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1-TYPE CURVES AND BIHARMONIC CURVES IN EUCLIDEAN

3-SPACE
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(Communicated by Shyuichi Izumiya)

Abstract. We study 1-type curves by using the mean curvature vector field

of the curve. We also study biharmonic curves whose mean curvature vector

field is in the kernel of Laplacian. We give some theorems for them in the
Euclidean 3-space. Moreover we give some characterizations and results for a

Frenet curve in the same space.

1. Introduction and Preliminaries

Chen and Ishikawa [2] classified biharmonic curves in semi-Euclidean space Env .
In this paper we shall give the characterizations of 1-type curves and biharmonic
curves in Euclidean 3-space in terms of curvature and torsion. More precisely, we
shall show that every 1-type curve in E3 is a circular helix and every biharmonic
curve in the same space is a geodesic.

Let (M3, g) be a Riemannian 3-manifold. Let γ : I → M be an arclengthed
curve on M . Namely the velocity vector field γ′ satisfies g(γ′, γ′) = 1. A unit speed
curve γ is said to be a geodesic if ∇γ′γ′ = 0, where ∇ is the Levi-Civita connection
of (M3, g). In particular an arclengthed curve γ is said to be a geodesic if κ = 0,
where κ is the curvature of γ. Note that if κ = 0, then automatically τ = 0, where
τ is the torsion of γ.

We first assume that g(γ′′, γ′′) 6= 0. A unit speed curve γ is said to be a Frenet
curve if g(γ′′, γ′′) 6= 0. Every Frenet curve γ on (M3, g) admits an orthonormal
Frenet frame field {V1, V2, V3} along γ such that V1 = γ′(s) and there is the following
Frenet-Serret formulae :

(1.1)

 ∇γ′V1

∇γ′V2

∇γ′V3

 =

 0 κ 0
−κ 0 τ
0 −τ 0

 V1

V2

V3

 .
The functions κ ≥ 0 and τ are called the curvature and torsion, respectively. The
vector fields V1, V2, V3 are called tangent vector field, principal normal vector field
and binormal vector field of γ, respectively. A Frenet curve with constant curvature
and zero torsion is called a pseudo circle. A circular helix is a Frenet curve whose
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curvature and torsion are constants. Pseudo circles are regarded as degenerate
helices. Helices, which are not circles, are frequently called proper helices.

More generally a curve with constant curvature and zero torsion is called a (Rie-
mannian) circle. Geodesics are regarded as Riemannian circles of zero curvature.

Let us denote the Laplace-Beltrami operator by ∆ of γ and the mean curvature
vector field along γ by H.

The Frenet-Serret formulae of γ imply that the mean curvature vector field H is
given by

(1.2) H = ∇γ′γ′ = ∇γ′V1 = κV2,

where κ is the curvature of γ.
The Laplacian operator of γ is defined by

(1.3) ∆ = −∇2
γ′ = −∇γ′∇γ′

(see [5], and [2]).

Definition 1.1. Let M ⊂ En+d be a compact submanifold and x : M → En+d be
an isometric immersion. In the case of

x = x0 +
k∑
i=1

xi

then M is called finite type where x0 is the constant vector and ∆xi = λixi, in the
other case M is called infinite type and x1, x2, ..., xk are non-constant functions [1].

Theorem 1.1. The submanifold M ⊂ En+d is k-type if and only if the mean vector
field H of M satisfy

(1.4) ∆kH+c1∆k−1H+...+ ck−1∆H + ckH = 0,

where

c1 = −
q∑
λt

t=p

c2 =
∑

λt
t<s

λs , ..., cq−p+1 = (−1)q−p+1λp...λq (k = q − p+ 1),

where ∆xi = λixi (1 ≤ i ≤ k) [3].

According to the above theorem, the following definition can be given.

Definition 1.2. A unit speed curve γ : I → M on a Riemann 3-manifold M is
said to be 1-type if

(1.5) ∆H = λH.

Definition 1.3. A unit speed curve γ : I → M on a Riemann 3-manifold M is
said to be biharmonic if

(1.6) ∆H = 0.

Theorem 1.2. If M is Euclidean 3-space, then γ is biharmonic if and only if
∆(∆γ) = 0 [1].

Definition 1.4. A unit speed curve γ : I → M on a Riemann 3-manifold M is
said to be a general helix which means that its κ

τ is constant but κ and τ are not
constant (see [6] and [7]).
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Lemma 1.1. The mean curvature vector field H is harmonic (∆H = 0) if and only
if

(1.7) 5γ′ 5γ′ 5γ′γ′ = 0 [1].

Theorem 1.3. If M is the Euclidean space Em , then along the curve γ, H satisfies
∆H = 0 if and only if γ is biharmonic ( i.e., ∆(∆γ) = 0 since ∆γ = −H) [3].

2. 1-type curves and biharmonic curves in euclidean 3-space

Theorem 2.1. Let γ be an arclengthed parametrized Frenet curve on Riemannian
3−manifold (M3, g). Then, along the curve γ, ∆H = λH holds if and only if

(2.1) κκ′ = 0, κτ2 + κ3 − κ′′ = λκ, 2κ′τ + κτ ′ = 0

Proof. From (1.1), (1.2) and (1.3) we get

(2.2) ∆H = 3κκ′V1 − (κ′′ − κ3 − κτ2)V2 − (2κ′τ + κτ ′)V3 .

