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ABSTRACT
First part of the study is mainly about some missing concepts of the measure theory of nabla time scale calculus. In the
second part, as an application of the nabla measure theory, especially the nabla Sobolev spaces, Hardy- Sobolev Mazya
Inequality on nabla time scale is obtained and given.
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1. INTRODUCTION

Henri Lebesgue, Emile Borel, Maurice Fréchet and Johann Radon are very important scientists that
contribute to the development of the measure theory. Probability theory and ergodic theory can be
seen as the principal applications of measure theory and Lebesgue integration. By using Lebesgue
integration, one can define integrals on more general subsets of Ror R™. Similarly to that, in a
different space, when one can specify the measure, then the integral on more general subsets of this
space can also be defined. Moreover, if Riemann and Lebesgue integrations are considered, the
difference can be seen more easily. As the example of the measure theory for the other spaces the
probability theory and ergodic theory can be taken into account. The measure of the whole set in
measure theory is taken as 1 and the events are considered as the measurable sets. Measures that are
invariant under a dynamical system is the subject of ergodic theory.

Besides, as time passes and according to the developments in other areas of engineering and basic
sciences, some other spaces like that are both continuous and discrete become significant. Stephan
Hilger is the first who dealt with these subject in his doctoral thesis [4] and the name of the spaces are
known as time scale spaces. From 1990, many studies have been done on time scale calculus. Delta,
nabla and diamond-alpha time scale calculi are defined. According to the similar needs in Eucledean
spaces, Guseinov [3] Lebesgue A — measure on time scale spaces are defined. As its consequence, in
the master thesis [1] , the delta measure theory notions and Lebesgue A — integral is defined.

In that sense, the main aim of this study is to be able give some more precise definitions and
consequences for the nabla measure theory notions and Lebesgue V —integral. In the following
section, some basic notions of measure theory and time scale calculus is given.

2. PRELIMINARIES

In that section, the main concepts about the measure theory and the V —time scales calculus will be
given. The main resources for these informations are [5, 6, 7].

Definition 1. [5] Let X be a non-empty set and ( is the non-empty collections of X. One can say that
Qistheo
—algebra if the followings are satisfied:
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e 0,X € Q.

o If A€ QthenA° € Q.

o If{A }nen € Q then Uy, A, € Q.
If Q is only an algebra then first two conditions should be satisfied. When Q is a o —algebra, then
(X, Q) is measurable space.

Definition 2. [5] Assume that (X, ) is a measurable space. If a function pu: Q — [0, o] is defined
such that the followings are satisfied:
e uiscountably additive. In other words, u(Un-; 4,) = Yin=1 4(4,), Where A,'s are disjoint.
o (@) =0.
Then (X, Q, p) is called a measure space.

Proposition 1. [7] Assume that (X, Q) is measurable space, let A be a subset of X such that A € Q.
Also, suppose that f be a [0, +oo] —valued measurable function on X. Then, the sequence
S, exists that are simple functions on X and satisfies Si< S, <..and f = lim,_,Sy.

We can extend the set h that is a V — measurable function on the interval (a,b] c T to the interval
(a, b] in R as follows:

~ h(t),if x€T
h(t ={ . 1
O =hiot,if x € (et @
The following equation is significant for the following main results:
A=AU U, (p(t),ty), (2)

where t; denotes the all left scattered pointsin (a,b] c T.

Theorem 1. Assume that A ¢ T/min{T} and h(t) is a V —measurable function, then
J,h($)Vs = [Lh(s)Vs,
the extension of h(t) and A are done according to equations (1) and (2).

Proof. Proof is similar to the proof in [2].
Theorem 2. Assume that A is a Id-continuous function then h is V —measurable.

Lemma 1. In a time scale T, the number of left scattered points can be at most countably many. If D,
is denoted as the left dense points in T and S, is denoted as the left scattered points in T, then

T/D, =S, = {ti}ieny-
is satisfied.

