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Abstract

Let P > 3 be an integer and (V,,) denote generalized Lucas sequence defined by Vp =
2,Vi = P, and V41 = PV, — V,—1 for n > 1. In this study, we solve the equation
V,, = 1122 = 1. We show that the equation V,, = 1122 + 1 has a solution only when n = 1
and P = 1(mod 11). Moreover, we show that if the equation V,, = 1122 — 1 has a solution,
then P = 2(mod8) and P = —1(mod 11).
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1. Introduction

Let P and @ be nonzero integers. Generalized Fibonacci sequence (U,) and Lucas
sequence (V,,) are defined by Up(P,Q) = 0,U1(P,Q) = 1; Wo(P,Q) = 2,V1(P,Q) = P,
and Up11(P,Q) = PUW(P,Q) + QUn 1(P,Q), Vai1(P,Q) = PVi(P,Q) + QVn_1(P, Q)
for n > 1. Up(P, Q) and V, (P, Q) are called n-th generalized Fibonacci number and n-
th generalized Lucas number, respectively. Generalized Fibonacci and Lucas numbers
for negative subscripts are defined as U_,(P,Q) = —(—Q) "U,(P, Q) and V_,(P,Q) =
(—Q) "V (P, Q), respectively.

Since
Un(—P,Q) = (=1)"'U,(P,Q) and V,,(—P, Q) = (—1)"V,(P, Q)
it will be assumed that P > 1. Moreover, to exclude the degenerate case we also assume
that P2 +4Q > 0. For P = Q = 1, we have classical Fibonacci and Lucas sequences (F},)
and (Ly). For P = 2 and @ = 1, we have Pell and Pell-Lucas sequences (F,) and (Q»).
For more information about generalized Fibonacci and Lucas sequences one can consult
[25].

Investigation of the square terms of the second-order linear recurrence sequences has
been of interest to many mathematicians and generated an extensive literature. In 1963,
Moser and Carlitz [21] and Rollett [30] proposed the problem of finding all square Fibonacci
numbers. This problem was solved by Cohn [7] and Wyler [39], independently. Later,
Alfred [2] and Cohn [8] determined the square Lucas numbers. Pethd [24] and Cohn [10]
independently determined the perfect powers in Pell sequence. In 2006, Bugeaud, Mignotte
and Siksek [4] showed that the perfect powers in Fibonacci and Lucas sequences are exactly
Fo=0,F = F, =1,Fg =8, Fo =144 and L1 = 1, L3 = 4, respectively. The problem
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of determining the terms of the linear recurrence sequences which can be represented by
quadratic or cubic polynomials has been also of interest to many mathematicians. Pethd
[23] determined the full cubes in Fibonacci sequence. Finkelstein [11] found Fibonaci
numbers of the form 2 + 1. The same author [12] determined Lucas numbers of the form
22+ 1. Luca [17] determined Fibonacci numbers of the form 22 + 2 + 2. Robbins [28] solved
the equations F,, = 22 — 1 and F,, = 23 F 1. The same author [29] solved the equations
F, = pr®> ¥ 1 and F,, = pz® F 1. Recently, Bugeaud, Mignotte and Siksek [5] showed that
the only Fibonacci numbers which are at distance 1 from a perfect power are 1,2, 3,5, and
8. Moreover, combinatorial numbers in the second-order linear recurrence sequences have
been investigated by many authors. Ming [19] proved that the only triangular numbers
in Fibonacci sequence are Fy = 0, Fy = Fb = 1, Fy = 3, Fs = 21, and Fjg = 55. The same
author [20] showed that the triangular numbers in Lucas sequence are L1 = 1,Ls = 3
and Lig = 5778. McDaniel [18] proved that the only triangular number in Pell sequence is
1. Tengely [37] determined the g-gonal numbers in Fibonacci, Lucas, Pell and Pell-Lucas
sequences for g < 20. The same author [38] proved that (n,z) = (1,5) is the only positive
solution to the Diophantine equation L, = (). For an extensive bibliography concerning
combinatorial numbers in second-order linear recurrence sequences, see [16].