By (1.2) and (1.5) we have

(2.3) 3κκ′V1 − (κ′′ − κ3 − κτ2)V2 − (2κ′τ + κτ ′)V3 = λκV2 .

According to (2.3) the equations of (2.1) are obtained.
Conversely, the equations of (2.1) satisfy the equation (1.5). �

Kılıç obtained the similar result in a different way [9].

Theorem 2.2. Let γ be an arclengthed parametrized Frenet curve on Riemannian
3−manifold (M3, g). Then, along the curve γ, ∆H = λH holds if and only if γ is
a circular helix, where

(2.4) λ = κ2 + τ2 .

Proof. From Theorem 2.1, we have (2.1). Since γ is a Frenet curve, κ 6= 0. Thus
(2.1) shows that γ is a circular helix and we obtain (2.4).

Conversely, since γ is a circular helix and λ = κ2 + τ2 , κ and τ are constants.
From that ∆H = λH is satisfied. �

Theorem 2.3. Let γ be an arclengthed curve on Riemannian 3−manifold (M3, g).
Then, along the curve γ, ∆H = 0 holds if and only if γ is a geodesic.

Proof. Let I be an open interval and γ : I → M be an arclengthed curve where
its arclength is s. Let {V1, V2, V3} be the Frenet frame field of γ. By (1.2), direct
computation shows that

5γ′H = −κ2V1 + κ′V2 + κτV3.

Let us compute the Laplacian of H :

−∆H = 5γ′ 5γ′ H
= −3κκ′V1 + (κ′′ − κ3 − κτ2)V2 + (2κ′τ + κτ ′)V3.

Thus along the curve γ, ∆H = 0 holds if and only if κ = 0. So, γ is a geodesic.
Conversely, every geodesic curve satisfies ∆H = 0. �

Dimitric obtained the similar result by a different way [4].

Corollary 2.1. Let γ be a curve in Euclidean space E3. Then γ is biharmonic if
and only if γ is a straight line.
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3. a general characterization for a frenet curve and some results

The next theorem gives a general characterization for the Frenet curves in Rie-
mannian 3− manifold (M3, g).

Theorem 3.1. Let γ be an arclengthed Frenet curve on Riemannian 3− manifold
(M3, g). Then γ satisfies the following differential equation

(3.1) 53
γ′V1 + λ1 52

γ′ V1 + λ2 5γ′ V1 + λ3V1 = 0,

where

λ1 = −(2
κ′

κ
+
τ ′

τ
),

λ2 = −κ
′′

κ
+
κ′τ ′

κτ
+ 2(

κ′

κ
)2 + κ2 + τ2,

λ3 = κτ(
κ

τ
)′.

Proof. By (1.1) we get

(3.2) V2 =
1

κ
∇γ′V1 .

Since ∇γ′V3 = −τV2, we have, by (3.2), that

(3.3) ∇γ′V3 = − τ
κ
∇γ′V1 .

Since ∇γ′V2 = −κV1 + τV3, we get

(3.4) V3 =
1

τ
∇γ′V2 +

κ

τ
V1 .

Now combining (3.2) with (3.4) we may write

(3.5) V3 = − κ′

τκ2
∇γ′V1 +

1

τκ
∇2
γ′V1 +

κ

τ
V1.

Taking the covariant derivative of (3.5) and considering (3.3) we obtain the equation
(3.1). �

Corollary 3.1. Let γ be an arclengthed Frenet curve on Riemannian 3− manifold
(M3, g). Then γ is a general helix if and only if

(3.6) 53
γ′V1 + λ52

γ′ V1 + µ5γ′ V1 = 0,

where

λ = −3
κ′

κ
,

µ = −κ
′′

κ
+ 3(

κ′

κ
)2 + κ2 + τ2.

Proof. Suppose that γ is a general helix, i.e.,
κ

τ
is constant, in other words κ′τ =

κτ ′. If we replace the value
κ′

κ
=
τ ′

τ
in (3.1), then we get (3.6).

Conversely, assume that (3.6) holds. We show that the curve γ is a general helix.

To obtain (3.1) from (3.6),
κ

τ
must be constant. Thus γ is a general helix. �

Note that K. Ilarslan showed this result in a different way [8].
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Corollary 3.2. Let γ be an arclengthed Frenet curve on Riemannian 3− manifold
(M3, g). Then γ is a general helix if and only if, along the curve γ,

(3.7) ∆H + λ5γ′ H + µH = 0,

where

λ = 3
κ′

κ
,

µ =
κ′′

κ
− 3(

κ′

κ
)2 − κ2 − τ2.

Proof. According to (3.6), (1.2) and (1.3) we have (3.7). Sufficiency is clear. �

Corollary 3.3. Let γ be an arclengthed Frenet curve on Riemannian 3−manifold
(M3, g). Then γ is a circular helix if and only if

(3.8) 53
γ′V1 + (κ2 + τ2)5γ′ V1 = 0.

By (3.1), the proof can be easily seen.
We know that K. Ilarslan showed this result in a different way [8].

Corollary 3.4. Let γ be an arclengthed Frenet curve in Riemannian 3−manifold
(M3, g). Then γ is a circular helix if and only if

(3.9) ∆H + λH = 0,

where λ = −(κ2 + τ2).

The proof is clear by using (3.1), (1.2) and (1.3).
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