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New Exact Solutions of Fractional Fitzhugh-Nagumo Equation
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ABSTRACT: The main aim of this article is obtaining the travelling wave, solitary wave and periodic
wave solutions for time fractional Fitzhugh-Nagumo equation which used as a model for reaction—
diffusion, transmission of nerve impulses, circuit theory, biology and population genetics. The new
extended direct algebraic method is employed for this aim. The fractional derivative is in conformable
sense which is an applicable, well behaved and understandable definition.
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Kesirli Fitzhugh-Nagumo Denkleminin Yeni Tam Coziimleri

OZET: Bu makaledeki ana amag, reaksiyon difiizyon, sinir sinyallerinin yayiliminda, devre teorisi,
biyoloji ve popiilasyon genetigi modeli olarak kullanilan zaman kesirli Fitzhugh-Nagumo denkleminin
hareketli dalga, soliter dalga ve periyodik dalga g¢oziimlerini elde etmektir. Bu amag igin yeni
genisletilmis direkt cebirsel yontem kullanilmistir. Kesirli tiirev ifadesi uygulanabilir, iyi tanimli ve
anlasilabilir bir tanim olan conformable tiiriindendir.
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INTRODUCTION

In this article authors obtained the new
travelling and solitary wave solutions of time
fractional Fitzhugh-Nagumo equation

D/u—D2u=u(u-s)1-u) (1)

which is an important nonlinear reaction—
diffusion equation and generally handled for
modeling the transmission of nerve impulses
(Fitzhugh, 1961; Nagumo et al., 1962) also
handled in circuit theory, biology and the area of
population genetics (Aronson et al., 1978) as
mathematical models with the aid of computer
software called Mathematica. There many
studies including different numerical or
analytical methods for obtaining the solutions of
Fitzhugh-Nagumo model. For instance, Li and
Guo (Li and Guo, 2006) used first integral
method for acquiring the exact solutions of
Fitzhugh-Nagumo model. Abbasbandy used
homotopy analysis method (Abbasbandy, 2008)
to get the approximate analytical solutions of
Fitzhugh-Nagumo equation. Hariharan and
Kannan employed haar wavelet method to get
the numerical solutions of Fitzhugh-Nagumo
equation (Hariharan and Kannan, 2010). Also,
Kumar et al. presented a new method which is
combination of g-homotopy analysis approach
and Laplace transform approach to evaluate the
numerical results for the Fitzhugh—-Nagumo
equation of fractional order (Kumar et al., 2018).
We comprehensively obtained the exact
solutions of Fitzhugh-Nagumo equation by
applying wave transform and new extended
direct algebraic method. By this transform the
nonlinear fractional partial differential equation
turns into nonlinear differential equation with
integer order. After then the new extended direct
algebraic method is employed to acquire new
wave solutions.
Our work reported here is a first step
towards understanding structural and physical
behavior of reaction—diffusion, transmission of

nerve impulses models and also circuit theory,
biology and the area of population genetics. We
hope that our work will be very useful in better
understanding the models that the Fitzhugh-
Nagumo equation corresponds. To the best of
our knowledge all the obtained results are new
and firstly seen in the literature.

