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Abstract

In this paper, we consider and study proximal split feasibility and fixed point problem. For solving the
problems, we introduce an iterative algorithm with shrinking projection technique. It is proven that the
sequence generated by the proposed iterative algorithm converge strongly to the common solution of the
proximal split feasibility and fixed point problems.
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1. Introduction

Throughout this paper, we assume that H; and Ho are two real Hilbert spaces, A : H1 — Ho is a
bounded linear operator with its adjoint A*, f: H; — R|J{+oc} and g : Ho — R|J{+o0} are two proper,
lower semi-continuous convex functions.

In the present manuscript, we try to solve the following minimization problem:

min {(z) + ga(Av)} (1)

where gy stands for the Moreau-Yosida approximate of the function g of index A > 0, that is,

o) = min L) + 55 lle— ulP ).
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The split feasibility problem [6] was introduced for modeling inverse problems which arise from phase
retrievals and in medical image reconstruction [2], it is found that split feasibility problem can also be used
to model the intensity modulated therapy [7]. It is worth pointing out that the split feasibility problem is
a special case of problem . As a matter of fact, we choose f and g as the indicator functions of two
nonempty closed convex sets C' C H; and ) C Ho, that is,

0, ifx € C,
400, otherwise

o) = octa) = {

and

0, ifxe,
400, otherwise.

Then, the problem (1.1 collapses to

min {dc(x) + (6g)r(Ax)},

z€H1

which is equivalent to the following formulation

. 1 : 2
min {1117~ projg) A} (12)
Surely, solving (|1.2)) is to solve the following split feasibility problem of finding = such that
reC and Az e (1.3)

provided C'(A~1(Q) # 0.

To solve (1.3 that has been studied extensively by many authors; see, for instance, [1I, 16} 17, 8, [3], [18,
4, 13, 5], one of the key points is to use the fixed point technique according to z* which solves (1.3)) if and
only if

z* = projo(I — yA*(I — projg)A)z”,

where v > 0 is a constant and proj. and projg stand for the orthogonal projectional on the closed convex sets
C and @, respectively. According to the above fixed point formulation, A seemingly more popular algorithm
that solves the split feasibility problem is the C'Q algorithm presented by Byrne [2] 1]:

Tpt1 = projo(zy — 1 A*(I — projg) Axy),

where the step size 7, € (0,2/| A?).

However, the step size 7, depends on the operator norm ||A|| which is not an easy work to calculate in
practice. To overcome this difficulty, the so-called self-adaptive method was developed.

Self — adaptive algorithm [9] Let g € H; be an initial arbitrarily point. Assume that a sequence
{x,} in C has been constructed with Vh(x,) # 0 as follows: Compute z,,11 via the rule

Tpi1 = projo(zy — 1 A*(I — projg) Axy), (1.4)

where 7, = pn% with 0 < p,, < 4 and h(z) = 3||(I — projg) Az |?.

If Vh(z,) = 0, then z,.1 = x, is a solution of the problem (1.3) and the iterative process stops.
Otherwise, we set n :=mn + 1 and go to the sequence (|1.4)).
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Our main purpose of the present manuscript is to solve the problem (1.1) by using the fixed point
technique, the self-adaptive method and the shrinking projection technique. By the Fréchet differentiability
of the Yosida approximate gy, we have

O(f(x) + gr(Ax)) = 0f (x) + A"V (Ax)

= Of(z) + A* (I - p;OXW) Az, (1:5)

where 0 f(x) denotes the subdifferential of f at z and prox,,z is the proximal mapping of g, that is,

of(x) ={w € H1: f(y) > f(x) + (w,y — x),Yy € H1}

and
in £9(9) + o5y — I’
rox,,r = arg min —|ly —x .
prox, g min 1 9(y) + 55y
Note that the optimality condition of (1.5]) is as follows:

I_
0€df(z)+ A* (TOXAQ> Az,

which can be rewritten as

0 € pAdf(x) + pA* (I —prox,,) Az,
which is equivalent to the fixed point formalation:

x = prox,,,s(I — pA*(I — prox,,)A)x

for all u > 0.
If arg min f () A~ (arg min g) # ), then (1.1 is reduced to the following proximal split feasibility problem
of finding « such that
x €argminf and Az € argming, (1.6)

where argmin f = {z* € Hy : f(z*) < f(z),Vo € H1} and argming = {2t € Hy : f(2F) < f(x),Va € Ha}.
In the sequel, we use I" to denote the solution set of the problem ([1.6)).