For relatively prime integers P and @), the square terms of generalized Fibonacci se-
quence (U,) and Lucas sequence (V) have been investigated in the literature. In [29],
Ribenboim and McDaniel showed that if U, or V;, is 2% or 222, then n < 12. In [3], Brem-
mer and Tzanakis discussed the more general problem of finding all integers P and @ for
which U,, = kz? for fixed integers k and m. It is shown that for fixed nonzero integers k
and m with m > 8, the equation U,, = k2? can hold for finitely many integers P and Q.
In [33] and [34], Siar and Keskin determined the terms of the sequences (U,) and (V,,) of
the form kx? or 2kx? for odd P and @ when k|P with k > 1.

In [1], the authors showed that when a # 0 and b # F2 are integers, the equation
V,,(P,F1) = az? + b has only a finite number of solutions n. Moreover, the same authors
showed that when a # 0 and b are integers, the equation U, (P, +1) = ax? + b has only a
finite number of solutions n. Keskin [14] solved the equation V, (P, —1) = wz? F 1 for w =
1,2,3,6 when P is odd. Keskin and Ogiit [15] solved the equations U, (P, —1) = wx? + 1
for w = 1,2,3,5,7,10 when P is odd. Ogiit and Keskin [22] showed that only U (P, —1)
and Us(P, —1) may be of the form 1122 + 1 if P is odd. When P is odd, Karaath and
Keskin [13] solved the equations V,,(P,—1) = 522 ¥ 1 and V,,(P,—1) = 72 F 1.

In the present study, we solve the equation V,,(P,—1) = 1122 & 1. We show that the
equation V;,(P,—1) = 1122 + 1 has a solution only when n = 1 and P = 1(mod 11). We
show that the equation Vj,(P,—1) = 1122 — 1 has only the solutions n = 1,2 when P is
odd. In case P is even, we prove that if the equation Vj,(P, —1) = 112 — 1 has a solution,
then P = 2(mod 8) and P = —1(mod 11). Our main results are Theorems 3.1 and 3.2. We
will use the Jacobi symbol throughout this study. Our method of proof is similar to that
presented by Cohn, Ribenboim and McDaniel in [9] and [26, 27], respectively.

2. Preliminaries

From now on, instead of V,,(P,—1) and U, (P,—1) we write V,, and U, respectively.
Moreover, we will assume that P > 3.

The following lemma can be proved by induction.

Lemma 2.1. If n is a positive integer, then Vo, = F2(mod P?) and Vapy1 = (—1)"(2n +
1) P(mod P?).

The following theorem is given in [32].
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Theorem 2.2. Let n € NU{0} and m, r € Z. Then
V2mn+7" = (_1)n V;" (mOd Vm) )

and if m # 0, then
Vomntr = Vi (mod Up,) .

If n=2-2%a+ r with @ odd and k > 1, then we get
Vo = VQ-2"‘a+r = _V;”(mOd VvZk)

by (2.1).
When P is odd, an induction method shows that

Vor = T(mod 8)

)

and thus

for all £k > 1.

When P is odd, we have

<P—1> _ (P-i—l) _q
‘/2k N VQk N
for all kK > 1.
If P is odd and k > 2, then Vir = —1 (mod P? — 3) and thus
P2
( 3) B ]-'
VQk
When P is odd and P? = 1(mod 11), we have

11
) =1
(VQk)
for all £ > 1.

If P is odd and P? = 3(mod 11), then we get

11
) =1

for all £k > 2.
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(2.4)

(2.5)

Now we give some identities concerning generalized Fibonacci and Lucas numbers:

Vo= n)
Von = V2 —2.

(2.9)

If P? = 5,9(mod 11), then we have 11|Us. Since Viggr = Vi-(mod Us) by (2.2), it follows

that
Vi =2,3,4,7,8,9(mod 11).
Similarly, if P? = 4(mod 11), then we get
Vo= F2(mod 11) if P = —2(mod 11),
"7 | 2(mod1l) if P =2(modll).
and if P? = 1(mod 11), then
Vo= —1,2(mod 11) if P = —1(mod 11),
"7 1 F1,2(mod11) if P = 1(mod 11).

If P =2(mod8), then V;, = 2(mod 8) for every natural number n.

(2.10)

(2.11)

(2.12)

(2.13)
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3. Main theorems

From now on, we will assume that n is a positive integer.

Theorem 3.1. If P = —1(mod 11) or P? = 0,3,4,5,9(mod 11), then the equation V,, =
1122 + 1 has no solution. The equation V,, = 112> + 1 has only the solution n = 1 when
P =1(mod 11).