Fractional calculus which is known as
derivation and integration with arbitrary order is
as old as known calculus. At the beginning the
fractional calculus is seen as a great paradox.
The proof of this expression is implicit in the
letter L’Hospital to Leibniz which can be
considered as the beginning of the adventure of
this attractive subject. Fractional calculus
remained dormant from the 17" century to the
20™ century. Then during the last three decades
fractional calculus has seen the value it deserves.
Studies on the complex and nonlinear nature
models made this subject valuable. Because
scientists understood that using the fractional
derivation or integration is the best way for
establishing a model of nonlinear and complex
natural phenomena (Kurt et al., 2017; Tasbozan
et al., 2018b; Tasbozan et al., 2017). While the
scientists were modeling the real world events,
they used some definitions of fractional
derivative and integral as tools (Cenesiz et al.,
2017; Tasbozan et al., 2018a). The most popular
ones are Riemann-Lioville and Caputo type
fractional derivatives and integrals (Atangana,
2015). Caputo type definitions uses integer order
derivative in the initial conditions instead of
fractional order. This property makes Caputo
type definitions one step ahead. But recently
some deficiencies of Caputo and Riemann-
Liouville type derivative definitions are declared
by Atangana (Atangana, 2015). Atangana
declared some criterias (Atangana, 2015) that
need to be satisfied for a given operator to be
called fractional derivative. Some of them do not
satisfied by Caputo and Riemann-Liouville type
fractional derivatives. For instance
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e Both Riemann-Liouville and Caputo The rest of article is organized as follows. In
fractional operators do not satisfy chain rule. section 2 basic definitions and theorems for
e Both Riemann-Liouville and Caputo  conformable fractional calculus are expressed. In
fractional operators do not describe the rate of  section 3 description of the implemented method
change of the function near the input value. called new extended direct algebraic method is
e Both Riemann-Liouville and Caputo given. In section 4 the travelling and solitary
fractional operators do not satisfy the reciprocal ~ Wwave solutions of time fractional Fitzhugh-
rule. Nagumo are obtained by employing the new
e Riemann-Liouville and Caputo derivative ~ extended direct algebraic method.
operators do not satisfy quotient rule.

BASIC DEFINITIONS

To get rid of these deficiencies scientists studied to express a new definition. Khalil et al. (Khalil et
al., 2014) presented a new, applicable and understandable definition of derivative and integral with
fractional order called “conformable fractional derivative and integral” which overcomes above
mentioned deficiencies.

Definition 1. Let, f :(0,.0) > R be a function. Then, » th order conformable fractional derivative of

f is defined as

D/ f (t) = lim

—0

ft+et™”)—f(t)
. : 1)

forall t>0, y€(0,2) (Khalil et al., 2014).

Definition 2. Suppose that a>0 and t>a. Also, let f be a function defined on (a,t]. Then, the y -
fractional integral of f is defined by,

tl;f(t)zj%dx

where the Riemann improper integral exist (Khalil et al., 2014). Some basic properties of conformable
fractional derivative is given below (Khalil et al., 2014; Abdeljawad, 2015).

1d7 n n-y
(") =t
OIty() n

7

2. —
dt”

L a
(fMa®)=f® OIty(g(t))Jrg(t)dty(f(t))-

d” d”
3 ﬂ(f(t)j:ga)dty(f(t))—f(g(t))'

. dt”
dt” { g(t) 9%(t)

/4
4. j?(c) =0 for all constant functions f(t)=c.
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where y €(0,1).

Theorem 1. (Chain Rule) (Abdelhawad, 2015) Assume f,g:(a,0)—>R be y-—differentiable
functions, where 0<y <1. Let h(t)= f(g(t)). Then h(t) is y —differentiable and for all t with t=a
and g(t) =0 we have

(Dzh)®=(D; f)(a®)(Dig)®) g(t) ™

MATERIALS AND METHODS

Now lets represent the new extended direct algebraic method (Rezazadeh et al., 2019). The method
is used several times for obtaining the different types of partial differential equations (Rezazadeh,
2018a, Rezazadeh et al., 2018b). Consider the nonlinear time fractional partial differential equation of
the form

T(u,D{u,D,u,D%"u, Dlu,...)=0 2)

where u is an unknown function and D™’ means m(meZ*) times conformable fractional
derivative of the function u. Regarding the wave transformation, as

u(x,t) =U (&), §=kx+w%, 3)

where k and w are arbitrary constants to be evaluated later. Using the chain rule (Abdeljawad,
2015) and wave transform (3) in Eq. (2), led to following nonlinear ordinary differential equation

G(U,U'U",...)=0, (4)

where prime denotes the integer order derivative of function U with respect to & . Suppose that Eq.
the solution of Eq. (4) can be expressed as the following form

U©)=>aQ' (&), ay =0, (5)
i=0

where a;(0<i<M) are constants coefficients to be examined onwards, M is a positive integer
which is evaluated by balancing procedure in Eq. (4) and Q(¢) ensures the ODE

Q(£)=Ln(A)(a+ B +0Q* (@), A=01 (6)
where «,p and o are constants. The solution set of Eq. (6) are given as follows.