In addition to the above measure theoretical results some time scale calculus results are also important
for this study. These are given here very shortly as it is seen in the following, but the references that
include these are [6, 7, 9]. The very basic definition about the A and V-calculus can be found in the
book [6]. For dynamic systems, inequalities are very important to get some desired results like
existence, unigqueness...ect. Hardy-Sobolev-Mazya inequality is one of them. In that sense, when one
deals with V —calculus and dynamic systems, it is important to know the nabla version of the Hardy-
Sobolev-Mazya inequality. To obtain this inequality some other inequalities like o,— Holder,
V —Minkowski and V-Hélder inequalities can be found in the studies of [7] and [9], respectively.
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The set T* is defined by T \ (p(supT), supT] and the set T}, is defined by T \ (¢(infT),infT]. The
forward jump operator o:T — T is defined by o(t) := inf{s € T:s > t}, for t € T. Similarly, the
backward jump operator p:T — T is defined byp(t) = sup{s € T:s < t}, for t € T. The forward
graininess function p: T — R{is defined by u(t):= a(t) — t, for t € T. The backward
graininess function v: T — R is defined by v(t) := t — p(t), for t € T. Here it is assumed that
inf@ = supT and sup® = infT.

For a function f : T — T, we define the A —derivative of fatt € T*, denoted by f2(t) for all € >
0. There exists a neighborhood U < T of t € T* such that

|(F(e@®) = f(s)) = FAB)(0(t) — 5)| < elo(t) — s,
forall s € U.

For the same function define the ¥ —derivative of fat t € T, denoted by fV(t), for all e > 0. There
exists a neighborhood V- < T of t € T, such that

|(F(s) = Fp(®)) = FAD) (s — p()] < €ls — p(D)I,
forall s e V.

A function f : T — R is rd-continuous if it is continuous at right-dense points in T and its left-sided
limits exist at left-dense points in T. The class of real rd-continuous functions defined on a time scale
T is denoted by C,4(T,R). If f € C,4(T,R), then there exists a function F(t) such that FA(t) =

f(©). The delta integral is defined by [ f(x)Ax = F(b) — F(a).

Similarly, a function g : T — R is ld-continuous if it is continuous at left-dense points in T and its
right-sided limits exist at right-dense points in T. The class of real Id-continuous functions defined on
a time scale T is denoted by C,;4(T,R). If g € C;4(T, R)then there exists a function G(t) such that

G"(t) = g(t). The nabla integral is defined by [ g(x)Vx = G(b) — G(a).

3. LY(E) SPACES

Theorem 3. Suppose that h(t): E — R isaV —measurable, this leads

1
U |h|p(s)|7s]p  if pE [1,00) 3
E
inf{K ER:|h| < K V—a.e.on E}, if p=o

is a norm.

1
Proof. 1. [lhllpz = 0,since || > 0, therefore [[;|RIP(s)Vs ]P > 0.

1
Additionally, it is apparent that if b = 0, then [ [ |r|? (s)Vs |P = 0. If 11l 2,¢g) = 0. in other words,
1
[[;|hIP(s)Vs |» = 0, then || = 0 V-ae.and h = 0 V —a.e.
2. Let y be a constant, then we can express the norm of yh as:
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1

[ p
vkl = | [ |yh|p<s)‘7s]
|V E

|—=

- f |y|P|h|P(s)Vs]p
|VE

1

=y f |h|p<s)‘7s]p
| E

1
vl U |h|P(s)Vs]p
E

?,. [lh +'g||Lz‘;(E) < ||h||Lz‘;(E) + ||9||L{;(E) is satisfied as an immidiate consequence of Minkowski
inequality for V —time scales calculus.

Theorem 4. Suppose that p € [1, ). Then L’\;(E) is a Banach space together with the norm (3), for

E cT.
Proof. Let {h,} be a Cauchy sequence in L’\;(E) forl < p < oo.

Then Ve > 03 N(e) € N such that forany n,m = N(€), [|h, — hpll,y < €. Letus take € = zik

Since {h,,} is a Cauchy sequence, then it also has a Cauchy subsequence. For this reason, take the
subsequence {h,, }. Then it satisfies the following:

1
Vongs = ol < 5%
Now, let us define a function h(t) such that

h(t) = hnl + Zlio=1(hnk+1 - hnk)'t € E.