Recently, in order to solve the problem , Moudafi and Thakur [12] presented the following split
proximal algorithm with a way of selecting the step sizes such that its implementation does not need any
prior information as regards the operator norm.

Self — adaptive split proximal algorithm [12] Let zp € H; be an initial arbitrarily point. Assume
that a sequence {z,} in H; has been constructed with 6(z,) # 0 as follows: Compute x,; via the rule

Tpt1 = Prox, »r(Tn — pnA*(I — prox,g)Az,) (1.7)

for all n > 0, where the step size u, = an in which 0 < p, < 4, h(z,) = 3||( — pI‘OX)\g)Al’nH27

U(xn) = 3[(I = prox,, ap)aal* and (zn) = \/[[VA(za)[2 + [Vi(zn)]>.

If (xy,) = 0, then x,,11 = x,, is a solution of the problem and the iterative process stops. Otherwise,
we set n :=n + 1 and go to the sequence (|1.7)).

Consequently, they demonstrated the following weak convergence of the above split proximal algorithm.

Theorem 1. Suppose that I # (). Assume the parameters satisfy the condition:

< pp < M)
= () 4+ U(zn)

for some € > 0 small enough. Then the sequence {x,} generated by weakly converges to a solutions of

the problem .
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They established the weak convergence of algorithm under the condition that #; is Hilbert space
with Opial property. However, in some applied disciplines, the strong convergence is more desirable than
the weak convergence. So, we need to adapt such that the strong convergence is guaranteed. Our
modification is mainly based on an idea in Takahashi et al. [I5] for finding a fixed point of a nonexpansive
mapping 1" in Hilbert space. Their algorithmic scheme is the following: For v € H; and n > 1, set

Yn = QpTpn + (1 - O‘n)Tﬂjna
Cn1 ={w € Cp: |lyn — w|| < [|lwn —wll},
Tptl = proanHu.
In this paper, motivated by the recent works in this field, especially by Moudafi and Thakur [12] and

Takahashi et al. [I5], we introduce an iterative algorithm and prove its strong convergence for solving proximal
split feasibility and fixed point problems involved in a k-strictly pseudo-contractive mapping.

2. Preliminaries

Let H be a real Hilbert space whose inner product and norm are denoted by (-,-) and || - ||, respectively. Let
C' be a nonempty closed convex subset of H. We write z,, — x to indicate that the sequence {z,} converges
weakly to z and z, — x to indicate that the sequence {x,} converges strongly to x. Moreover, we use
wy (zn) to denote the weak w-limit set of the sequence {x,}, that is,

ww(Tn) = {x : xn, — x for some subsequence {z,,} of {x,}}.

The notation Fiz(T') denotes the set of fixed points of the mapping 7', that is, Fiz(T) = {x € H: Tz = z}.
Projections are an important tool for our work in this paper. Recall that the (nearest point or metric)
projection from H onto C, denoted by proj, is defined in such a way that, for each x € H, projox is the
unique point in C' with the property

| = projex|| = min{|lz —y|[ : y € C}.

Some properties of projections are gathered in the following proposition.

Proposition 1. Given x € H and z € C.

(1) z = projox < (v — z,y —2z) <0 for ally € C.

(2) z = projox & |lo — 2| < lz — y||* = |ly — z|* for ally € C.

(3) {(x —y, projox — projoy) > ||projox — pijyH2 for all y € H, which hence implies that projo is nonex-
pansive.

We also need other sorts of nonlinear operators which are introduced blow.

