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Abstract

For an analytic function p satisfying p(0) = 1, we obtain sharp estimates on  such that the
first order differential subordination p(z) + Bzp/(z) < P(2) or 1 + Bzp/(2)/p’(2) < P(2),
(7 = 0,1,2) implies p(z) < Q(z) where P and Q are Carathéodory functions. The key
tools in the proof of main results are the theory of differential subordination and some
properties of hypergeometric functions. Further, these subordination results immediately
give sufficient conditions for an analytic function f to be in various well-known subclasses
of starlike functions.
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1. Introduction

Let A be the class of analytic functions f in the open unit disk D := {2z € C: |z| < 1}
and normalized by the conditions f(0) = 0 and f/(0) = 1. Let 8 be the class of univalent
functions in A. The function f € A is said to be subordinate to the function g € A,
written as f(z) < ¢(z), if there is an analytic function w : D — D with w(0) = 0
satisfying f(z) = g(w(z)). Ma and Minda[l7] studied distortion, growth, covering and
coefficient estimates for starlike and convex functions for which either of the quantity
2f'(2)/f(2) or 1+ zf"(z)/ f'(2) is subordinate to a univalent superordinate function. For
this purpose, they considered an analytic function ¢ with positive real part in the unit
disk D and normalized by »(0) = 1 and ¢’(0) > 0. The class of Ma-Minda starlike
functions consists of functions f € A satisfying the subordination zf/(z)/f(z) < ¢(z) and
is denoted by 8*(¢). The convolution properties of functions in a general class 87(¢) of
all f € A satisfying z(f(2) * g(2)) /(f(2) x g(2)) < p(z), where ¢ is a convex function, g
is a fixed function in A, and x is the Hadamard product, was studied by Shanmugam|[27].
On taking g(z) = 2/(1 — 2), the subclass 8} () reduces to class 8*(¢). For special choices
of ¢, the class 8*(¢) reduces to well known subclasses of starlike functions. For example

7 :=8%(v/1 + z) is the subclass of 8" introduced by Sokél and Stankiewicz [29] consisting
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of functions f € A such that for each z € D, w = zf(2)/f(z) lies in the region bounded
by right half of the lemniscate of Bernoulli given by |w? — 1| < 1. On taking p(z) :=
(1+ Az)/(1+ Bz),(—1 < B < A < 1), the class 8*(¢) reduces to §*[A, B] introduced
by Janowski [13] and for ¢(2) = @u(2) := 1+ 42/3 + 222/3, 8*(¢) reduces to the class
8% associated with cardiod, introduced and studied by Sharma et al.[28]. The class 8} =
8*(e*) introduced by Mendiratta et al. [20] consists of f € A satisfying the condition
|log zf'(2)/f(2)] < 1. Recently, Kumar and Ravichandran [15], introduced and studied
the geometric properties of the class 85 = 8*(y¢) associated with the rational function

wo(2) :=1+Z(ZJ_F§>, (k=v2+1). (1.1)

Further Cho et al.[8] discussed the various radius and coefficient estimates of the function
f in the class 8% = 8"(¢s) where @4(z) := 1 + sin z. More details regarding these classes
can be found in [4,6,9,11,23,25].

In [24], authors consider certain subclasses of starlike and convex functions of complex
order, giving necessary and sufficient conditions for functions to belong to these classes. By
making use of subordination, Tuneski [30] introduced an interesting criteria for analytic
functions to be in the class of Janowski starlike functions and studied a linear combination
of starlike functions. A Carathéodory function p : D — C is of the form p(z) =1+ ¢12 +
c2z + -+ with Re(p(z)) > 0. These functions are analytic in D and maps D into the right
half plane. The function p(z) = (142)/(1—=2) is a leading example of function with positive
real part and maps D onto the right-half plane. Ali et al.[3] determined conditions on j for
which 1+ 82p'(2)/p?(2) < (1+Dz)/(1+Ez) (j = 0,1,2) implies p(z) < (1+Az)/(1+ Bz),
where A, B,C, D, E, F € [—1,1]. Ali et al.[2] determined conditions on 3 for p(z) < v/1+ z
when 1+ B2p'(2)/p’(2) < V/1+ z. In 2013, authors [14] obtained the bound on 3 with
—1 < E < 1and |D| < 1 such that 1+ B2p/(2)/p’(2) < (1 + Dz)/(1+ Ez) (j = 0,1,2)
implies p(z) < /1 + z. These results are not sharp. Recently Kumar and Ravichandran
[16] obtained sharp estimates on 3 for which the subordination 1 + Bzp/(2)/p’(2) (j =
0,1,2) < po(2),vV1+2z,(1+ Az)/(1 + Bz),ps(z) implies p(z) < €%, (1 + Az)/(1 + Bz).
They further used these results to obtain sufficient conditions for f € A to be in certain
subclasses of starlike functions. For more details, see [1,7,10,18,22].

Motivated by above work, we consider the subordination inclusions in which we deter-
mine the sharp bound on parameter 8 so that a given differential subordination impli-
cation holds. In the second section, we obtain estimates on § for which the differential
subordination p(z) + Bzp/'(z) < €*,v/1+ z or 1 + z implies p(z) < €*,v/1+ z, po(z) and
¢s(z) by using the theory of hypergeometric functions. Third section provides condi-
tions on 3 so that the subordination 1 + Bzp/(2)/p’(z) < ¢o(z) (j = 0,1,2) implies
p(2) < po(2), ¢s(z), V14 z. In the next section, we obtain estimates on J so that p(z) <
e?, (1 + A2)/(1 + Bz),90(2), ¢s(2), v/1+ z when the subordination 1 + Bzp/(2)/p’(z) <
ve(z) (j = 0,1,2) holds. In this sequel, we also obtain sharp estimates on 3 so that the
subordination 1 + B2p'(2)/p?(2) < ws(2) (4 = 0,1,2) implies p(2) < p.(2), ps(z). In the
last section, conditions on 3 are obtained so that the subordination 1+ Bzp'(2)/p’(2) < €7
(7 =0,1,2) implies p(z) < €, p0(2), vs(z), vc(z). The estimates obtained on f are sharp
and improved upon the earlier some known estimates. Further, several sufficient condi-
tions are obtained for f € A to be in certain well known subclasses of starlike functions
as an application of these subordination results.

