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Absolute Summability Factors Related to the Summability Method [N, p,,, 8| (1)
Fadime GOKCE!

ABSTRACT: By (4, B), we denote the set of all sequences € such that }; a,,e,, is summable B
whenever )’ a, is summable A where A and B are two summability methods. In this study,
applying the main theorems in (Gokg¢e and Sarigol, 2018) to summability factors, we
characterize the sets (|N,pn, 8|(w),|N,q,|) and (IN,p,, 81(w),|N, g, ¥|(1)). Also, in the
special case, we get some well-known results.

Keywords: Absolute weighted summability, summability factors, matrix transformations,
sequence spaces.

|N,p,, 8|(n) Toplanabilme Metodu ile Ilgili Mutlak Toplanabilme Carpanlari

OZET: A ve B iki toplanabilme metodu olmak iizere Y a,, A toplanabilir iken ¥ a,e,, B
toplanabilir olacak sekildeki biitiin € dizilerinin kiimesi (4, B) ile gosterilir ve € dizisine
toplanabilme c¢arpani adi verilir. Bu calismada, (Gokce ve Sarigol, 2018) tarafindan verilen
teoremler yardimyla (|N,p,,0|(w),|N,q,]) ve (IN,p, 0|(w),|N,q,, ¢|(1)) toplanabilme
carpanlar1 kiimeleri karakterize edilmistir. Ayrica 6zel durumlarda, bilinen bazi sonuglar elde
edilmistir.

Anahtar Kelimeler: Mutlak agirlikli ortalama toplanabilme, toplanabilme c¢arpani, matris
doniisiimleri, dizi uzaylari.
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INTRODUCTION

Let ) a,be a given infinite series with partial sum s,, 6 = (6,,) be any sequence of
positive real numbers and u = (u,,) be any bounded sequence of positive real numbers. If

(0]

D 04, (5) = Ay (D <0 )

n=1
where

o)

Ay (s) = Z ApySy)

v=0
then the series }; a,, is said to be summable |4, 6] () (Gokge and Sarigél, 2018).
Let (p,,) be a sequence of nonnegative numbers with B, = py + p; + -+ p, > 0 asn -
o (P_y =p_; =0). If we take the weighted mean matrix instead of A, the summability
|4, 8| (w) is reduced to the summability |N, p,,, 8](w), and also the space of all series summable
by N, p,,, 8] (w) is defined as follows (Gokge and Sarigdl, 2018)
Hn
y oo}.

(o] n
— e 1%
|Npe|(‘u'):{a:(av):ze7'l: ! PPn lzpv—lav
n=1 i3

One gives the weighted mean matrix by
a :{pv/Pn, 0<v<n
v 0, V> n.
The series-to-sequence transformations corresponding to the summability |N, p,,, 6|(1)

n
To = ao02/", T, = 95/“%#2 Py_1ay,n > 1 @)
nin-1
v=1

define the sequence (T},). Also, a few calculations show that its inverse transformation
is as follows:
-1/us i -1/tn_q Pns
a, =6, /Fn LT, —g Tt 2ET 0 > 0. (3)

Pn N

Now, we assume that 0 < infu,, < oo and y;, is conjugate of w,, i.e., 1/uy;, +1/u, =1 for u,, >
0,1/u;, = 0 for u, = 1inthe whole paper.

Note that the summability [N, p,,, 8|(1) reduces to some well-known methods in special case of u
and 6. For example, if we take u, =k for all n>0, then we have the summability
[N, D, 0] (Sarigél, 2011) and the summability |N, p,, |, with 8, = P,/p,, (Orhan and Sarigél, 1993).