Definition 1. A nonlinear operator T : H — H is said to be
(1) L-Lipschitzian if there exists L > 0 such that

[Tz — Tyl < Lijz -y

forall x,y € H. If L=1, we call T nonexpansive.
(2) k-strictly pseudo-contractive if there exists 0 < k < 1 such that

1Tz = Tyl < ||z = ylI* + kl|(I - T)z — (I - T)y|>
for all x,y € H, where I denotes the identity, which is equivalent to

1-k
(Tz = Ty,z —y) < o —y|* = — =T = D)z — (I = T)y|?
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(8) Firmly nonexpansive if
1T = Ty||* < |l& =yl = |(I = T) — (I - T)yl>
for all x,y € H, which is equivalent to
1Tz = Ty|* < (T — Ty, z —y)
for all x,y € H. Also, the mapping I — T is firmly nonexpansive.

Note that the proximal mapping of g is firmly nonexpansive, namely,

Hprox)\gx - prox)\ng2 < (prox,, — prox,,y, z — y)

for all z, y € Ha and it is also the case for the complement I — prox,.
For all z, y € H, the following conclusions hold:

[tz + (L= t)y|* = tlz|* + (1 = )lyll* — t@ — )|z — y|* te€][0,1], (2.1)
and
lz +yl* = [lz]* + 2(z, y) + [ly[I*.

Usually, the convergence of iterative algorithms requires some additional smoothness properties of the
mapping T such as demi-closedness.

Definition 2. An operator T is said to be demi-closed if, for any sequence {x,} which weakly converges to
x, and if the sequence {T'zy} strongly converges to z, then Tx = z.

Lemma 1. [10] Let C be a nonempty closed convex subset of a real Hilbert H and T : C — C a k-strictly
pseudo-contractive mapping with F(T) # (. Then, I — T is demi-closed at zero.

Lemma 2. [19] Let C be a nonempty closed convexr subset of a real Hilbert H and T : C — C a k-
strictly pseudo-contractive mapping with F(T) # 0. Let v and § be two nonnegative real numbers such that
(v+0)k <~. Then

vz —y)+6(Tx —Ty)| < (v +0)|lz —yl|, Va,yeC.

Lemma 3. [I1] Let C be a nonempty closed convex subset of a real Hilbert H and let {x,} be a sequence in
H and o € H. Let ¢ = Poxg. If {x,} satisfies the following conditions:

(i) wy(xy) C C;
(ii) ||zn — xol| < ||mo — q|| for alln > 1,

then one has x, — q.

3. Main result

In this section, we introduce an iterative algorithm and prove its strong convergence for solving proximal
split feasibility and fixed point problems.

Assume that #; and Ha are two real Hilbert spaces, f : H1 — RJ{+oo} and g : Ho — RU{+o0}
are two proper, lower semi-continuous convex functions and that is consistent. A : H; — Ho is a
bounded linear operator with its adjoint A*. Let C be a nonempty closed convex subset of a real Hilbert
Hq. Assume that T : C — C'is a k-strictly pseudo-contraction for some 0 < k < 1 such that Fiz(T) # 0.
Set 0(zn) = v/TVA@P T IVI@a) 2 with h(w,) = 31T — proxy,) Azll?, 1) = LI(T - prox, s )zl
for all x € H; and introduce the following algorithm.
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Algorithm 1. For an initialization xo,x1 € H1, assume that a sequence {xy,} generated by the rule with
0(xn) #0
Yn = pProT, Af(xn pn A* (I — prOfL’Ag)A"L’n)?
Zn = ﬂnacn + YnYn + 0nTYn,
Cn1 ={w € Cp : ||lzn —w|| < [n —wll},

Tptl = projcn+1330, n > 1.

(3.1)

where {5,}, {7}, {0n} C [0,1] is a real number sequence and u, is the step size satisfying u, =
pn%ﬁfﬁ“ with 0 < pp, < 4.
If 0(z,,) =0, then x,,41 = x,, is a solution of the problem ([1.6)) which is also a fixed point of a k-strictly

pseudo-contractive mapping and the iterative process stops. Otherwise, we set n := n + 1 and go to the

sequence ((3.1)).

Using (3.1),we prove the following strong convergence theorem for approximation of solution of problem
(1.6) which is also a fixed point of a k-strictly pseudo-contractive mapping.

Theorem 2. Suppose that Fix(T) (T # 0. Assume the parameters satisfy the condition:

(i) e<pp < % — € for some € > 0 small enough;

)
(i) k<a, <1,
(iii) Bn +vn +6n =1 and (yn + 6n)k < n;
(iv) 0 < liminf, ,o By < limsup,,_,. Bn < 1 and liminf,_,~ &, > 0.