2. Subordination and hypergeometric functions

In the first result of this section, we consider the differential subordination p(z) +
Bzp'(z) < €* and obtain estimates on f so that p(z) < €*,v/1+ z,¢4(z) = 1 +sin z, po(z)
where ¢g(z) is given by (1.1). Before stating the theorem, we recall definition and few
properties of confluent hypergeometric function that are used in the proof of the next
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theorem. The confluent (or Kummer) hypergeometric function ®(a,c;z) is given by the
convergent power series
az ala+1)2?
P(a,c;2) =1F1(a,c;2) =14+ ——+ ——F—+---
(a,6:2) =1Fi(a,ci2) Ten T erpa T
where a and ¢ are complex numbers with ¢ # 0, —1,—2,.... The function ® is analytic in
C and satisfies the Kummer’s differential equation

(2.1)

2w (2) + (¢ — 2)w'(z) — aw(z) = 0.
Let (d)g denotes the Pochhammer symbol given by (d)x = I'(d+k)/T'(d) = d(d+1)--- (d+
k —1) and (d)g = 1, then (2.1) can be written in the form

L= (a) 2F Tl & I(a+k)2F
(a,c:2) = ];) (O K~ T(a) ];) Tleth) B

Also ¢®'(a,c;2) = ap(a+ 1,c+ 1;2) and the following integral representation of ® [19, p.
5] given by

B(a,ciz) = — ) / L) pyeatetegy / Lt du() (2.2)
T I'(a)T'(c—a) Jo 0 7 '
: — F(C) a—1 c—a—1 gy ; 13
is well known, where du(t) = ()T )t (1-1) dt is a probability measure on
a)'(c—a

[0,1] and Rec > Rea > 0. For latest details, see [5,21].
Theorem 2.1. Let p be an analytic function in D with p(0) = 1. Let
p(z) + Bzp'(z) < e*, B> 0.

Then the following are true:

(a) p(z) < €*.
(b) If B > Br ~ 2.35, then p(z) < v/1+ z where 51, is the unique root of

= 1

(c) If B > Bs ~ 0.73, then p(z) < ws(z) where s is the unique root of
. - 1 .
sml—;mzo in (0, 00).
(d) If B > Bo =~ 3.51, then p(z) < wo(z) where By is unique root of
- (=1* 0
Zm—2(\/§—l) =0 in (0,00).

k=0

The bounds on 3 are sharp.
In order to prove this result, we need the following lemma due to Miller and Mocanu:

Lemma 2.2 ([19, Theorem 3.4h., p. 132]). Let q be analytic in D and let 6 and ¢ be
analytic in domain U containing q(D), with p(w) # 0, when w € ¢(D). Set Q(z) =
2q' (2)p(q(2)), h(z) :=0(q(2)) + Q(z) and suppose that either h is convex or Q is starlike.
In addition, assume that Re zh/(2)/Q(z) > 0. If p is analytic in D, with p(0) = ¢(0),
p(D) C D and

0(p(2)) + 20’ (2)p(p(2)) < 0(a(2)) + 2¢'(2)p(q(2)) = h(z)
then p < q, and q is the best dominant.
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Proof of Theorem 2.1. Consider the following first order linear differential equation

q(2) + B2q'(2) = €
Its solution g = g3 is given by

1 /! 1
qp(z) = 5/0 5L dt.

Using the integral representation given in (2.2), we see that ¢z(z) reduces to the confluent
hypergeometric function given by @(%,% + 1;2). Clearly, gs is analytic in D. Define

o(w) := p and f(w) := w, w € C. Let
/ / p 1 1
Qz) = 2a5(2)0(g5(2)) = Bza5(2) = =205 + 1, 5+ 22).

To see that @ is starlike, we use [19, Corollary 4.5c.1.] which says that z®(a, ¢; z) is starlike
if c—1> N(a—1) where N(a — 1) is given by

N(a—1) = la—1|+1/2 if |a—1]>1/3,
C3(e—1)2/2+2/3 if |a—1|<1/3.

Herea=1/f+1land c=1/+2. For § >1/3,1/+1>1/+1/2 and for 1/5 < 1/3,
we have 3(a — 1)2/2+2/3=3/2p2+2/3<5/6 <1+1/8. Thus (c—1) > N(a — 1).
Since @ is starlike and f is positive, the function i : D — C defined by h(z) = 6(gs(2))+
Q(z) = qp(z) + Q(z) satisfies Re(zh/(2)/Q(2)) = Re(1/5 + 2Q'(2)/Q(z)) > 0. Hence by
making use of Lemma 2.2, we see that the subordination p(z) + 82p'(2) < qs(2) + B2q;5(2)

implies p(z) < gg(z). The required subordination p(z) < P(z) for different choices of P
holds if gg(z) < P(z) and the subordination gg(z) < P(z) holds, then

P(-1) < gp(—1) < gp(1) < P(D).
Fortunately, this condition becomes sufficient also for appropriate values of 5 as can be
seen by plotting the graphs of respective functions.
(a) For P(z) = €*, the inequalities e~ < gz(—1) and ¢(1) < e reduces to
X (—1)F 1 > 1
= _— > d = — — > 0.
FO =2 i 20 ad 9@ =2 gy 20

We note that limg~ o f(8) = limg\ o g(8) = 0 and both f’(3) and ¢'(5) are strictly positive
for every 8 € (0,00). Hence both f and g are increasing functions. Thus both inequalities
are true for any g > 0.

(b) For P(z) = /1 + z, the inequalities 0 < gg(—1) and gg(1) < /2 reduces to

e (D - <]
1(B): kz:%k!(1+ﬂk) >0 and g(f) =2 k;k!(uﬂk) 2 0.

Here f(8) > 0 for all 3 € (0,00). We note that limg~0g(8) = V2 —e ~ —1.3041 < 0
and limg ~oo 9(8) = V2 —1 > 0. Also ¢/(8) > 0 for all 3 € (0,00). Hence g is strictly
increasing in (0,00). Let 8 denotes the unique zero of g in (0,00). Then g(3) > 0 for
every 3 > [y ~ 2.35. Thus p(z) < v/1+ z for all § > 5, ~ 2.35.

(c) For P(z) = ¢s(2), the inequalities ¢5(—1) < gg(—1) and gg(1) < ¢,(1) reduces to

Zk'1+5k +sinl >0 and g(f) :=sinl — Z/{:‘l+ﬁk‘ > 0.
Again, f(B) > 0 for all § € (0,00) and limg\g(8) = sinl —e + 1 ~ —0.876811 < 0,
while limg »o g(f) = sinl > 0. Also ¢'(5) > 0 for all § € (0,00). Hence g is strictly
increasing in (0,00). Let s denotes the unique zero of ¢ in (0,00). Then g(8) > 0 for
every 3 > fBs ~ 0.73. Thus p(z) < 1 +sinz for all § > s ~ 0.73.
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(d) Let P(2) = wo(z). Then the inequalities ¢o(—1) < gg(—1) and ¢z(1) < ¢o(1)
reduces to

S G AP 3 PSRN S
f(8) = ; T R 2(vV2—1) > 0 and g(B) =2 k; A 2
We note that limg\ o f(5) ~ —0.460548 < 0, limg o f(3) = 0.171573 > 0 and

7B = 2211% > 0 for all B € (0,00). Hence the function f is strictly
increasing. Let fp ~ 3.51 be the unique root of f(/) = 0in (0, 00). Similarly limg\ o g(8) ~
—0.718282 < 0, limg noe g(8) = 1 > 0 and ¢'(8) = Y321 Gpyigare > 0 for all 5 €
(0,00). Hence the function g is also strictly increasing. Let 1 ~ 0.54 be the unique root

of g(8) =0 1in (0,00). Then p(z) < po(z) if f > max{So, B1} = Po =~ 3.51. O

Remark 2.3. As a consequence of the previous theorem, let the function f € A satisfies
the following subordination

() AP AN
) (1 +h (1 ) TG )) s
Then f € 8% for B > 0, f € 8% for B > 2.35, f € 8% for 8 > 0.73, and f € 8% for 8 > 3.51.

