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Abstract

We prove several numerical radius inequalities involving positive semidefinite matrices via
the Hadamard product and Kwong functions. Among other inequalities, it is shown that
if X is an arbitrary n x n matrix and A, B are positive semidefinite, then

w(Hyg(A) <kw(AX + XA),
which is equivalent to
w(Hf:g(Aa B) :l:Hﬁg(B?A))
<k {w(A+B)X+X(A+B))+w((A—B)X — X(A- B))},

~

t)
t)

where f and g are two continuous functions on (0,00) such that h(t) = is Kwong,

k= max{M tAE O‘(A)} and k' = maX{M A €eoa(4) UO‘(B)}.

—~

g
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1. Introduction

Let M,, be the C*-algebra of all n x n complex matrices and (-, -) be the standard
scalar product in C™. A capital letter means an n X n matrix in M,,. For Hermitian
matrices A and B, we write A > 0 if A is positive semidefinite, A > 0 if A is positive
definite, and A > B if A — B > 0. The numerical radius of A € M,, is defined by

w(A) :=sup{| (Az,z) |: x € C", || z ||= 1}.

It is well known that w( - ) defines a norm on M,,, which is equivalent to the usual operator
norm || - ||. In fact, for any A € M, 1[|A|| < w(A) < ||Al]; see [11]. For further information
about numerical radius inequalities we refer the reader to [4, 11,15, 16] and references
therein. We use the notation J for the matrix whose entries are equal to one.

The Hadamard product (Schur product) of two matrices A, B € M,, is the matrix Ao B
whose (7,7) entry is a;;b;; (1 < i,j < n). The Schur multiplier operator S4 on M, is
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defined by Sa(X) = Ao X (X € M,,). The induced norm of S4 with respect to the
numerical radius norm will be denoted by
w(Sa(X)) w(Ao X)

w(X) Xk w(X)

A continuous real valued function f on an interval (a,b) C R is called operator monotone
if A < B implies f(A) < f(B) for all Hermitian matrices A, B € M,, with spectra in (a, b).
Following [3], a continuous real-valued function f defined on an interval (a,b) with a > 0 is

1Sallw = sup
X#0

called a Kwong function if the matrix K; = (%{(/\J)) oy is positive semidefinite
¢ J v,)=1L1,2,-,n
for any (distinct) A1, -+, Ay in (a,b). It is easy to see that if f is a nonzero Kwong function,

then f is positive and % is Kwong. Kwong [13] showed that the set of all Kwong functions
on (0,00) is a closed cone and includes all non-negative operator monotone functions on
(0,00). Also, Audenaert [3] gave a characterization of Kwong functions by showing that,
for given 0 < a < b, a function f on an interval (a,b) is Kwong if and only if the function
g(z) = xf(\/z) is operator monotone on (a?, b?).

The Heinz means are defined as H,(a,b) = “1_"!’”2% for a,b >0 and 0 < v < 1.
These interesting means interpolate between the geometric and arithmetic means. In fact,
the Heinz inequalities assert that vab < H,(a,b) < ‘%Lb, where a,b > 0 and 0 < v < 1.
There have been obtained several Heinz type inequalities for Hilbert space operators and
matrices; see [5] and references therein.

For two continuous functions f and g on (0, 00) we denote

Hyq(A,B) = f(A)Xg(B) +g(A)Xf(B)
and
Hypg(A) = f(A)Xg(A) + g(A)X f(A),

where A, B, X € M,, such that A, B are positive semidefinite. In particular, for f(t) = t*
and g(t) = t17% (a € [0,1]), we get Hy(A, B) = A*XB'=% + A1=¢X B and H,(A) =
AcX A= 4 AlmaX A% A norm ||| - ||| on M, is called unitarily invariant if |||[UAV]|| =
||| A]]| for all A € M,, and all unitary matrices U,V € M,,. Let A, B, X € M,, such that
A and B are positive semidefinite. In [14] it was conjectured a general norm inequality
of the Heinz inequality |||Hy4(A, B)||| < |||]AX + X B|||, where f and g are two contin-

uous functions on (0,00) such that f(¢)g(t) < ¢ and the function h(t) = % is Kwong.
In particular, if f(t) = t* and g(t) = t17%(a € [0,1]), then we state a Heinz type in-
equality |||Ha(A4, B)||| < |||AX + X Bl|||, where A, B, X € M, such that A, B are positive
semidefinite. For further information, we refer the reader to [5,6] and references therein.
The numerical radius w( - ) is a weakly unitarily invariant norm on M,,, that is w(U*AU) =
w(A) for every A € M,, and every unitary U € M,,. In [1], the authors proved a Heinz

type inequality for the numerical radius as follows
w(Ha(A)) < w(AX + X A), (1.1)

in which A, X € M, such that A is positive semidefinite. They also showed that the
inequality w(Hy(A, B)) < w(AX + X B) is not true in general.

