(ϕX, ϕY )S(ϕZ, ϕW )
+ a7 r (g (ϕY, ϕZ) g(ϕX, ϕW )− g (ϕX,ϕZ) g(ϕY, ϕW )) .

For an orthonormal basis of vector fields {e1, . . . , e2n, ξ} in M , from (4.26) it follows
that

T (ϕei, ϕY, ϕZ, ϕei) = a0R(ϕei, ϕY, ϕZ, ϕei)(4.27)
+ a1 S (ϕY, ϕZ) g(ϕei, ϕei) + a2 S (ϕei, ϕZ) g(ϕY, ϕei)
+ a3 S(ϕei, ϕY )g(ϕZ, ϕei) + a4 g (ϕY, ϕZ)S(ϕei, ϕei)
+ a5 g (ϕei, ϕZ) S(ϕY, ϕei) + a6 g(ϕei, ϕY )S(ϕZ,ϕei)
+ a7 r (g (ϕY, ϕZ) g(ϕei, ϕei)− g (ϕei, ϕZ) g(ϕY, ϕei)) .

Using (2.6), (2.8), (2.17) and (4.3) in (4.27), we get

0 = (a0 + 2na1 + a2 + a3 + a5 + a6)S(ϕY, ϕZ)(4.28)
+ (−a0 + (r − 2n)a4 + (2n− 1)a7r)g(ϕY, ϕZ).

(4.28) can be rewritten as

(4.29) S(ϕY, ϕZ) = A4 g(ϕY, ϕZ),
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where

A4 =
(a0 − (r − 2n)a4 − (2n− 1)ra7)
(a0 + 2na1 + a2 + a3 + a5 + a6)

and a0 + 2na1 + a2 + a3 + a5 + a6 6= 0. Using (4.3) and (4.29) in (4.26), we get
(4.25). ¤

Theorem 4.5. Let M be a (2n+1)-dimensional Sasakian manifold such that a0 6= 0
and

a0 + 2na1 + a2 + a3 + a5 + a6 6= 0.

If M is ϕ-T -flat, then

− a0R(X,Y, Z,W )(4.30)
= (A4a1 + A4a4 + a7r)g(Y, Z)g(X,W )
+ (A4a2 + A4a5 − a7r)g(X, Z)g(Y, W )
+ (A4a3 + A4a6)g(X,Y )g(Z, W )
− (A4a3 + A4a6)g(X,Y )η(Z)η(W )
− (A4a3 + A4a6)g(Z,W )η(X)η(Y )
− (A4a1 + A4a4 + a7r + a0)η(Y )η(Z)g(X, W )
− (A4a1 + A4a4 + a7r + a0)η(X)η(W )g(Y,Z)
− (A4a2 + A4a5 − a7r − a0)η(Y )η(W )g(X, Z)
− (A4a2 + A4a5 − a7r − a0)η(X)η(Z)g(Y,W )

+

(
6∑

i=1

ai

)
A4 η(X)η(Y )η(Z)η(W ).

If M satisfies (4.30), then

T (X, Y, Z, ϕW )(4.31)
= (a1 + a4)(A5 −A4)g(Y, Z)g(X, ϕW )
+ (a2 + a5)(A5 −A4)g(X, Z)g(Y, ϕW )
+ (a3 + a6)(A5 −A4)g(X, Y )g(Z, ϕW )
+ ((a3 + a6)A4 + ((2n− 1)−A5)a3)g(Z, ϕW )η(X)η(Y )
+ ((a1 + a4)A4 + a7r + a0

+((2n− 1)−A5)a1)g(X,ϕW )η(Y )η(Z)
+ ((a2 + a5)A4 − a7r − a0

+((2n− 1)−A5)a2)g(Y, ϕW )η(X)η(Z).

Proof. Let M be a (2n + 1)-dimensional Sasakian manifold. Now, assume that M
is ϕ-T -flat. In a Sasakian manifold, in view of (2.1), (2.4) and (2.5) we can easily
verify that

R(ϕ2X, ϕ2Y, ϕ2Z,ϕ2W ) = R(X, Y, Z,W )(4.32)
− g(Y,Z)η(X)η(W ) + g(X, Z)η(Y )η(W )
+ g(Y,W )η(X)η(Z)− g(X, W )η(Y )η(Z).
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Replacing X,Y, Z, W by ϕX, ϕY, ϕZ, ϕW respectively in (4.25), we get

−a0R(ϕ2X,ϕ2Y, ϕ2Z, ϕ2W )(4.33)
= (a1A4 + a4A4 + a7r)g(ϕY, ϕZ)g(ϕX,ϕW )

+ (a2A4 + a5A4 − a7r)g(ϕX,ϕZ)g(ϕY, ϕW )
+ (a3A4 + a6A4)g(ϕX, ϕY )g(ϕZ,ϕW ).

From (4.32) and (4.33), we get (4.30). For an orthonormal basis of vector fields
{e1, . . . , e2n, ξ} in M , from (4.30) it follows that

(4.34) S(Y, Z) = A5 g(ϕY, ϕZ) + (2n− 1)η(Y )η(Z),

where

A5 = − (2n− 1)(a1A4 + a4A4 + a7r) + A4(a2 + a3 + a5 + a6)− a7r − a0

a0
.