The next theorem uses the properties of Gaussian hypergeometric function. We recall
that the Gaussian hypergeometric function 9 Fj(a, b, ¢; z) is given by the convergent power

series )
abz ala+1)bb+1)z
F(a,b,c;z) =9Fi(a,b,c;2) =1+ —— Z o4
(a,b,¢;2) = 2Fi(a,b, ¢52) * c 1!+ cle+1) 2! ’
where a, b and ¢ are complex numbers with ¢ # 0, —1, —2,.... The function F' is analytic
in C and satisfies the hypergeometric differential equation

2(1 = 2)w"(2) + (c — (a+ b+ 1)2)w'(2) — abw(z) = 0.

Using the Pochhammer symbol, we can rewrite F' as

s @@ T KT(at KL+ k) 2
F(a7 b7 “ ) a 192::0 (C)k k! N F(a)F(b) kE::O F(C+ k;) k!

Also, it is well known that c¢F’(a,b,¢;2) = abF(a+1,b+1,¢+ 1;z) and if Rec > Reb > 0
then

Fla,b,cz) = —) /1tb—1(1—t)c—b—1(1—tz)—adt. (2.3)

L(6)T(c =) Jo
Following result of Hésto et al. [12] will be used in proving the next theorem.

Theorem 2.4. Let a,b and ¢ be nonzero real numbers such that F(a,b,c; z) has no zeros
inD. Then zF(a,b,c; z) is starlike if

(1) c>max{1+a+b—ab,2+2ab— (a+b)} and

(2) (c=1)(c—2)>a*+b*—ab—a—0b.
Theorem 2.5. Let p be an analytic function in D with p(0) = 1. Let the subordination

p(2) + Bzp'(2) < V1+2, B>0
holds. Let x(B) denotes the infinite series given by
1 & TI(-%+k)
x(B) = :
(8) I'(—3) kz:% k(1 + Bk)

Then the following are true:

(a) If B > Pe =~ 0.198099, then p(z) < €* where e is the unique root of x(8)—1/e =0
in (0, 00).
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(b) If B > Bs ~ 0.0327862, then p(z) < @s(z) where By is the unique root of x(5) —
1+sinl =0 in (0,00).

(c) If B > Po ~ 2.71181, then p(z) < wo(z) where Py is the unique root of x(5) —
2(v/2—1) =0 in (0,00).

(d) If B > B, ~ 0.158374, then p(z) < p.(z) = 1 +42/3+222/3 where B, is the unique
root of x(8) —1/3 =0 in (0,00).

Estimates on B are sharp.

Proof. Consider the linear differential equation ¢(z) + 52¢'(z) = v/1+ 2. Its solution
q = qg is given by the function

1 i
_ 7/ 5711+ 2t)2dt.
B Jo
Using integral representation of Gauss hypergeometric function given in equation (2.3),

we see that ¢g(z) = F(=1/2,1/8,1/8+1; —z). Clearly gg(z), is analytic in D. As defined
in previous theorem, let ¢(w) := f and O(w) := w, w € C. Then

Q) = h(Dolas(z) = Bedhlo) = gy oF (5.5 + 15 +22).

To see that the function @ is starlike in D, we use Theorem 2.4. Herea = 1/2,b=1/5+1,
and c=1/842. Since 0 < a < b < ¢, by [12, Lemma 1.11], F'(a, b, ¢; z) has no zeros in D.
Now

(1) 14+a+b—ab=2+ 5 35 <2+3 =cand 2+2ab—(a+b)=3 <3 +2—c

(2) @+ 8 —ab—a-b=%(5+3) - <5 (5+1)=(c-1( 2).
Hence, by Theorem 2.4, @ is starlike in D. Also the function h : D — C defined by h(z) =
0(ga(2)) + Q(2) = 4s(2) + Q(2) satisfies Re 2h(2)/Q(=) = Re(1/4 + 2Q'(2)/Q(2)) > 0
as @ is starlike and [ is positive. Thus, by making use of Lemma 2.2, the subordination
p(z)+ Bzp'(2) < qp(2) —i—ﬁzqg(z) implies p(z) < gg(z). The required subordination p(z) <
P(z) for different choices of P holds if gg(z) < P(z), and the subordination gg(z) < P(z)
holds, then

P(—1) < gp(=1) < gp(1) <P(1).

Fortunately, this condition becomes sufficient also for appropriate values of 3. Before
finding the values of 3, we note that

~11 1 1 &I(-L+k)
95(=1) 288 T(—1) ,;) K1+ k)
and
111 > kr(—f + k)
N=F (-2, > +1:-1
(a) Let P(2) = €. Then the inequalities e~! < qg( ) and qﬁ( ) < e reduce to

1 &T(-i+k) 1

f(ﬁ) = F(_%)kz: k!(l—i-,@k) —g >0
> )T k
and g(pB) = % z:: o 1(—1—21:)_ ) > 0.

We note that g() > 0 for all 5 € (0, 00) but limg\ o f(5) = —1/e < 0 and limg o f(8) =
(e—1)/e > 0. Also f'(8) > 0 for every /5 € (0,00). Let 5. denotes the unique zero of f(f)
n (0,00). Then p(z) < e* if § > B, ~ 0.198099.
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(b) For P(z) = ps(2) = 1 +sin z, the inequality 1 —sin1 < gg(—1) reduces to
1 i (-3 +k)
I'(—3) /= k(1 + Bk)

Note that limg\ g f(8) = —0.158529 < 0 and limg ~o, f() = sinl > 0. The other
inequality gg(1) <1+ sinl gives

f(B) = +sinl > 0.

< (-1 4 )
Z R+ 8k ="

% =
which is true for all 8 > 0. Hence p(z) < ps(z ) for > Bs ~ 0.0327862 where [, is unique
root of f(8) =0 in (0, c0).

(c) Let P(2) = po(z). Then ¢o(—1) = 2(v/2 — 1) and ¢g(1) = 2. Proceeding as in
previous parts, the inequalities po(—1) < gg(—1) and gg(1) < ¢o(1) are true for 3 > fy
where [y is unique root of

R F(—f + k)
N1 2 R+ b
Hence p(z) < ¢o(z) if f > fo ~ 2.71181.

(d) For P(z) = ¢c(2), the inequalities ¢.(—1) < gg(—1) and gg(1) < (1) are true for

B > B. >~ 0.156, where 3 is unique root of

1 = T(— +k) 1 .
F(—*)Zk'(liﬁk) 3=0 in (0,00).