Our research aim is to show some numerical radius inequalities via the Hadamard
product and Kwong functions. By using some ideas of [8,10] and [14], we obtain some
extensions and generalizations of inequality (1.1), which are generalizations of a Hienz
type inequality for the numerical radius. For instance, we prove if A, X € M, such that
A is positive semidefinite, then

w(Hy4(4)) < kw(AX + X A),
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~

where f and g are two continuous functions on (0, 00) such that (I))

max{w tAE U(A)}.

is Kwong and k& =

—~

g

2. Main results
For our purpose we need the following lemmas.

Lemma 2.1 ([18, Theorem 3.4]). (Spectral Decomposition) Let A € M,, with eigenvalues
AL, o, An. Then A is normal if and only if there exists a unitary matriz U such that

U*AU = diag(A1,- -+, An).
In particular, A is positive definite if and only if the A\; (1 < j < n) are positive.
Lemma 2.2 ([2, Corollary 4]). Let A = [a;j] € M,, be positive semidefinite. Then
[1Sallw = max a;.
Lemma 2.3. ( [12]). Let X,Y € M,,. Then
. X 0
el y])=mexden.em);

oy max(w(X+Y)w(X-Y 0 X WX +Y)+w(X-Y
(if) MY e >>§w([y 0D<< Pru(X=Y)

Now, we are in position to demonstrate the first result of this section by using some
ideas of [8,10,14].

Theorem 2.4. Let A, B € M,, be positive semidefinite, X € M, and let f, g be two

continuous functions on (0,00) such that h(t) = % is Kwong. Then
w(Hyg(A)) < kw(AX + X A), (2.1)

£9009 ),
Moreover, inequality (2.1) is equivalent to the inequality

where k = max ¢, (4) {

<K {w(A+B)X +X(A+ B))+w((A-B)X — X(A-B))}, (2.2)
A)g(A
where k' = maxcq,(A)uo(B) {L )/\g( )}.
Proof. Assume that A is positive definite. Since the numerical radius is weakly unitarily
invariant, we may assume that A is diagonal matrix with positive eigenvalues Ay, --- , \y.

f

It follows from 3 is a Kwong function that

FODgHN) + f(Aj)gl(Ai)>
= |Zij| = A A
Z =] J} ( A+ N -

is positive semidefinite, where A = diag (g(A1),---,g(A\n)). It follows from Lemma 2.2
that

fF)gNi) 1
i -
or equivalently, ”O(JZ(;())() <k(0#XeM,). If weput £ = [ﬁ] and ' = [f(X\i)g(N\j) +
F(Aj)g(Ai)] € My, then
wWEoFoX)=w(ZoX)<kw(X) (X e My,).
Let the matrix C be the entrywise inverse of E, i.e., C o E = J. Thus
w(FoX)<kw(ColX) (X eM,)

1Sz]lw = Max z;; = max
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or equivalently

w(Hyg(A)) = w(f(A)Xg(A) + g(A)Xf(4)) < kw(AX + X A). (2.3)
. . . . . A 0
Now, if A is positive semidefinite, we may assume that A = 0 ol where A; €

X1 Xo

My (k < n) is a positive definite matrix. Let X = [ X5 X,

X4 € M,,_r. Then we have

W(H [ 4(A)) = w ([ F(A)X1g(A) -(i)-g(Al)le(Al) 8 D

(by Lemma 2.3(i))

<ko (| ML HAD]) v

}, where X; € Mj and

0 0
=kw(A1 X1+ X141) (by Lemma 2.3(i))
<kw(AX + XA) (by [7, Lemma 2.1]). (2.4)

Hence, we reach inequality (2.1). Moreover, if we replace A and X by ( 61 g ) and

X 0

im0 e[l W0 )

( 0 X ) in inequality (2.1), respectively, then

whence
max {w(Hﬁg(A, B) + Hy4(B, A))}
0 f(A)Xg(B) +g(A)X f(B)
<20 ([ ymxsin b smrxa0 0 )
(by Lemma 2.3(ii))

§2’“’“<{ XAJ(:BX AXJ(;XB D (by (2.4))

<k (wWAX +XB+ XA+ BX)+w(AX + XB - XA - BX))
(by Lemma 2.3(ii)).