Proof. Assume that 11|P. Then by Lemma 2.1, V,, = F2, FnP(mod P?), ie., V,, =
F2,0(mod 11), which is impossible since V,, = 1(mod 11). Assume that P? = 5,9(mod 11).
Then by (2.10), it follows that V,, = 2,3,4,7,8,9(mod 11), which contradicts the fact that
V,, = 1(mod 11). Assume that P? = 4(mod 11). Then by (2.11), we get V,, = F2(mod 11),
which is impossible since V;, = 1(mod 11). Assume that P2 = 3(mod 11). Let n = 12¢ F
with 0 < r < 6. Then
Vn = Vqu:F'r’ = V:Fr(mod U6)
by (2.2). Since 11|Us when P? = 3(mod 11), we get
Vp = Vap(mod 11).

An easy calculation shows that » = 2. Then it follows that n is even and 4 {n. Let n > 2.
So, n = 8t F 2 for some positive integer t. Then n = 8t F 2 = 2 - 2¥a F 2 with a odd and
k > 2. Let P be odd. We get
1a? = —1 4V, = —1 — Voo (mod Vi)

by (2.3). This shows that

112% = —(P? — 1)(mod Vi),

11 —1 pP?—1

which is impossible since <V2k> =1, (‘/zk) = —1, and < Var > =1 by (2.8), (2.4)
and (2.5), respectively. Thus n = 2. Then it follows that Vo = P? — 2 = 1122 + 1, which
implies that 1122 = —2(mod 8) since P? = 1(mod8). Therefore 322 = —2(mod8), i.e.,
22 = 2(mod 8), which is impossible. Let P be even. Then,

112?% = 1+ V,, = —1 + Vio(mod V3)
by (2.1). This shows that

1122 = —1(mod P? — 2),
and therefore
1122 = ~1(mod (P? - 2) /2).

((P2 il2) /2> N <(P2 :12> /2) ’

<(P2 ;12) /2) .

= ()= () () = () () =

a contradiction. Assume that P2 = 1(mod 11). Then P = F1(mod 11). If P = —1(mod 11),
we get V;, = —1,2(mod11) by (2.12). This is impossible since V;, = 1(mod11). So,
P =1(mod11). Let n = 6¢ + r with 0 < r < 5. Then

Vo = Vogir = Vi (mod Us)
by (2.2). Since 11|Us, when P?2 = 1(mod 11), we get
Vi = Vi(mod 11).

Then we get

which implies that

Thus,
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An easy calculation shows that 7 = 1 or r = 5. Then it follows that n is odd and 3 { n.
Let P be odd and n > 1. Then n =4¢ F 1 =2-2Fa 1 with a odd and k > 1. Thus,

12° = =14V, = -1 - Vzi(modV,,)

by (2.3). This shows that
112° = —(P 4 1)(mod V),

11 -1 P+1
which is impossible since (> =1, () = —1, and < s ) =1by (2.7), (2.4), and
Vo Vo Vo

(2.5), respectively. Let P be even. Since n is odd and 3 { n, we can write n = 6g F 1 for
some g > 0. Then

1a? = 14V, = —1 4 Vz1(mod Us)
by (2.2). This shows that 1122 = P — 1(mod P? — 1) and therefore 1122 = —2(mod P +1).

Illell we get

P+1 2
( 11 ) - <P+ 1)'
Since P + 1 = 2(mod 11), we get
=)= (o) = ()
11 11 P+1)°
Therefore, P + 1 = 3,5(mod 8), i.e., P = 2,4(mod 8). Assume that P = 2(mod 8). Then

V,, = 2(mod8) by (2.13). This contradicts the fact that V,, = 1122 + 1 = 1,4,5(mod 8).
Now, assume that P = 4(mod8). Then it is seen that V), = F2(mod8) for k > 1. Let

n>1.S0,n=4¢F1=2-2"a T 1 with a odd and k > 1. Thus,
12? = -1+V, =-1 — Vgi(mod V)

which implies that

by (2.3). This shows that 1122 = —(P + 1)(mod V., /2).Then it follows that
( 11 >_< -1 )<P+1>
Vi /2 V/2) \V,/2
Vie/2\ _ (P11 _ (V)2
11 V., /2 P+1
since P+1 = 5(mod 8). By using the facts that V, = —1(mod P+1) and V,, = —1(mod 11)
for k > 1, we get
G- (5) ) (5 - (2
11 11 11 11 11 P+1
- (p31) (F) - () () -
P+1)\P+1 P+1)\P+1 ’