Thus, p(z) < e(z) for 8 > B. 0
Remark 2.6. Let the function f € A satisfies the following subordination

o (00 (50 ) <

Then f € 8; for B > 0.198099, f € 8% for B > 0.0327862, f € S}, for 8 > 2.71131 and
f €8 for B> 0.158374.

g(B) :=sinl —

-2(v/2-=1)=0 in (0,00).

Theorem 2.7. If the analytic function p : D — C satisfies p(0) = 1 and the subordination
p(z) +Bap'(2) <1+ 2, B>0,
then the following are true:
(a) If B =1/(e —1), then p(z) < e
(b) If 8> (1 —sinl)/sinl, then p(z) < ps(z) =1 +sinz.
(c) If B > 2(1 4+ v/2), then p(z) < po(2), where po(2) is given by (1.1).
(d) If B > 1/2, then p(z) < @e(z) = 1+ 42/3 + 22%/3.

Estimates on B are sharp.

Proof. The function
1 /b1
q(z) = qa(z) := 5/ t5 Y1+ zt)dt
0

is the solution of linear differential equation ¢(z) + 8z¢/(z) = 1 + z. Using integral
representation of Gauss hypergeometric function given in (2.3), we see that g¢g(z) =
F(-1,1 3 6 +1;—2). Thus gg(2) is clearly analytic in D. Let ¢(w) := 8 and §(w) = w,
w € C. Then

Q(2) = 2q5(2)(gp(2)) = Bzqs(2)

B 1 1 N\ zf3
R zF( ,6’+1B+2’ z)_5+1.
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Clearly @ is starlike in . Also the function i : D — C defined as h(z) = 0(qg(2))+Q(2) =
q5(2) + Q(z) satisfies Rezh/(2)/Q(2) = Re(1/8 + 2Q'(2)/Q(z)) > 0 as Q is starlike and
B is positive. Hence by making use of Lemma 2.2, the subordination p(z) + S2p(z) <
qp(2) + Bzqj(2) implies p(2) < gg(z). The required subordination p(z) < P(z) for different
choices of P holds if g3(z) < P(z), and if the subordination gg(z) < P(z) holds , then

P(=1) < gs(=1) < gp(1) < P(1).
This condition becomes sufficient also for appropriate values of 5 as can be seen by plotting
the graphs of respective functions. We note that

11
q(=1) =F (—L B’ B
and

11 1
qﬁ(l)—F(—l,B,ﬁ—i-l;—l) —1+m.

(a) Let P(z) = €. Then the inequalities e~ < gz(—1) and gg(1) < e give 8> 1/(e—1)
and 5 > (2 —e)/(e — 1) respectively. Hence p(z) < €* if

Bzmax{ 1 ’2—6}: 1 .
e—1 e—1 e—1

(b) For P(z) = ¢s(2) = 1 + sin z, both the inequalities 1 —sin1 < gg(—1) and ¢3(1) <
1+sinl give 5 > (1 —sinl)/sin 1.

(c) Let P(2) = @o(2). Then @o(—1) = 2(v/2 — 1) and ¢o(1) = 2. The inequalities
wo(—1) < gp(—1) nd qs(1) < wo(1) give 8 > 2(1 + v/2) and B > 0 respectively. Hence

p(2) < po(z) if B >2(1+ \/5)
(d) For P(2) = ¢c(2), the inequalities p.(—1) < gg(—1) and gg(1) < (1) give 5> 1/2
and 3 > —1/2. Hence p(z) < ¢c(z) if 8 > 1/2. O

Remark 2.8. Replacing the function p by zf’/f in Theorem 2.7, sufficient conditions can
be derived for f € A to be in the subclasses of starlike functions 87, 8%, 8% and S;.
3. Subordination associated with rational function

In this section, we consider the subordination
Bzp/(2)
P (2)

and obtain sharp estimates on 3 for which p(z) < ¢o(2), ps(z) = 1+sinz, /1 + 2z, where
@ is given by (1.1).

1+ <po(z) j=0,1,2, (k=V2+1)

Theorem 3.1. Let p be the analytic function in D with p(0) = 1 and satisfies the subor-
dination

1+ B2p'(2) < po(2).
Then the following are true:

(a) If B> (1+V2) (=1 +2klog 1+ £)) = 1.62574, then p(2) < @o(2)-
(b) If B> gty (1+2klog (1— 1)) ~ 0.778858, then p(2) < os(2).
(c) If 6 > — (1 + 2k log (1 — E)) ~ 1.58224, then p(z) < /1 + z.

The bounds on B are sharp.

Proof. The function

qs(2) —l—ﬁlk(z+2klog<l—2)>, 2z €D,
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is a solution of differential equation 1 + Bz¢/(z) = ¢o(z). Clearly, the function gg is
analytic in D. Define ¢(w) := 3 and §(w) := 1, w € C. We define a function Q on D as
Q(2) = 2q5(2)p(gp(2)) = Bzqp(z) = 2(k + 2)/k(k — z). Then Q is starlike in . We also
define a function h on D as h(z) = 0(gz(z)) + Q(z) = 1 + z(k + 2)/k(k — z). We note that
2h (2)/Q(z) = 2Q'(2)/Q(z) is a function with positive real part in D. Hence, by making
use of Lemma 2.2, the subordination 1+ 82p'(z) < 1+ B2g;(2) implies p(z) < gg(z). The
required subordination p(z) < P(z) for different choices of P holds if gg(z) < P(z). And
the subordination ¢z(z) < P(z) holds if and only if P(—1) < ¢g(—1) < gg(1) < P(1) as it
is clear from the graph of respective functions.

(a) For P(z) = ¢o(z), the inequalities P(—1) < gg(—1) and gg(1) < P(1) reduce to
B> (k+1)(—142klog(1+1/k))/(k—1) ~1.62574 = p; and § > (1 — k)(1 + 2k log(1 —
1/k))/(k+1) ~ 0.655386 = [ respectively. Hence the required subordination p(z) < o (2)
holds if f > max{5i, f2} = 1.

(b) For P(z) = ¢s(z), the inequalities P(—1) < gg(—1) and gg(1) < P(1) reduce to
1 —sinl < gg(—1) and gg(1) < 1+ sinl. These inequalities give § > (—1 + 2klog(1 +
1/k))/ksinl ~ 0.331483 = (; and 5 > —(1 + 2klog(1 — 1/k))/ksinl ~ 0.778858 = [s.
Hence the required subordination p(z) < 1 + sin z holds if 5 > max{31, f2} = Sa.

(c) For P(z) = v/1+ 2, the inequalities P(—1) < gg(—1) and gg(1) < P(1) reduce to
gg(—1) > 0 and ¢g(1) < /2 respectively, which on further calculations give g > (-1 +
2k log(1+1/k))/k ~ 0.278934 = 1 and B > —(1+2klog(1—1/k))/k(v/2—1) ~ 1.58224 =
B2. Hence the required subordination p(z) < /1 + z holds if 5 > max{f, 2} = f2. O

Remark 3.2. We note that |(k + €?)|/|k(k — )| > (k —1)/k(k +1) = 3 — 21/2. Hence
the inequality |w(z)| < 3 — 2v/2 implies that w(z) < z(k + 2)/k(k — z). Using this fact
and Theorem 3.1, we obtain the following sufficient conditions for f € A to be in various
subclasses of &*.