Thus, we have inequality (2.2). Also, if we put B = A in inequality (2.2), then we reach
inequality (2.1). O

If we take f(t) = t® and g(t) = t'=® in Theorem 2.4 for each 0 < a < 1, then we get
the next result.

Corollary 2.5 ([1, Theorem 2.4]). Let A, B € M,, be positive semidefinite, X € M,,, and
let 0 <a<1. Then

w(Hy(A)) < w(AX + X A). (2.5)
Moreover, inequality (2.5) is equivalent to the inequality

w(Ha(A, B) + Ho(B, A))
< w((A+ B)X + X(A+ B)) + w((A - B)X — X(A - B)).
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Corollary 2.6. Let A, B € M,, be positive semidefinite, X € M,,, and let f be a non-
negative operator monotone function on [0,00) such that f'(0) = lim,_,o+ f'(z) < 0o and

f(0) =0. Then
W(f(AX +Xf(A) < F0)w(AX + X A). (2.6)
Moreover, inequality (2.6) is equivalent to the inequality
w(X(f(A) + f(B)) + (f(A) + f(B)X)
< f'(0) (w((A+ B)X + X(A + B)) + w((A - B)X -~ X(A - B))).

Proof. A function g is non-negative operator increasing on [0,00) if and only if ﬁ is
non-negative operator increasing on [0,00); see [9]. Hence % is operator increasing.
Then @ is decreasing. If 0 < z <'t, then @ < @ Now, by taking z — 0" we have
@ < f'(0). If we put g(¢t) =1 (¢t € [0,00)) in Theorem 2.4, it follows from k = k' < f(0)
that we get the required result. O

We first cite the following lemma due to Fujii et al. [10], which will be needed in the
next theorem.

Lemma 2.7 ([10, Lemma 3.1]). Let Ai,---, Ay, be any positive real numbers and —2 <
£(t)

t < 2. If f and g are two continuous functions on (0,00) such that 50 is Kwong, then
the n X n matriz

v — (f(/\i)gl()‘j) + f()‘j)gl(/\i)>

A7+ AN + A2 .

18 positive semidefinite.

Theorem 2.8. Let A, B € M,, be positive semidefinite, X € M, f, g be two continuous

functions on (0,00) such that % is Kwong, and let —2 <t < 2. Then

(A %(Hfg ))A) < ti’g W(A2X + tAX A+ X A?), (2.7)
fx

gt

Moreover, mequalzty (2.7) is equivalent to the inequality

k;/

where k = maxcq(a

w(A? (Hy (A, B))B?) < —— w(A2X + tAXB + X B?), (2.8)

where k' = maxcq,(4)uo(B)

{10300},

Proof. First, we show inequality (2.7). It is enough to show the inequality in the
case A is positive definite. Since the numerical radius is weakly unitarily invariant,
we may assume that A is diagonal matrix with positive eigenvalues Ay, ---,A,. Let

1 1
Y = diag <)\fg()\1), e ,)\%g()\n)). It follows from Lemma 2.7 that

(t+2) (fQa)g () + f(Aj)g_l(/\j))) 5
2007 + AN+ A) ij=1,n

7 = [Zij] = 2(

is positive semidefinite for —2 < ¢ < 2. In addition, all diagonal entries of Z are no more
than k. Therefore,

1Szl = Max z;; = mMax
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w(ZoX
whence S5} <k (0# X € M). Now, let M = |yrosivsr| and
1 1
P = [B2F 00900 + F0)g00N] - Then
2,)J=1L1,n

wMoPoX)=w(ZoX)<kw(X) (0#£X eM,).
Let the matrix N be the entrywise inverse of M, i.e., M o N = J. Hence
w(PoX)<kw(NolX) (0# X e M,)

or equivalently

(Hyq(A)) A%) < ti—kQ w(A2X +tAX A+ X A?),

where X € M,,, —2 <t <2 and k = max { f(’\)/\g(’\) T € U(A)}. Hence we have inequality
(2.7).