Then the sequence {x,} generated by strongly converges to z* € Fix(T)NT.

Proof. Let z* € Fix(T)(\I. Since minimizers of any function are exactly fixed points of its proximal
mappings, we have z* = prox,, ,sz* and Az* = prox,,Az*. Using the fact that prox, ,; is nonexpansive,
we derive from (3.1]) that

lyn — °1| = [pros,, ay (en — anA” (1 — prosy,) Azy) — 7|

. " (3.2)
< lzn — pnA*(I — proxy,) Az, — 27|,

Note that Vh(z,) = A*(I — prox,,)Az, and Vi(z,) = (I — prox, f)rn. Since I — prox,, is firmly
nonexpansive. Hence, we obtain
|20 — pn A*(I — prox,,) Az, — z*||?
= ||@n — @*||* = 2 (A*(I — proxyy) A, &n — 2*) + pp || A*(I — proxy,) Azy|?
= |20 — &*||” = 20 (Vh(0), 20 — 2*) + pp | Vh(z0) ||?

<l = 2*|? = dpnh(an) + pl[Vh(z) | (3.3)
. (h(ﬂ?n) +l(xa)?  h(zn) (h(wn) +1(zn))*
< ”l’n —x H2 —4py ( ) h(a:n) T l(wn) Pi 92(1‘”)

— e — 2|12 — 4h(zn) (h(zn) + 1(zn))?
= llen =27l "’”( W) + 1) ”") )
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Since (Y, + 0n)k < yp, utilizing Lemma [2} from (2.1]), we conclude that

Hzn - LL’*H2 = Hﬁnxn + TnYn + 5nTyn - 37*||2

2

Bn(wn — %) + (Y + 6n) (Y (Yn — %) + 6n(Typn — 27))

Yn + On
2
o %2 - ok o
= Ballzn — 2| + (9n + 6n) Tt on (Y (Yn — %) + 6n(Tyn — 7)) (3.4)
2
— Mn\In n n\Yyn — 4n 'rLTn_ n
B (¥n + 0n) %Jrén(v(y Tn) + 0n(Tyn — 2n))
< Bullen = '[P+ (1= Bl — 2" P = 12 on —

Without loss of generality, by the control condition (i), we can assume that (4h(zy,))/(h(zy)+1(2n)) —pn > 0
for all n > 1. Thus, from (3.2)), (3.3]), (3.4) and the conditions (i), (iv), we have

2 — 2]

< lan —2*)1? = (1 = Bn) (Pn (h(a?n)—i-l(wn)

x x Tn))?
Ah(a,) _pn> (h( 7:9)2?;2() n)) > (3.5)

< |lzn — 2™

It follows that x* € Cj41. Thus, we get Fix(T) (T € C), for all n > 1. Next, we show that C), is closed
and convex for all n > 1. The set C7 = H; is obviously closed and convex. Suppose that C} is closed and
convex. We see that Cyy1 is closed and convex since ||z, — w| < ||z, — w|| is equivalent to

(lzall® = ll2nl?)

N | —

(Tn, — 2n,w) <

so that C), is a halfspace, therefore C,, is closed and convex for all n > 1. Thus, we obtain that the sequence
{zy} is well defined.
From Propsition (1) and z,, = Pg,xo, we have

<§U0 — Ty Tp — y> > 07 vy € Cn
Recalling that Fiz(T) (T € C,, one has

(g — Tp, Ty — ™) >0, Va* e Fix(T) ﬂF.