1) Assume that 8% —4ac <0ando %0,
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Ql(f)z_g"' 2 '

20

—_ 2_ —_ 2_
5 - 4a0)tan{ (5 —4ao)

P —(ﬁ2—4a0) —(,82—4(10)
Q()=-—- oo cot{ ; £l
Q(g)__ﬁJrM(tan ( _(ﬂ2_4 )§)+ sec ( _(/32_4 )5))
T 20 2% A ac )& |4/ pgsec, ac)é| |,

Q4(§):—£+M(—cotA( —(ﬂ2—4a0)§)iMCSCA( —(,82—4050)5)),

20

Q(@ﬁLHM%{Lgﬂ

4o 4 4

2) Suppose that g% —4ac >0and o =0,

Q) --L2- L 24“”t h{“ 24”5}
Q (&)=L N2 ooy (V ;4“".»:}

Q,(&) =—%+—\/ﬂ2‘2jmy(—tanhA(w/ﬂz —4aa§)i i\/ﬁsechA(«/ﬂz —4a0§)),

Q9(§)=—%+—“ﬂ22;40“7(—coth (\/ —4aO') Jpacsch, («/,B 4am§))
Qlo(g) ﬂ ﬁ 4(10‘[ [—ﬂ 440{05J+00th/{ ,32;40665}}

3) Consider that o >0and =0,

Qll(é)z\/gtanA(\/gg),

Q&)= _ECOtA (\/Ef),
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Qi(é) = \/g(tanA(Z\/Eé)i\/asecA(Z\/Eé)),
Qu(&) = \g(—cotA (2Vacg)+[pacsc, (ZJ%é)),

Qs ($) =%\/§(tam[@§}—cot,\[@§]}

4) Regard thateo <0and =0,

Qu(é) = —\/g tanh,, (V=ac¢),
Q&)= —\/z coth,, (V=aoé),
o
Qu(&) = \/% (~tanh, (2v=ac¢) ipasech, (2v=ac¢)),
Qu@)= |2 oty (24-ao2) - fpacsh, (24"ao2)),

Qu ()= —i\/z[tanhA (—‘_MQZJ + cothA( "% §D
2\ o 2 2

5) When g =0ando =«,

Q21(§):tanA(a§)y
sz(f):_COtA(af),
Qu(&) = tan , (2a:8) £/ pg sec, (2a¢),

Q,, (&) =—cot, 2a§ \/> CSC o 2a§

o (24
Qs(8) = [tan (Zij—cotA(Egn.

6) If #=0and o =-a, chosen
Q6 ($) :—tanhA(ag),

Q7 (&) = _COthA(af),
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Q,5(&) = —tanh, (2a¢) £ i\/pgsech , (2a¢),

Q,y (&) =—coth 20!5 \/—CSCh Zaf

Qp(&)=-= (tanh (2§j+cothA(%§n.

7) While 42 = 4ac ,

~2a(BELNA+2)
B2ELNA

8) When g =k ,a =mk(m=0)and o =0,

Qu(6) =

Qp(£) =A% —m

9) Whenf=0=0,
Qs3(&) =adLnA.