2f'(z) zf"(z) _ z2f'(2) 3-2v2 -~
(a) 1f 15755 (1 TR T e ) S Tva (- ir2kleg(ir D)) = V109539,

then f € 8},

zf'(2) z2f"(z) _ zf'(2) (2v2-3)ksinl

() 1 |55 (1+ 25 = 5| < (armaenyy = 0220288,

then f € 8.

/() (1 4 2"E) _ 2) (V23

@ 1|55 (14 55— )| < ey = 0108457,
then f € 87.

Theorem 3.3. Let p be an analytic function in D with p(0) = 1. Let

1+ 5;2(7;(;) < @o(2).

(a) If B> — (—1+2klog (14 })) /klog(2(v2 + 1)) = 1.4819,
then p(z) < po(z).
(b) If B > Wisinl) (1 + 2k log (1 - %)) ~ 1.07341, then p(z) < ps(2).
(c) If B > ﬁl\@ <1 + 2k log (1 - %)) ~ 1.89105, then p(z) < /1 + z.
The bounds on B are sharp.

Proof. The function

qp(z) :=exp <_Bll<: (z+2klog (1 — Z))) , z€D,

is a solution of differential equation 1 + $z¢'(2)/q(z) = ¢o(z). Clearly gs is analytic
in D. Define p(w) := B/w and #(w) := 1, w € C. The function Q defined on D as
Q(2) = 2q5(2)p(gs(2)) = B2q5(2)/qs(2) = 2(k + 2)/k(k — 2) is starlike in D. And the
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function h(z) = 0(gs(2)) + Q(2) = 1+ z(k + 2)/k(k — z) satisfies Re zh/(2)/Q(z) > 0
in D. Hence, by making use of Lemma 2.2, the subordination 1 4+ 8zp'(2)/p(z) < 1+
B2q5(2)/qp(2) implies p(z) < gg(2). The required subordination p(z) < P(z) for different
choices of P holds if gg(z) < P(2), and the subordination gg(z) < P(z) holds if and only
if P(—1) < qp(—1) < gg(1) < P(1) as it is clear from the graph of respective functions.

(a) For P(z) = ¢o(z), the inequalities P(—1) < gg(—1) and gg(1l) < P(1) reduce
to B > —(—1 + 2klog(1 + 1/k))/klog((k* + 1)/(k* + k)) ~ 1.4819 = $3; and 8 >
—(1 + 2klog(1 — 1/k))/klog ((k* +1)/(k* — k)) ~ 0.945523 = [ respectively. Hence
the required subordination p(z) < ¢o(z) holds if 8 > max{f1, 82} = f1.

(b) For P(z) = @s(2), the inequalities P(—1) < gg(—1) and gg(1) < P(1) reduce
to 1 —sinl < gg(—1) and gg(1) < 1+ sinl. These inequalities give § > —(—1 +
2klog(1+1/k))/k(log(1—sinl) ~ 0.151445 = 3; and § > —(1+2klog(1—1/k))/klog(1+
sinl) ~ 1.07341 = (5. Hence the required subordination p(z) < 1 + sinz holds if
B > max{fB1, B2} = Ba.

(c) For P(z) = v/1+ 2, the inequalities P(—1) < gg(—1) and gg(1) < P(1) reduce to
qs(—1) > 0 and gg(1) < v/2. The inequality gs(—1) > 0 is true for all 8 and the inequality
qs(1) < V2 gives B > —(1 + 2klog(1 — 1/k))/klog /2 ~ 1.89105. Hence the required
subordination p(z) < v/1 + z holds if g > 1.89105. O

Remark 3.4. As done in Remark 3.2, we have the following sufficient conditions for f € A
to be in various subclasses of starlike functions.

21(2) _ fG)| o (2V2-3)kIoER(VEHD) "
If‘1+ L Crimies i)y = 0-115779, then [ € 8§,

zf "(z2) _ zf'(2) (2v/2—-3)k log(1+4sin 1) ~ *
) I |1+ 2 < BTy = 0159839, then [ € 87,

@ ~ IR
1) 2 (2v2-3)klogv2 i
) If ‘1 + < (o) = 00907289, then f € 8},

(2) f(z)

Theorem 3.5. Let p be an analytic function in D with p(0) = 1. Let
2 <l

(a) If B > 2 (—1 + 2klog (1 + %)) ~ 1.34681, then p(z) < ¢o(z).

(b) If B> =GEmD (14 2klog (1 - £)) = 143424, then p(2) < ¢s(2).

(c) If B> =2 (1+2klog (1 - })) = 223763, then p(2) < VI + 2.
The bounds on B are sharp.

1+

Proof. The function

q3(z) == ( i (z—|—2klog (1— Z>)>_1, 2z €D,

is a solution of differential equation

2q' (2
1+p qg((z)) = ¢o(2).
Clearly gg is analytic in D. Define ¢(w) := 8/w?* and (w) := 1, w € C. The function Q
defined on D as Q(z) = 2q5(2)¢(gs(2)) = ﬁzq’ﬁ(z)/q%(z) = z(k+2z)/k(k—z) is starlike in D.
Also the function h(z) = 0(gs(2))+Q(2) = 1+2(k+z)/k(k—z) satisfies Re zh/(2)/Q(z) > 0
in D. Hence, by making use of Lemma 2.2, the subordination 1 + Bzp/(z)/p?(z) < 1 +
qué(z)/qg(z) implies p(z) < gg(z). The required subordination p(z) < P(z) for different
choices of P holds if gg(z) < P(2), and the subordination gg(z) < P(z) holds if and only
if P(—1) < qp(—1) < gg(1) < P(1) as it is clear from the graph of respective functions.
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(a) For P(2) = ¢o(z), the inequalities P(—1) < ¢z(—1) and gg(1) < P(1) reduce to
B > (=14 2klog(1 + 1/k))(k* + 1)/(k* — k) ~ 1.34681 = 81 and B > —(k* 4+ 1)(1 +
2klog(1 — 1/k))/(k? + k) =~ 1.31077 = (33 respectively. Hence the required subordination
p(2) < po(z) holds if B > max{f1, f2} = Bi.

(b) For P(z) = ¢s(2), the inequalities P(—1) < ¢g(—1) and gg(1) < P(1) reduce to
1 —sinl < gg(—1) and ¢g(1) < 1+ sinl. These inequalities give f > (1 —sin1)(—1 +
2klog(1+1/k))/ksin1 ~ 0.0525497 = 5 and 8 > —(1+sin1)(1+2klog(1—1/k))/ksin1 ~
1.43424 = B. Hence the required subordination p(z) < 1+sin z holds if 8 > max{f1, f2} =
Ba.