a contradiction. Thus n = 1. OJ

and therefore

Theorem 3.2. If P? = 0,3,4,5,9(mod 11), then the equation V,, = 112> — 1 has no
solution. The equation V,, = 112% — 1 has the solutions n = 1 when P is odd and P =
—1(mod 11) or n = 2 when P is odd and P = 1(mod 11). Let P be even. If the equation
Vi, = 1122 — 1 has a solution, then P = 2(mod8) and P = —1(mod 11).
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Proof. If n = 4q for some ¢ > 0, then we get
2
2 2 2 4 2
1z —1:V4q:V2q—2:(Vq —2) 2=V 4V 42,

ie., 1122 = V;—4Vq2—|—3. Hence, we obtain elliptic curve 11X2 = Y4 —4Y?243, where X = x
and Y = V. A practical method for the explicit computation of all integral points on an
elliptic curve for the quadratic case has been developed by Stroker and Tzanakis in [31]
and [35]. Their methods were based on lower bounds for linear forms in elliptic logarithms
(see [36] for the details about elliptic logarithms). Such a method was implemented in
the computational package MAGMA [6]. Here, we use the subroutine "Integral Quartic
Points" of MAGMA. So, we have only the solutions (X,Y’) = (0,F1). This implies that
Vy = 1, which is impossible. Therefore n # 4¢. Clearly, the case 11|P is impossible. For,
otherwise we would have by Lemma 2.1, V,, = F2, ¥nP(mod P?), i.e., V,, = F2,0(mod 11),
which contradicts V,, = —1(mod 11). Assume that P? = 4(mod 11). Then by (2.11), we
get V,, = F2(mod 11), which is impossible since V,, = —1(mod 11). Assume that P? =
5,9(mod 11). Then V,, = 2,3,4,7,8,9(mod 11) by (2.10). This contradicts the fact that
V,, = —1(mod 11). Now, assume that P? = 3(mod 11). Let n = 12¢ +r with 0 < r < 11.
Then
Vi = Vigg4r = Vi(mod Us)

by (2.2), which implies that V,, = V;.(mod 11) since 11|Us when P? = 3(mod 11). An easy
calculation shows that 7 = 4 or r = 8. Then it follows that n is even and 4|n. Therefore
n = 4t for some t > 0. But it was shown at the beginning of the proof that n # 4t. Assume
that P is odd and P? = 1(mod 11). Let n be even. Since n # 4q, we get n = 8¢ F 2 for
some ¢ > 0. Let n > 2. S0, n =8¢ F2=2-2%q F 2 with a odd and k > 2 . Thus,

12® =14V, =1—Via(modV,)

11
by (2.3). This shows that 1122 = —(P? — 3)(mod V., ), which is impossible since (V) =
2k

~1 P2-3
1, () = —1, and = 1by (2.7), (2.4) and (2.6), respectively. Thus n = 2. It
V2k V2k

can be easily seen that n = 2 is a solution only when P = 1(mod 11). Let n > 1 be odd.
So,n=4¢F1=2-2%a 1 with a odd and k£ > 1. Thus,

Ha?=1+V, =1~ Vzi(mod V)

11
by (2.3). This shows that 1122 = —(P—1)(mod V.,.), which is impossible since (V) =1,
2k

—1 P-1
() = —1, and ( ) = 1 by (2.7), (2.4) and (2.5), respectively. Thus n = 1.
VYQk ng

Observe that n = 1 is a solution only when P = —1(mod 11). Assume that P is even and
P =1(mod11). Let n = 6¢ + r with 0 <r < 5. Then
Vo = Vogir = Vi (mod Us)

by (2.2). Since 11|Us when P = 1(mod 11), we get V,, = V,.(mod 11). An easy calculation
shows that r = 2 or r = 4. Therefore n is even. Then n = 4q or n = 8¢ F 2 for some ¢ > 0.
The first of these is impossible since it was shown at the beginning of the proof. Then, let
n = 8q F 2 for some ¢ > 0. By (2.2), we have

1z? =1+ V,, =1+ Vaa(mod Uy).