10) When f=a =0,

-1
oELnA’

Qu(6) =

11) Whena =0 and g =0,

- ps

Qs(S) o (cosh ,(BE) —sinh ,(BE) + p)’
- qs

Qs (S) = o (cosh,(BE) —sinh ,(BE) +q)’

Qy (&)=~ 'B(SinhA(ﬂé:)—i_COShA(ﬂé))

o (sinh , (BE) + cosh ,(BE) +q)’

12) When =k ,o =mk(m=0)and « =0,

pA«

Q38 (é:) = W

where ¢ is an independent variable, pand ¢ are arbitrary constants greater than zero and named as
deformation parameters. Subrogating Egs. (5) and (6) into Eq. (4) and zeroing the coefficients of
Q'(&), we acquire an algebraic equation system with respect to a (i=0,1,...,M) and k and c. Then

substituting the obtained results of constants and solution set of Eq. (6) into Eq. (5) by using the wave
transform (3), we obtain the exact wave solutions for Eq. (2).
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Remark 1. The generalized hyperbolic and triangular functions are defined as

, A° —gA~* A° +gA
sinh o (£) = P2 cosh, (£) = 2=
pA° —gA* pA® +gA™*
tanh =—————, coth = )
2 2
sech =—— — _ csch =
A(g) pAg +qA,§ A(g) pAg _qA,g
: A —gA ™ A* +gA
sin (£) = P c0s, (&)= P
. pA< —gA ¢ pA" +gA <
tan =—i—————, cot =i
A(é) pAV: +qA_|§ A(é) A,gz —qA_If
SeCA(8) = —57——7 Cscalé) = %
PA* +0A pA* —gA

RESULTS AND DISCUSSION

Considering the time fractional Fitzhugh—Nagumo equation (1) where 0<y <1 and D/ denotes the

conformable derivative operator with fractional order. Employing the chain rule (Abdeljawad, 2015)
and wave transform Eq. (1) turns into nonlinear ordinary differential equation

wU, kU, ~U(U —s)(1-U) =0, (1)

Supposing that the Eq. (7) has the solution in the form (5). By the balancing procedure one can find
M =1. So the solution becomes as follows.

u(g) =2y +a Q()- (8)

Substituting Eq. (8) into (7), collecting the coefficients of Q'(¢) together and equating them to zero
led to a set of algebraic equations with respect to a,, a;,k andw. Solving these algebraic equations with
the help of computer software, we acquire
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BLNA

1[1_
JLn2A(B? - 4ac)
a =\2koLnA,
1-2s
2, /L2 A(? —4ac)
B 1
J2LPA(B —dac)

J

W=

9)

So for the given conditions expressed below, the solutions can be obtained as follows

When % —4ac <0ando #0,
U (5)_— pLoA +\/_ko-LnA( v */_tanA Mg} ,
 JLnA(F? —4ao) 20 20 2
C1, BLNA B A (A

uz(g)_2 1 \/anA(ﬂZ_4aG)J+\/§kaLnA[ el g] ,
U3(§)=1 1- BLnA +fkaLnA[—£+\/_(tan (ﬂf) MSeCA(ﬂf))}

2\ JLn?A(B - 4ao) 20 2
U4(§):1 1— LA +2koLnA —£+£( cot (\/Ef) \/ECSCA(\/Ef))J,

2 \/LHZA([)’Z — 4050') 20 20
U5(§)=1 1- pLoA +2koLnA| - ﬂ r(tanA[EgJ—cot (Ef]}

2 JLn?A(B -4ao) 4o 4 4

X (1-29)t7

where A = % —4ac and &=—

J24/ALn2A  2p4/ALn?A

When % —4ao >0ando #0,

1 BLNA B
Ug(&)==|1- J2koLnA| - -
=3 JAG ey | 2
U,()=1]1- pLoA +2koLnA| - L

2" JLn’A(B? - 4ac) 20

Ja

——tanh
20 A

~|5

Ja

——coth
20 A

o5
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HO72 {1 Jun? A€;2A4ao-)J ﬁkaLnA(_%+%(_tanh’*(&)iimseChA(J&))]’