(c) For P(z) = v/1+ z, the inequalities P(—1) < ¢g(—1) and ¢g(1) < P(1) reduce
to gg(—1) > 0 and gg(1) < /2 respectively, which on further calculations give 5 >
—(—1+2klog(1+1/k))/k ~ —0.278934 = B; and 8 > —v/2(1+2klog(1—1/k))/k(v/2—1) ~
2.23763 = (3. Hence the required subordination p(z) < /1 + z holds if 8 > max{S;, f2} =
B2 0

Remark 3.6. Replacing the function p by zf’/f in Theorem 3.5, sufficient conditions can
be derived for f € A to be in various subclasses of starlike functions as done in Remark
3.2.

4. Subordination associated with cardioid

In this section, we consider the subordination

/ 4 9 2
Pr(E) =1 BB o0
P (z)

1
+ 3 37

and obtain sharp estimates on [ for which p(z) < €*, /1 + z, }_T_igi, vs(2) = 1+sinz, and
©o(z), where g is given by (1.1).
Theorem 4.1. Let p be an analytic function in D with p(0) = 1. Let

1+ B2p/(2) < pe(2).

Then
(a) If B > e/(e — 1), then p(z) < €*.
(b) If B> 3+ 22, then p(z) < @o(2).
(c) If 8 >5/(3sin 1), then p(z) < ps(2).
(d) If B >5/(3v2 — 3), then p(z) < V1 + 2.

(e) If p > max {(1 — B)/(A—B),5(1 + B)/3(A — B)}, then p(z) < (1+Az)/(1+ Bxz)
The results are sharp.

Proof. Consider the function gg : D — C given by
1
qp(z) =1+ ﬁ(llz + 22).
It can be easily verified that gg(z) is a solution of differential equation 1+ 8z¢'(z) = ¢¢(2).
Clearly g is analytic in D. Let p(w) := 8 and #(w) := 1, w € C. Let the function @ be
defined on D as Q(z) = zq5(2)p(qs(2)) = B2qs(2) = 22(2 +2)/3. Then Q is starlike as
RezQ'(2)/Q(2) =2Re(2+1)/(z+2) > 0 for z € D. Then the function h defined on D as

h(2) = 0(a5(2) + Q(2) = 1 + 22( +2),

satisfies Re zh/(2)/Q(z) = RezQ'(2)/Q(z) > 0. Hence, by making use of Lemma 2.2,
the subordination 1 + 82p'(z) < 1 + Bzqy(2) implies p < gg. The required subordination
p < P holds for different P if gg < P, and the subordination gz < P holds if and only if
P(—1) < gp(—1) < gg(1) < P(1) as it is clear from the graph of respective functions.
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(a) For P(z) = €7, the inequalities gg(—1) > 1/e and ¢g(1) < e reduce to § > e/(e — 1)
and § > 5/3(e — 1) respectively. Therefore the subordination gz(z) < e* holds if § >
max{e/(e —1),5/3(e — 1)} =e/(e —1).

(b) For P(z) = ¢o(z), the inequalities ¢o(—1) < gg(—1) and gg(1) < @o(1) give § >
(k2 +k)/(k—1) = 3+2V2and 8 > 5k(k — 1)/3(k + 1) = 5/3. Hence p(z) < @o(z) if
B > max{3 +2v/2,5/3} = 3 + 2V/2.

(c) For P(2) = ¢s(z), the inequalities 1 —sinl < gg(—1) and gg(1) < 1+ sinl give
f>1/sinl ~1.1884 and § > 5/3sin1 ~ 1.98066. Hence p(z) < ps(z) if 5 > 5/3sin 1.

(d) For P(z) = V/1+ z, the inequalities 0 < gg(—1) and gz(1) < V2 give 8 > 1 and
B>5/3(vV2—1). Since 5/3(v/2—1) > 1, p(z) < VI +zif B >5/3(v/2—1).

(e) For P(z) = (1 + Az)/(1 + Bz), the inequalities (1 — A)/(1 — B) < qﬂ( 1) and
45(1) < (1+4)/(1+ B) yield 3 > (1— B)/(A— B) = B, and 8 = 5(1+ B)/3(A— B) = B,
Hence p(z) < (14 Az)/(1+ Bz) if > max{f, f2}. O

Remark 4.2. Let the function f € A satisfies the following subordination

PG (G L ) .
1+ﬁf<><1 ﬂ@_%ﬂ@)><%<)

ThenfES*if6>e/(e—1) FESLIEB>3+2V2 feSiff>

> f eSS if

823 \f 0 ,and f € 8*[A, B] if § > max{(1 — B)/(A— B),5(1 +B)/3(134Sij B)}.
Theorem 4.3. Let p be an analytic function in D with p(0) = 1. Let
Bzp/(2)
1+ (2) < e(2).

Then

(a) If B > 5/3, then p(z) < e

(b) If B > (log(1/2(v/2 — 1)))~! ~ 5.31275, then p(z) < wo(z2).

(c

(

If B>5/31log\/2 , then p(z) < V1+ 2.
(e) If B > max {5(3log((1 + A)/(1+ B)))~ %, (log((1 — B)/(1 — A)))~1}, then p(z) <
(14 42)/(1+ Bz).

The results are sharp.

)
)
; If 6> 5/(3log(1 +sin1)), then p(z) < ps(z).
)

Proof. Define a function gg : D — C as

1
qp(2) :=exp (35(4Z +z ))
Clearly g is analytic in D and is a solution of differential equation 14+82z¢'(2)/q(z) = ¢c(2).
Define p(w) := f/w and 8(w) := 1, w € C. Then the function

oy Bzqz(z) 2
Q(2) = 2q3(2)¢(gp(2)) = 5G) 3

is starlike in . Also the function h(z) = 6(gs(z)) + Q(z) = 1+ 2z(z + 2)/3 satisfies
Rezh/(2)/Q(z) > 0 in D. Hence, by making use of Lemma 2.2, the subordination 1 +
Bzp'(2)/p(2) < 1+ Bzqs(2)/qp(z) implies p(2) < gg(z). The required subordination
p(z) < P(2) holds for different choices of P if gg(z) < P(z). And the subordination
gp(z) < P(2) holds if and only if P(—1) < gg(—1) < gg(1) < P(1) as it is clear from the
graph of respective functions.

(a) For P(z) = €*, the inequalities g3(—1) > 1/e and gg(1) < e reduce to f > 1 and
f > 5/3 respectively. Therefore the subordination gg(z) < e* holds if f > max{1,5/3} =
5/3.

2(2+2)
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(b) For P(z) = ¢o(z), the inequalities ¢o(—1) < gg(—1) and gg(1) < @o(1) give 8 >
1/log((k®+k)/(k?+1)) = (log(1/2(v/2—1))) ! ~ 5.31275 and B > 5/31log((k?+1)/(k* —
k)) = 5/3log2 ~ 2.40449. Hence p(z) < ¢o(z) if B > 5.31275.

(c) For P(2) = ¢s(z) = 1+sin z, the inequalities 1 —sin1 < gg(—1) and gg(1) < 1+sinl
give 8 > (log(1/(1 —sin1)))~! >~ 0.542942 and 3 > 5/3(log(1 +sin 1)) ~ 2.72971. Hence
p(z) < @s(2) if B> 5/3(log(1 + sin1)).