MATERIALS AND METHODS

Let A and B be two summability methods. If Y a,e, is summable B whenever ) a,, is summable
A, then it is said that € is summability factor of type (4, B), denoted by € € (4, B). In this paper,
applying the main theorems in (Gokge and Sarig6l, 2018) to summability factors, we characterize the
sets (IN, pn, 01(1), IN, qul) and (IN, pp, 61(w), IN, g5, 1 (2)) where (6,) and (y,) are sequences of
positive numbers and (u,,) and (4,,) are arbitrary bounded sequences of positive numbers. Also, in the
special case, we get some well-known results.
Definition 2.1 Let f and g be any real valued functions defined on some unbounded subset of the
positive real numbers. Then, f(x) = 0(g(x)) if and only if there exists a positive real
number M and a real number x, such that |f(x)| < Mg(x) forall x > x,.
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Lemma 2.2 Let k > 1 and (p,) be a sequence of positive numbers. If B, =py+p; + -+
Pp > ®@asn > o (P_; =p_; = 0), then

1 1
—<y <
ka—1 n=anPn—1 v-1

(Sar1gol, 2016).

Theorem 2.3 Let A = (a, ) be an infinite matrix of complex numbers and (6,,) be a sequence
of positive numbers. If u = (u,,) is an arbitrary bounded sequence of positive numbers such that
pn, > 1 for all n, then A € (| N7 |(w), |N,|) if and only if there exists an integer M > 1 such
that, forn = 0,1, ..,

*

Hm
M~1P.a
sup # < 0o, 4)
m em #mpm
D IM g 1 < o, 5)
V=0
o o n Uy
M~'q, .
v=0 \n=1 <"1 7
where
4. = P, ( Pv—1a )
=0 — = Anyv+1 )
nv QJ/”VPV nv Pv nyv

(Gokge and Sarigol, 2018).

Theorem 2.4 Let A = (a,,) be an infinite matrix of complex numbers, (6,) and (¥,,) be
sequences of positive numbers. If u = (u,) and A = (4,,) are any bounded sequences of
positive numbers such that u, < 1 and 4, > 1 for all n, then, 4 € (| N2 |, | N;”|(/1)) if and
only if there exists an integer M > 1 such that, forn = 0,1, ..,

sup|@y,, |* < oo, (7
v
P.a
sup — | < oo, )
1/
m Hm m m
and
[o%e) * n /‘177-
l/lnq M_l/#v
n n A
v n=1 n<¥n—-1 j=1

(Gokee and Sariggl, 2018).

Lemma25Lleta,beC k>0andc, =1fork <1, ¢, = 2% for k > 1. Then,
la +b|* < ¢ (lal* + b]),
(Mitrinovic, 1970).
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RESULTS AND DISCUSSION

In this section, firstly we give main theorems and then, by making special chooses for ¥, 8, u
and A, we obtain certain well-known corollaries.

Theorem 3.1 Let (6,) be a sequence of positive numbers and (u,,) be an arbitrary bounded
sequence of positive numbers with p,, > 1 for all n. Then, € € (|N,p,, 8|(w), N, q,|) if and
only if

i(M—lﬂe—l/#ﬂE |>#; < (10)
e Qupy Y
Z (M_le—l/u; b
~ b py
where Ae, = €, — €,,4 forall v = 0.
Proof. Take the diagonal matrix W instead of A in Theorem 2.3. Then, (4) and (5) are directly

satisfied. Also, using Lemma 2.2, we get

>HV < (11)

AEV t €y

i M~—1/my P,_4 “
eyl + z 2 (Qu-s6s 2 Q)
v=0 HU Qv Py v QnQn 1 v-1€ v Pv vV
= Z 9 ( - I vl + Qv 1€y — ks —€y41 >
0, \Qupy vav Py
N M-YE g P P P, “
=Z (qv e, | + —UAev—v—qvev+6v+1) < oo.
Oy, \Qupy Py QvPy

So, it can be seen immediately that the condition (6) is reduced to the condition (10) and the
following condition:
C M_l Pv quv "
Z Y < 00,
91; Hy

a Py Quby
v=0
Since u;, > 1 for all v, it can be written that
p, PvCIv Pyqy
—_ EV + —_—
2 Qpo " Qup