U (5)——[ pLnA J ﬁkaLnA(—ﬁ+zﬂ( coth,, (vVAZ )+ [pq csch,, (\/76))}

JLN2A(B? - 4ac) 20

10(5)—_[ pLA } ﬁkaLnA{-ﬁ—ﬂ[tanhA[%é}ﬂothA[%SJD

JLn2A(B2 - 4ac) 20 4o

S s

f\/ALn Zy\/ALn

where A = f? —4ao and &=

Whenao >0and =0,

Uy (&) =%+ J2koLnA \/g tanA(\/Eé)},

Uy, (&) = % ++2koLnA —\/EcotA (@5)}

U13(§):%+\/§kaLnA \f (tan, (2v/oé ) £ /pa secA(zﬁg))J
Ul4(§)=%+\/§kaLnA(\/7( cot (2@5) \/_cscA(Z\/Ef))J,

U, (&) —%+ﬁkaLnA[%\/§(tanA (@fj—coh (@5}}}

X L =29
J2./ALog(A)’  2y\/ALog(A)?

where A =—-4ac and & =-
Whenao <0and =0,

Uy (&) % + \/Eko-LnA(—\/g tanh,, (vV=ac¢) |,

U7 (6) Z% + \/EkO'LnA[—\/zcothA (m§) ,
o
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Ue(&) =% + \/Eko-LnA[\/g(—tanhA (2\/%@‘) + i\/EsechA (2\/%5))}

U, (6) _—+\/_ko-LnA(\/:( coth (2\/%5) \/_csch (2@5))}

Uy (S) :%Jr*/EkUL”A(—%E(tanhA[ V_Zao' fJ-l-COthA(\/_zaa 5]]]

X (1-2s)t7
+ .
J2JALR?A 27 ALR2A

where A =—4ac and &=-

When g=0ando =«,
Uys(§) = +2kalna(tan, ()
U22(§)=%+\/§kaLnA(—cotA(a§)),
Un(&) =5 + V2kaLna(tan , (26) £./pg sec,, (2a) .
24(45)_—+f 2karlnA(~cot, (2a¢) +/pq csc, (22€)),

Uy (&) :%+\/EkaLnA[%(tanA(%gj—cotA(%gm

(1 Zs)t7

J2 \/ALn Zy\/ALn

where A =—4a’and & = -

When g=0ando =—a,

Uys (&) =%-J§kaLnA(tanhA(a§)),
Uy ($)= % —\/EkaLnACOthA (agf),
Uy (&) = % —x/ikoanA(tanhA (2a¢)Fiy/pqsech, (2a§)),

Uzg(f):%—\/ikaLnA(coth (2a&) 7 [pq csch,, 2a§)
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Uy (&) = % - «/EkaLnA[tanhA (%5] +coth, (%5))

(@-29)t”

X
+ .
J2JALR?A  2y4/ALN2A

where A=4¢? and &=-

Whena =0 and f#0,

ps

o (cosh,(BE) —sinh ,(BE) + p

)

as

o (cosh (&) —sinh ,(B) +q) )

B(sinh ,(B¢) +cosh , (B¢))

U31(§)=%[1—%J—\/§kaLnA(
THER 1—% —\/EkaLnA[
Uale)=1 1—% —\/EkaLnA[
here<= 2y ,BX2 oA Z;i/jb’zzsl_)rtle '

When =1, c0=mli(m=0),p=q, a =0,

I LnA

JIZLn%A

m

A
Al

u%(g):%[l— ]+\/§kIanA(1_ -

X (@-2s)t”

- +
V24JALR?A - 2p4IPLN%A

whereA=1% and &=

CONCLUSION

In this article authors employed new direct
algebraic method to obtain the travelling and
solitary wave solution of fractional Fitzhugh-
Nagumo equation arising in nonlinear reaction—
diffusion equation, transmission of nerve, circuit
theory, biology and the area of population
genetics. All the obtained results can be useful
for the scientists who are going to make further
studies on this subject.

o (sinh,(B&) +cosh,(BE) +q) )
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