(d) For P(z) = /1 + z, then the inequality 0 < gg(—1) is true for all 5 and the inequality
qs(1) < V2 gives B > 5/3log /2. Hence p(z) < /1 + z if 8> 5/3log /2.

(e) For P(z) = (1 + Az)/(1 + Bz), the inequalities (1 — A)/(1 — B) 3(—1) and
q3(1) < (1+ A)/(1 + B) yields g > 1/log((1 — B)/(1 — A)) = 81 and 8 > 5/3log((1 +
A)/(1+ B)) = 2. Hence p(z) < (1+ Az)/(1+ Bz) if > max{f1, f2}. O

Remark 4.4. Let the function f € A satisfies the following subordination

zf'(z) | 2f"(2)
1+ (1 TR + ) ) =< e(2).

Then f € 8¢ if B > 5/3, f € 8% if B > (log(1/2(v2 — 1))~ ~ 5.31275, f € 8¢ if
B>5/(3log(1l +sinl)), f € 8 if > 5/3logv/2, and f € 8*[A, B] if
8> max {5(3log((1+ A)/(1+ B))) ", (log((1— B)/(1 - A))~'}.

Theorem 4.5. Let p be an analytic function in D with p(0) = 1. Let

<
>

1+ 22 <onta),
(a) If B > 5e/3(e — 1), then p(z) < €*.
((b If B> 2(1+V2), then p(z) < ¢o(2).

N

(d) If B > 5v/2/3(v/2 — 1), then p(z) < 1+
(e gﬁ) > max{(1 —A)/(A—B),5(1+ A)/(3(A— B))}, then p(z) < (1+ Az)/(1 +
The results 'are sharp.

)
)
; If 8> 5(14+sin1)/3sin 1, then p(z) < ps(2).
)

Proof. Define a function gg : D — C as

a5(2) = (1 - 315(42 + 22))_1 .

Clearly gg is analytic in D and is a solution of differential equation 1 + 82¢'(2)/¢*(z) =
@e(2). Define p(w) := 8/w? and 6(w) := 1, w € C. The the function

, Bzqz(z) 2

Q) = 2dh(plas(a)) =~ 7 = ol +2)

is starlike in . And the function h(z) = 6(gs(2)) + Q(2) = 1 + 2z(z + 2)/3 satisfies
Rezh/(2)/Q(z) > 0 in D. Hence, by making use of Lemma 2.2, the subordination 1 +
Bzp'(2)/p*(z) < 1+ ﬁzqé(z)/q%(z) implies p(z) < gg(z). The required subordination
p(z) < €® holds if gg(z) < e*. The required subordination p(z) < P(z) holds for different
choices of P if gg(z) < P(2), and the subordination gg(z) < P(z) holds if and only if
P(—1) < gp(—1) < gg(1) < P(1) as it is clear from the graph of respective functions.

(a) For P(z) = €7, the inequalities g3(—1) > 1/e and gg(1) < e reduce to 5 > 1/(e — 1)
and S > 5e/3(e — 1) respectively. Therefore the subordination gg(z) < e* holds if § >
max{1/(e —1),5e/3(e — 1)} = 5e/3(e — 1).

(b)For P(z) = ¢o(2), the inequalities po(—1) < gg(—1) and gz(1) < ¢o(1) give 8 >
(k24 1)/(k—1) =21+ v/2) and 8 > 5(k* + 1)/3(k + 1) = 10/3. Hence p(z) < po(z) if
B > max{2(1 ++/2),10/3} = 2(1 + v/2).
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(c) For P(2) = ps(z), the inequalities 1 —sinl < gg(—1) and gg(1) < 1+ sinl give
B> (1—sinl)/sinl ~ 0.188395 and 3 > 5(1+sin1)/3sin 1 =~ 3.64733. Hence p(z) < ¢s(2)

if 3>5(1+sinl)/3sinl.

(d) For P(z) = v/1 + 2, then the inequality 0 < gg(—1) gives > —1 and the inequality
q3(1) < V2 gives 8 > 5[/3(ﬂ— 1). Hence p(2) < v1+ z if 5 > 5v/2/3(v2 - 1).

(e) For P(z) = (1 + Az)/(1 + Bz), the inequalities (1 — A)/(1 — B) < ¢g(—1) and

qs(1) < (1+A)/(1+ B) yield § > (1-A)/(A—B) = frand 3 > 5(1+ 4)/3(A-B) =
Hence p(z) < (1 + Az)/(1 + Bz) if § > max{51, B2}

Remark 4.6. We would like to point out that authors in [26] ‘have obtained conditions
on real parameter $ so that the subordination 1+ S2p'(2)/p’(2), (j = (),1,2) implies
p(z) < (2+2)/2—2),1+(1—a)z, 14+ (1 —2a)2)/(1 —2),(0 < a < 1),e* or 1+ z.

But our results improve upon the estimates obtained by them.

Remark 4.7. Let the function f € A satisfies the following subordination
N, 2R 2E)
() (T ) < e
Then f € 8¢ for § > 5e/3(e — 1), f € 8% for B > 2(1 ++/2), f € 8 for B > 5(1 +
sin1)/3sin1, f € 8% for B > 5v/2/3(v/2 — 1), and the function f € $*[A, B] for
B Z>max{(l1-A)/(A-B),5(1+A)/(3(A—-DB))}.

5. Subordination associated with sine function

In this section, we consider the subordination

Bzp'(2)
P (2)
and obtain sharp estimates on 8 for which p(2) < ¢s(2), @e(2).

1+

<ps(z)=14+sinz ;j=0,1,2,

Theorem 5.1. Let p be an analytic function in D with p(0) = 1. Let
1+ B2p'(2) < ¢s(2).
(a) If B > Sml S0 Gy = 112432, then p(2) < y(2).
(b) If B > 5 5520 oy = 141912, then p(2) < @e(2).
Proof. The function

_ ( 1)n 2n+1
as(2) = HBZ 2n+1)(2n+ DI’

z €D,

is a solution of differential equation 1 + Bzq'(z) = ¢s(z). Clearly gg is analytic in D.
Define p(w) := § and f(w) := 1, w € C. Let the function @Q be defined on D as Q(z) =
2q5(2)¢(qp(2)) = Bzqs(z) = sin 2z, which is starlike in D. Then the function h on D defined
as h(z) = 0(qs(z)) + Q(2) = 1 + sin z satisfies Rezh/(2)/Q(z) = RezQ'(2)/Q(z) > 0
Hence, by making use of Lemma 2.2, the subordination 1+ 8zp’(2) < 1+ S2qj(z) implies
p(z) < qg(2). The required subordination p(z) < P(z) for different choices of P holds if
g3(z) < P(z). And the subordination gg(z) < P(z) holds if and only if P(—1) < gg(—1) <
q5(1) < P(1).

(a) Let P(2) = ¢s(2). Then both the inequalities P(—1) < gg(—1) and gg(1) < P(1)
give

L&
pz sin 1 7;) (2n+1)(2n +1)!