—1p-1/uy & o _ M~
M=o, - 91/111*/
v

Py

€y + €ytq

Aev t+ €yt

Uy
M~ P P
< 2H-1 Y = €y, — v_qve_v + €41
91/ v Py vav
NS
¥ — €
93/”” vav v

where H = sup{u, }. So, it can be obtained that
v

> (2
Hj/ui

v

k,
p_v A€y + €41

Hy

which completes proof.
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Theorem 3.2 Let (6,) and (y,,) be any sequences of positive numbers. If (u,) and (4,,) are
any bounded sequences of positive numbers such that u, <1 and 4,, = 1 for all n, then € €

(IN, p,, 81(1), IN, g, @|(2)) if and only if

1/ ~1/u, By An
sup [,/ "MV vg T 22 e | < oo (12)
v vav
oo An
sup Z lprll/)l?lM—l/llvgv_l/liT; an (Qv—va - QvPy—1 Ev+1> < oo (13).
v QnQn—l pv pv

n=v+1

Proof. If we take the diagonal matrix W instead of A in Theorem 2.4, then (7) and (8) are
directly satisfied. Moreover, the condition (9) can be written as

* A (o) * /1
1/2% 1/25 n
sup v/ CIvPv € + z n/ an (Qv—va _ QvPv—l € )
vl Mg Qupy Y| L Mg @@t N e T py
< oo,

So, this completes the proof.

Corollary 3.3 Assume that (6,) and (y,,) are any sequences of positive numbers and k > 1.
Then, necessary and sufficient conditions for e € (|N,p,, 8|, |N, q,,¥|,) are

« P,q
1/k* “vHv
su < 00,
vp Y Qupy Y
® k
E 1/k* an Qv—lpv QvPv—l )
sup ( - € < 00,
v " QnQn—l Py v Py vt

n=v+1

Corollary 3.4 Let (8,,) be any sequences of positive numbers and k > 1. Then, € €

Pva -1/k* k
—0 le |> < oo
Z<vav Y Y

%
o) K*

P,
) <

Z (H;l/k* _UAEV + €y41
” p
Following two theorems have been given by (Sarigdl and Orhan, 1995).

v

Corollary 35 Let 1<k <o. Then, necessary and sufficient conditions for e €
(IN, pul, IN, qnly) are

a. €,=0(1)

b. Ae, = 0(pn/Py)

¢ €n = 0((pn/Pu)(Qn/n) )

asn — oo, where A€, = €, — €,41.

Proof. In Theorem 3.2, we take u,, = 1,6, = ;—",/’Lv =k>1landy, = % for all v. Then, the
condition (12) is reduced to (c). By Lemma 2.2, (13) can be arranged as

PU Pva

—Ae, ———€, + €,,, = 0(1).

Py U Qpy T
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1/ .
Moreover, since g’ﬂe,, =0 ((@) , > = 0(1), the last condition is equivalent to

Qv

vPv

P
—Aey + €41 = 0(1)

Pv

which completes the proof.

Corollary 3.6 Let 1 < k < o. Then, € € (|N,p,lx IN, q,]) if and only if

Py

a. Z;o:l(pv/Pv) Do

k*
b. B @u/P) (22 e]) < oo

where 1/k +1/k* = 1fork > 1.

k
Ae, + Ev+1| < oo,

Proof. If we take u, = k, 6, = %for all v in Theorem 3.1, the conditions (10) and (11) are

reduced to (a) and (b).

Corollary 3.7 € € (|N,p,|,IN, g,,|) if and only if

a. €,=0(1)
b. Ae, = 0(pn/Fn)
C. €, =0(PnrQn/Piqn) asn - co.

CONCLUSION

Let (6,), (¥,) be sequences of positive
numbers and (u,), (4,) be any bounded
sequences of positive numbers. In this study,
applying the main theorems in (Gokge and
Sarigdl, 2018) to summability factors, we obtain
the characterizations of the sets
(IN, D, 01(1), IN, g5 1) and
(IN,pr, 01(W), IN, @, %1 (2)).  Also, in the
special case, we get some well-known results.
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