Hence,
0 <(xp—xp,zy — ")
= (20 — Tn, T — 20 + 20 — 27)
< —llzn =m0l + [l — ollllzo — |-

This implies that
[zn — zol| < [|zo — 2],
which yields that sequence {z,} is bounded. From z,, = P¢,zo and 2,11 = Pg, ., 20 € Cpy1 C Cp, we get

0 <.7,'0 — Tn, Tp — $n+1> (3 6)

<
< —llzn — zoll® + llzn — zollllzo — zn4all,
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which gives that
[z — zoll < llzo — Zntall-

Hence, the limit lim,,—, ||z, — zo]| exists.
It follows from (3.6) that

20 = Zng1ll* = llzn — zoll + 2(2n — 20, T0 — Tns1) + 20 — Tpia|®
= _Hxn - x0H2 + 2<l‘n — X0, Tn — xn+1> + ”xO - $n+l||2

< —llzn — @oll* + lzo — Tng||*-

Thus, we get
lim ||z, — Zpy1|| = 0. (3.7)
n—oo
The fact that x,11 = P, 20 € Cpy1 gives
[2n = Znt1ll < llon — Tnaa . (3.8)
The expressions (3.7) and (3.8]) yield
li_)m |z, — zn|| = 0. (3.9)
n—oo

Returning to (3.5, we have

1) (o (i it ) )

len = %1% = lzn — 2|

<
< ([len =27 + 120 = 2Dl 2n — 2all.

This together with 1' condition (iv) and py, <% - pn) > €2 implies that

Noting that 6%(x,,) = ||Vh(z,)|?> + | Vi(2,)||? is bounded, we deduce immediately that

lim (h(xy,) + I(zy)) = 0.

n—o0

Therefore, we have
lim h(zy,) = ILm [(z) = 0. (3.10)

n—o0

Since {z,} is bounded, there exists a subsequence {x,,} of {z,} such that z,, — p. By the lower
semi-continuity of h, we have

0 < h(p) < liminf h(x,,) = lim h(z,) =0,

1—00 n—00

so, we have

1
h(p) = SlI(I = prox,g)Ap|| =0,

that is, Ap is a fixed point of proximal mapping of g or, equivalently, 0 € dg(Ap). In other words, Ap is a
minimizer of g.
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Similarly, from the lower semi-continuity of [, we have
0 <l(p) <liminfl(zy,,) = lim I(z,) =0,
71— 00 n—oo

so, we have

1
Up) = I = prox,, xp)pl =0,

that is, p is a fixed point of proximal mapping of f or, equivalently, 0 € Jf(p). In other words, p is a
minimizer of f. Hence, p € T'.

We observe that 0 < p, < W, which implies that lim, o pt, = 0. Hence, we have from
and the boundedness of 0(x,,) that

[Yn = Prox, »p@nll < pnl| A*(I — prox,g) Azn|| < pnM (3.11)

for some M > 0.
From I(z,) = 1||( — prox,, s)n||*, we have

nh—>Holo (I —prox,, \s)oa| = 0.

This together with (3.11)) implies that
nh_)n;o |y — znl] = 0. (3.12)

Furthermore, we obtain

16n(TYn — 0|l = 120 — T — Y (Yn — 70|
< llzn = 2nll + yn — zall,

from (3.9), (3.12) and the condition (iv) that

lim || Ty, — zn| = 0.
n—oo

Again using (3.12]), we have
lim || Ty, — ynl| = 0.
n—oo

Since I — T is demi-closed at zero, from Lemma (1} we get p € Fiz(T'). So, p € Fiz(T)(\I'. Thus, we have
obtained that wy(z,) € Fiz(T)[(I'. According to Lemma (3| we see that z,, = Ppj 1) nro- O

Remark 1. We make the following remark concerning our contributions in this paper.

1. Yao et al. [[20], Theorem 3.2] and Yao et al. [[21l], Theorem 5] prove strong convergence theorems for
prozimal split feasibility problem by regularization method, respectively. Shehu and Ogbuisi [[T])], Theorem
3.1] prove strong convergence theorem for approzimation of a solution of proximal split feasibility problem
which is also a fized point of a k-strictly pseudo-contractive mapping by the damped-like algorithm. But
now, shrinking projection method has been presented in this paper for solving proximal split feasibility
problem which is also a fived point of a k-strictly pseudo-contractive mapping.

2. The technique of proving strong convergence in Theorem 3.1 is different from that in [[14], Theorem 3.1]
because our technique depends on Lemma 2]

3. To ensure the weak convergence of the algorithm proposed in [[12], Theorem 2.2/, one has to assume that
the Hilbert space satisfying Opial’s property. The main advantage of our algorithm is that its convergence
does not rely on the Opial’s property. Furthermore, we establish the norm convergence of the proposed
algorithm.
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