Using (4.34) and (4.30) in (3.2), we get (4.31). ¤

5. Compact regular K-contact manifold

A (2n + 1)-dimensional K-contact manifold M is said to be regular if for each
point p ∈ M there is a cubical coordinate neighborhood U of p such that the integral
curves of ξ in U pass through U only once. Moreover, the orbits of ξ are closed
curves if M is compact. Let B denotes the space of orbits of ξ. Then there is the
natural projection π : M → B and B is a 2n-dimensional differentiable manifold
such that π is a differentiable map. In 1958, Boothby and Wang [2] proved that
if M is a (2n + 1)-dimensional compact regular contact manifold, then M is a
principal S1-bundle over B, where S1 is a 1-dimensional compact Lie group which
is isomorphic to the 1-parameter group of global transformations generated by ξ.
Now, we prove the following result:

Theorem 5.1. Let M be a (2n + 1)-dimensional ϕ-T -flat compact regular K-
contact manifold such that a0 6= 0 and

a0 + 2na1 + a2 + a3 + a5 + a6 6= 0.

Then M is a principal S1-bundle over an almost Kaehler space of constant holo-
morphic sectional curvature c given by

(5.1) c = − a1A4 + a4A4 + a7r − 3a0

a0
.
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Consequently, we have the following:

K-contact manifold c

ϕ-quasi-conformally flat − 2a1

(a0 + (2n− 2)a1)

((
1 +

2n− 1
2n(2n + 1)

r

)

+
(

(2n− r) +
2(2n− 1)
2n + 1

r

)
a1

a0

)

+
r

2n + 1

(
1
2n

+
2a1

a0

)
+ 3

ϕ-conformally flat [3]
r − 4n

2n(2n− 1)
+ 3

ϕ-conharmonically flat [4] 3− 2
2n− 1

ϕ-concircularly flat 3

ϕ-pseudo-projectively flat − a1

(a0 + (2n− 1)a1)

((
1 +

r

2n

)
+

2n− 1
2n + 1

a1

a0
r

)

+
r

2n + 1

(
1
2n

+
a1

a0

)
+ 3

ϕ-projectively flat 4
ϕ-M-projective flat 4
ϕ-W0-flat 4

ϕ-W∗
0 -flat

4(3n− 1)
4n− 1

ϕ-W1-flat
4(3n− 1)
4n− 1

ϕ-W∗
1 -flat 4

ϕ-W2-flat [12] 4

ϕ-W3-flat
4(3n− 1)
4n− 1

ϕ-W4-flat 3
ϕ-W5-flat 3
ϕ-W6-flat 4
ϕ-W8-flat 4
ϕ-W9-flat 4

Proof. Let M be a compact regular K-contact manifold. Since in a K-contact
manifold ξ is a Killing vector field, the metric g is invariant under the action of the
group S1. Hence a metric g̃ and a (1, 1) tensor field J on B can be defined by

(5.2) g̃(X,Y ) = g(X∗, Y ∗),

(5.3) JX = π∗ϕX∗

for any vector fields X, Y ∈ TB, where ∗ denotes the horizontal lift with respect
to η. It is well-known that (J, g̃) is an almost Kaehler structure on B [7]. Let R̃
denote the Riemann curvature tensor on B. Then we have [3]

R̃(X,Y, Z,W ) = R(X∗, Y ∗, Z∗,W ∗) + 2g(X∗, ϕY ∗)g(ϕZ∗,W ∗)
− g(Z∗, ϕX∗)g(ϕY ∗,W ∗) + g(Z∗, ϕY ∗)g(ϕX∗,W ∗)
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for all X, Y, Z,W ∈ TB. So from (5.3), we obtain [3]

R̃(JX, JY, JZ, JW )(5.4)
= R(ϕX∗, ϕY ∗, ϕZ∗, ϕW ∗) + 2g(X∗, ϕY ∗)g(ϕZ∗,W ∗)

− g(Z∗, ϕX∗)g(ϕY ∗,W ∗) + g(Z∗, ϕY ∗)g(ϕX∗, W ∗).

Moreover, if M is ϕ-T -flat then from Theorem 4.4 and (5.4) we have

− a0R̃(JX, JY, JZ, JW )(5.5)
= (a1A4 + a4A4 + ra7)g(ϕY ∗, ϕZ∗)g(ϕX∗, ϕW ∗)

+ (a2A4 + a5A4 − ra7)g(ϕX∗, ϕZ∗)g(ϕY ∗, ϕW ∗)
+ (a3A4 + a6A4)g(ϕX∗, ϕY ∗)g(ϕZ∗, ϕW ∗)
− 2a0g(X∗, ϕY ∗)g(ϕZ∗,W ∗)
+ a0g(Z∗, ϕX∗)g(ϕY ∗,W ∗)
− a0g(Z∗, ϕY ∗)g(ϕX∗,W ∗).

In (5.5) replacing X and W by JX and JW respectively, we have

−a0R̃(X, JY, JZ, W ) = (a1A4 + a4A4 + ra7)g(Y ∗, Z∗)g(X∗,W ∗)
+ (a2A4 + a5A4 − ra7)g(X∗, ϕZ∗)g(ϕY ∗,W ∗)
+ (a3A4 + a6A4)g(X∗, ϕY ∗)g(ϕZ∗,W ∗)
− 2a0g(X∗, Y ∗)g(Z∗,W ∗)
− a0g(Z∗, X∗)g(Y ∗,W ∗)
− a0g(Z∗, ϕY ∗)g(ϕX∗,W ∗),

which for a unit vector field X ∈ TB gives

R̃(X, JX, JX,X) = − a1A4 + a4A4 + ra7 − 3a0

a0
.

Thus the base manifold B is of constant holomorphic sectional curvature given by
(5.1). ¤
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