It immediately follows that 1122 = —1(mod P). Let P = 2"a with a odd and r > 1. Then
we get 1122 = —1(mod a), which implies that

(2)=(5)
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11
Then we can write

()= (5) - () )= (6) ()= G) -
11 11 11 11 11 11 11
Thus, r is even. So, 4|P. Since n = 8¢ F 2, we get 1122 =1+ V,, = 1 + Vio(mod Va) by

(2.1). This shows that 1122 = 1(mod (P? — 2) /2). Since (P? —2) /2 is odd, we get

( ) / ’

1_( 11 )__ (P?—=2)/2\ _ [(P*-2 (2)
S \(P2-2)/2) 11 N 11 11
_ P?—2 — (_1> =1
B m )/ \1r) =
Assume that P is even and P = —1(mod 11). Let n be odd. Writing n = 4¢ F 1 for some
q > 0 gives

i.e.,

Ha? =1+ V, =14 Ve (mod Us)
by (2.2). This implies that
112? = 1(mod P). (3.1)
If 4|P, then 11z?> = 1(mod4), i.e., 22 = 3(mod4), which is impossible. Thus, P =
F2(mod8). If P = —2(mod8), then 1122 = 1(mod P/2) by (3.1), which implies that

11
( ) = 1. This is also impossible since

)@@ ()

Thus, P = 2(mod8). Let n be even. Since n # 4q, we have n = 8¢ F 2 for some g > 0.
Then 112% =1+ V,, = 1 + V42(mod V2) by (2.1). This shows that 112 = 1(mod P? — 2)
and therefore

1122 = 1(mod (P? - 2) /2),

since P is even. Thus, we have
( 11 ) _1
P =2)2) "
So,

1= (—1)(PP=4)/e <(PQ_2)/2> _ (—1)(Pa) <P2 - 2) ( 2 ) PNy

11 11 11
which implies that P = F2(mod8). Let P = —2(mod 8). Then it follows that

_ [ —2(mod38) if n is odd,
Vi = { 2(mod 8) if n is even. (3.2)
Moreover,
112? =1 = Vsgza = Vagugrr) = Vigr1 — 2,
i.e.,

Vi — 1127 = 1.
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It can be seen that all positive integer solutions of the equation u? — 11v? = 1 are given
by (u,v) = (Vi (20,—-1) /2,3U (20, —1)) with & > 1. It can be shown that

1(mod 8) if 4|k

20, —1 ’

Vk(g,) = { —1(mod8) if k = 2m, m is odd, (33)
2(mod 8) if £ is odd.

Since V2 — 11z? = 1, we get Vigz1 = Vi, (20, —1) /2 for some natural number ko. This
is impossible by (3.2) and (3.3). Thus, P = 2(mod 8). O

Lemma 3.3. Let P = 2(mod 8) and m > 1 be an odd integer. Suppose that the equation
Vin = 1122 — 1 has no solution. Then, the equation Va,, = 1122 — 1 has no solution.

Proof. Assume that Vs, = 1122 — 1 for some integer x. Since Va,, = V.2 — 2 by (2.9), it
follows that V2 — 1 = 1122, This implies that (V;, — 1)(V;, + 1) = 1122. Tt is seen that
(Vin — 1, Vi, + 1) = 1 since V,, is even when P is even. Then, either

Vin —1=a? and V;, +1 = 11b° (3.4)

or
Vin —1=11a% and V,, + 1 = b? (3.5)

for some integers a and b. The identity (3.4) is impossible by the hypothesis. Assume
that (3.5) is satisfied. Then 11a® =V, — 1 = 1(mod 8) by (2.13). This is impossible since
a? = 3(mod 8) in this case. So, the equation Va,, = 1122 — 1 has no solution. O

Lemma 3.4. Let P = —1(mod 11). Then the equation V3, = 1122 — 1 has no solution.

Proof. Suppose that Vz, = 1122 — 1 for some integer . We can write 3n = 12¢ F r with
r € {0,3,6}. Thus, V3, = Viggrr = Vi(mod Us) by (2.2). Since 11|Us, we have V3, =V,
(mod 11). Since P = —1(mod 11), it can be seen that V; = 2(mod 11) for all r € {0, 3,6}.
So, we have V3, = 2(mod 11). This is impossible since V3, = —1(mod 11). O

From Lemma 3.4 and Theorem 3.2, we can give the following corollary.
Corollary 3.5. The equation Vs, = 112> — 1 has no solution.