Hence p(z) < ¢s(2) if > 1.12432.

~ 1.12432.
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(b) For P(2) = ¢.(2), the inequalities P(—1) < ¢z(—1) and gg(1) < P(1) reduce to
1/3 < gg(—1) and ¢3(1) < 3. These inequalities give 5 > >3 5 2ne0 % ~ 1.41912 =
1

p1 and B > 3 s 0 Wgn-ﬂ-l)' ~ 0.473042 = (5. Hence the required subordination
p(2) < pe(z) holds if 8 > max{S, B2} = . O
Theorem 5.2. Let p be an analytic function in D with p(0) = 1. Let

/
QI

(a) If B > log 1+51n1) S ﬁgnﬂ), ~ 1.54952, then p(z) < ¢s(2).

(b) If B> s Yo % ~ 0.861162, then p(z) < @.(2).
Proof. The function

1+

o 1 S (_1)n22n+1 .
4p(z) 1= exp (ﬁnz% @n+ D2n+ 1)!) » Z2€D,

is a solution of differential equation 1+ fz¢'(2)/q(z) = ¢s(z). Clearly gg is analytic in .
Define p(w) := f/w and O(w) := 1, w € C. Then the function Q(2) = 2q5(2)¢p(gs(2)) =
B2q5(2)/qs(2) = sin z, is starlike in D. And the function 2(2) = 0(gs(2)) +Q(2) = 1+sinz
satisfies Rezh/(2)/Q(z) > 0. Hence, by making use of Lemma 2.2, the subordination
14 B8zp'(2)/p(z) < 1+ ﬁzq/'g(z)/qﬁ(z) implies p(z) < ¢g. The required subordination
p(z) < P(z) for different P’'s holds if gg(z) < P(z), and the subordination gz(z) < P(2)
holds if and only if P(—1) < gg(—1) < gg(1) < P(1).
(a) Let P(2) = ¢s(2). Then the inequalities P(—1) < gg(—1) and gg(1) < P(1) give

B > 1 and S > B2, where

—1 - (=D"
In(1 —sinl) 7;) (2n+1)(2n +1)!

1 - (=D"
In(1 +sinl) 4 Z ¢ (2n+1)(2n+ 1)1

pr =

and 62 =

Hence p(z) < ps(2) 1f5 > max{f, fo} = P2 ~ 1.54952.
(b) For P(z) = ¢¢(2), the inequalities P(—1) < gg(—1) and ¢g(1) < P(1) reduces to
1/3 < gg(—1) and ¢(1) < 3. These both inequalities give
1 ¢ (="
> ~ (0.861162.
bz log 3 nzzo (2n+1)(2n + 1)!
Hence the required subordination p(z) < ¢.(z) holds if 5 > 0.861162. O
Theorem 5.3. Let p be an analytic function in D with p(0) = 1. Let
Bzp'(2)
1+ < ps(2).
P 7 =)

(a) If B > 1;2?1 =0 (gniﬁgzﬂ), ~ 2.0704, then p(z) < ps(z).
(b) If B> 35 Wgnﬂ), ~ 1.41912, then p(z) < @.(2).

Proof. The function

(—1)n a2l -1 -

1—— D

as(2) = Z @n+lEnt1l) o FEY
is a solution of differential equation 1+ Bzq'(2)/q?(z) = ps(z). Clearly gz is analytic in D.
Define p(w) := B/w? and 6(w) := 1, w € C. Then the function Q(z) = 2q5(2)p(qp(2)) =
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qu’ﬂ(z)/q%(z) = sin z is starlike in ID. Also the function h(z) = 6(qs(2))+ Q(2) = 1+sinz
satisfies Rezh/(2)/Q(z) > 0 . Hence, by making use of Lemma 2.2, the subordination
1+ Bzp'(2)/p*(2) < 1+ /qug(z)/qg(z) implies p(z) < gg. The required subordination
p(z) < P(z) for different choices of P holds if and only if gz(z) < P(z).

Part (a) and (b) can be proved as in Theorem 5.2. We omit the details here. O

Remark 5.4. Taking p(z) = zf'(2)/f(2), f € A, in Theorems 5.1, 5.2 and 5.3, and
assuming that the subordination 1+ Szp/(z)/p?(2) < ¢s(z), 7 = 0,1,2 holds, sufficient
conditions in terms of 8 can be derived for f to be in classes 8} and &%.

6. Subordination associated with exponential function

In this section, we consider the subordination
/

ﬁzp (2) < e’

P (2)

and obtain sharp estimates on f for which p(z) < €*, vs(2), wo(z), @c(z), where ¢ is

given by (1.1).

1+

7=0,1,2,

Theorem 6.1. Let p be an analytic function in D with p(0) = 1. Let
1+ Bzp'(2) <
(@) 19> gy Sy (O & 12602, then p(2) <
(b) If 8 > Sml > n,n ~ 1.56619, then p(z) < gos( )
(c) If B > (2{ + 3) % ~ 4.64292, then p(z) < @o(2).

(d) IfB>2522 n,n ~ 1.1949, then p(z) < pc(2).
The bounds on ﬁ are sharp.

Proof. The function
1 X 2" —

z)_1+57;m, z e D,
is a solution of differential equation 1 + Sz¢'(z) = e*. Clearly ¢s is analytic in D. De-
fine p(w) := B and f(w) := 1, w € C. Then the function Q(2) = zqj(2)¢p(gs(2)) =
Bzqs(z) = e* — 1 is starlike in D.  And the function h(z) = 0(gs(2)) + Q(z) = e
satisfies Rezh/(2)/Q(z) > 0. Hence, by making use of Lemma 2.2, the subordination
1+ B2p'(z) < 1+ Bzqjy(z) implies p(z) < gs. The required subordination p(z) < P(2) for
different choices of P holds if gg(z) < P(z), and the subordination gg(z) < P(z) holds if
and only if P(—1) < gg(—1) < gg(1) < P(1). Then the parts (a)-(d) can be proved by
following the similar procedure as in previous theorems. ]

Next, we state the following two theorems without proof.

/

Theorem 6.2. Let p be an analytic function in D with p(0) = 1. Let 1 + 5;](12()2’) < €%,

(a) If B > Zn 1 o~ 1 3179 then p( ) <

(C) Ifﬁ 10g2 Zn 1 n'n = O 9135 then p( ) = 900( )

(d) If 6 > 10g3 Yooy n,n ~ 1.19961, then p(z) < pc(2).
The bounds on B are sharp.

, o : B Bap'(z) .

Theorem 6.3. Let p be an analytic function in D with p(0) = 1. Let 1 + 20) < e’

(a) If B> 55 300 | - ~ 2.08489, then p(z) < €.
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(b) If B > L8l 5700 | L~ 2.88409, then p(z) < ¢s(2).

(c) If B>2302 - =~ 2.6358, then p(z) < ¢o(z).
(d) If B > %Zzozl nfln ~ 1.97685, then p(z) < p.(2).

The bounds on B are sharp.
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