N

w(A

Now, if we replace A and X by < 61 Z(; > and ( 8 )g ) inequality (2.7), respectively,
then
Lo A aB)BE | o 26 ([0 AX+tAXB+XB
0 0 T t+2 0 0 ’
Hence
1 1
L (4} (A, B) BY) < ([ 0 A (g4, BB D

(by Lemma 2.3)
2K q 0 A’X +tAXB + XB? D

=“t+29\[0 0
§t+2w(A X +tAXB+ XB?)

(by Lemma 2.3).

Thus, we reach inequality (2.8). Also, if we put B = A in inequality (2.7), then we get
inequality (2.8). O

Corollary 2.9. Let A € M, be positive semidefinite. If f is a positive operator monotone
function on (0,00), then

W(AZf(A)X f(A)TLAS + A3 f(A) 71X f(A)AZ)

4
< —— w(A’X +tAX A+ X A%),
t+2

where X € M, and —2 <t < 2.

Proof. Since f positive operator monotone on (0, 00), then g(t) = % is operator mono-
tone on (0,00) and also % = tf?(t) is Kwong function [14]. So f and g satisfy the

conditions of Theorem 2.8. Hence we have the desired inequality. g

Example 2.10. The function f(¢) = log(1 + t) is operator monotone on (0, c0); see [9].

If we put g(t) = 1, then % = log(1 +t) is Kwong [13]. Using Theorem 2.4 we have

w(Az (log(I + A)X + X log(I + A))A?)
< 2 w(A?X +tAX A+ X A?),
t+2

where A, X € M,, such that A is positive semidefinite and —2 < ¢t < 2.



Some generalized numerical radius inequalities involving Kwong functions 957

Now, we infer the following lemma due to Zhan [17], which will be needed in the next
theorem.

Lemma 2.11 ([17, Lemma 5]). Let A1,---,\, be any positive real numbers, r € [—1,1]
and —2 <t < 2. Then the n X n matrix

( AL 4 AT )
L= 2 ’ 2
AP+t + )\j ii=l

1s positive semidefinite.
Now, we shall show the following result related to [10].

Proposition 2.12. Let A, X € M, such that A is positive semidefinite, 5 > 0 and
1 <2r<3. Then

W(ATX AT 4 ATTTXAT)

<w (2(1 — 26+ 28r)AX A + W

where —2 <t <28 —2 and ro = min{3 + |1 — 7|, 1 — |1 —7|}.

(A2X +tAX A+ XAQ)) ,

Proof. Since the numerical radius is weakly unitarily invariant, we may assume that A is

diagonal matrix with positive eigenvalues A1, -, A,. Since 1 < 2r < 3, then % <rg< %.
Let ty = %(t—i— 2) + t. It follows from —2 < ¢t <25 — 2 and % <1l—-rg< i, that
t+2

Bli=rg) > 0 and —2 < ty < 2, where tg = 25(1t_m) + 5(11_7,0) — 2. Hence, by using Lemma

2.11, the n X n matrix

W= fws ] t42 T,( AT AT ) A
= |W;;| =
K 48(1 — ro) )\12 + oA + )\? i,j=1,-n
is positive semidefinite for % <r< %, where A = diag (A1,---, \,). Therefore,

(t+2)AT XA
48(1 —7ro)(to +2)A2 7

|Swllw = Max wy; = max

whence wg/‘(/)g() <1(0#X €My). Now, let O = [/\22 odids + /\ﬂ =1 and
i,j=1,,n
M = 1
= 48(1—mr
2(1 = 28 +2Bro) iy + PEFLORX + AN + N2) ij=1,n
Then

wOoMoX)=wWoX)< wlX) (0# X eM,).
Let the matrix N be the entrywise inverse of M, i.e., M o N = J. Hence
w(OoX) < w(NoX) (0#X eM,)
or equivalently
w(A"XA*T + ATTXAT)

<w (2(1 — 26+ 28r)AX A + W

where —2<t§25—2andro:mjn{%+‘1_7~|71_|1_r’}_ ]

(A2X +tAX A+ XA2)> ,
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