Lemma 3.6. Let P = 2(mod8) and P = —1(mod 11). If m = 5,7,13,19, or 23, then the
equation V,, = 1122 — 1 has no solution.

Proof. Suppose that V,, = 1122 — 1 for some integer z. Let m = 5. Then
1a? =Vs+1=(P+1)F(P), (3.6)

where F(P) = P* — P3 — 4P? + 4P + 1. Since F(—1) = -5, F(P) = —5(mod 11) and
therefore 11 4 F(P). It can be seen that (P + 1, F(P)) =1 or 5. Then from (3.6), we have

P+1=1la* and F(P) = b* (3.7)
or

P 41 = 55a% and F(P) = 5b (3.8)
for some integers a and b. Assume that (3.7) is satisfied. Then b? = F(P) = —5(mod 11),
which is impossible since (I—f) = —1. The identity (3.8) is impossible because 5b% =
—5(mod 11) in this case. Let m = 7. Then

1a? =V7 +1= (P +1)F(P), (3.9)

where F'(P) = P®— P> —6P*+6P3+8P? —8P + 1. Since F/(—1) =7, F(P) = 7(mod 11)
and therefore 11 1 F(P). Moreover, we have (P + 1, F(P)) =1 or 7. Then from (3.9), we
have

P +1=11a® and F(P) = ?, (3.10)
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or

P+ 1= T77a* and F(P) = Tb* (3.11)
for some integers a and b. Assume that (3.10) is satisfied. Then b2 = F(P) = 7(mod 11),
which is impossible since (%) = —1. The identity (3.11) is impossible since P + 1 =
3(mod 8). The proof is similar for m = 13,19, or 23 and we omit the details. ]

Since the equation V;, = 11z? — 1 has no solution for m = 5,7,13,19, or 23 by Lemma
3.6 and Theorem 3.2, the equation V,, = 1122 — 1 has no solution for n = 10, 14, 26, 38, or
46 by Lemma 3.3 and Theorem 3.2. Therefore we can give the following corollary.

Corollary 3.7. Letn € {5,7,9,10,13,14,23,26,38,46}. Then the equation V,, = 112? —1
has no solution.

Let n be odd and 3 { n. Then n = 6¢F1 for some ¢ > 0 and so V,,+1 = V41 +1(mod Us)
by (2.2). This implies that P + 1|V;, + 1. Therefore from the observations above, we can
give the following lemma.

Lemma 3.8. Let p be a prime number such that (p,33) =1 and V, +1 = (P + 1) F(P).
Assume that

. J pifp=3(mod4),
F(-1) = { —p if p = 1(mod 4).

Also, assume that () = —1 if p = 3(mod4) and (&) = 1 if p = 1(mod4). If P =
2(mod 8) and P = —1(mod 11), then the equation V,, = 1122 — 1 has no solution.

4. Conclusion

We prove that the equation V,, = 1122 + 1 has only the solution n = 1 when P =
1(mod 11).
It can be seen that
Vi (20, 1) _ [ 1(mod11) if k is even,
2 — | —1(mod11) if k is odd.

If P= W and x = 3Uj (20,—1) for some natural number k, then Va(P,—1) =
1122 — 1. Clearly, the equation V,,(P, —1) = 1122 — 1 has the solutions n = 1, 2. We show
that the equation V,,(P,—1) = 1122 — 1 has no solution for n > 2 when P is odd. In
case P is even, we prove that if the equation V,,(P,—1) = 1122 — 1 has a solution, then
P =2(mod8) and P = —1(mod 11). At the top of the proof of Theorem 3.2, we show that
if 4|n, then equation V;, = 1122 —1 has no solution. Moreover, we prove that V,, = 1122 —1
has no solution if 3|n. If we show that the equation V;, = 1122 — 1 has no solution when
m > 11is odd and 3 { m, then it is seen that Va,, = 1122 — 1 has no solution by Lemma
3.3. Therefore we conclude that V,, = 1122 — 1 has no solution for n > 2. We think that
the equation V;, = 1122 — 1 has no solution when m > 1 is odd and 3 { m. It is not
known whether the equation Vi; = 1122 — 1 has a solution in case P = —1(mod 11) and
P = 2(mod38).
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