Similar to the function h(t), the function g(t) is defined as:

9O = |+ Y (| = ). € E.
k=1

Firstly, consider the partial sum of equality (4), then

N-1

SN(h) = hn1 + z (hnk+1 - hnk)
k=1

is obtained. By using Nabla Minkowski inequality for nabla time scales calculus,
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N-1

Z (hnk+1 - hnk)

k=1

N-1

1
< NI+ D 52 = Nl ]| + 1
k=1

v @I, < [, +

Here, (IISN(g)Ilp)NEN is bounded from above and an increasing sequence, therefore [ g? Vs < oo,

It is obvious that |h(t)| < g. Thus,

flhlp Vssfgp Vs
E E

and this means h? is V —integrable.

Here, since Sy (h) converges to h as n tends to infinity, by using Lebesgue dominated converges
theorem for V —time scales calculus, the following is obtained:

n—oo

lim||h = hy, ||” = f Lim |Sy()(s) = h(s)[PVs = fo Vs = 0.
EN™® E

In a Cauchy sequence if any of its subsequence is convergent then also the sequence is convergent.
Therefore any Cauchy sequence h,, € LY (E) converges to h(t) € L5 (E). This ends the proof.

Corollary 1.By using Equation (1), the extension of the function h(t) is obtained. For this function,
the following expression also holds:

h(t) € L5((a,b] N T), then h(¢t) € LP([a, b]). Therefore;
Ikllyy =[], -
Proof. The proof is an immediate consequence of Theorem 1.

Theorem 5. If p € [1, ), then C.,4(E) which is the space of all Id-continuous functions on E with
compact support in E is dense in LY (E).

Proof. The desired result is obtained by using Theorem 2 and Proposition 1.

Definition 3. [10] A function h: E — R is called nabla absolutely continuous on E, if for any € > 0,
there exists a & > 0 such that {(ay, b] N T};=, is a finite pairwise disjoint family of subintervals of E
for ay, b, € E and satisfies if }.3_, (b — ax) < 6, then Y 37_,(h(br) — h(ar)) < e. And this type of
functions are showed as h € AC;4(E).

Theorem 6. [10] Fundamental Theorem of Calculus for Lebesgue V —Integrals: A function
h:T — R is |d-absolutely continuous on [a, b] N T if and only if h is V —differentiable V —a.e. on

(a,b] N T,hY € L} and
h(t) = h(a) + f hY(s)Vs

(a,tInT

is satisfied for every t € [a,b] NT.
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Theorem 7. If h, g: E — R are ld-absolutely continuous functions on E, where E = [a,b] N T, then
h. g is absolutely continuous on E and the following holds:

f R g+ hog” = h(b)g(b) — h(@)g(b) = f hg” + 17 gP )
E E

Proof. An Id-absolutely continuous function on a set [a, b] N T is regulated, therefore this function is
bounded from above and below by [6], see Theorem 1.65. Thus h, g are bounded functions on

[a, b] N T and one can say that |h(t)| < M/2 and |g(t)| < M/2. Letus take f = h. g. We know that
h(t) is ld-absolutely continuous then there exits &, such that

n

D Ihbi) — kel <,

k=1

and there exits 8, such that
n
PNICORTICOIRS
lg(bx) — g(ax M
k=1
Take § = min{d;, §,} and assume that Y3, (b — ay) < 6, then

D UG - F@dl = Y hBdg ) - hadga)]
k=1 k=1

n

= Z |h(bi) g (bic) — h(br)g(ar) + h(br)g(ar) — h(ar)g(ar)l
k=1

= Z |h(bi)l1g(bi) — g(ar)] + Z lg (@) |1h(bx) — h(ax)|
k=1 k=1

M M
- 3kzzl|g(bk) - 9@l + 3; () = h(@)|

< + = €.

M
|m

M
2

X|m

Hence, h. g is ld-absolutely continuous. Additionally, f, g, h are V —differentiable almost everywhere
and

fV=h"g +hrg".
Thus, by using fundamental theorem of calculus for Lebesgue V —integrals (5) is obtained.

Remark 1. Suppose that E = [a,b] N T, h:E —» Rand h(t):[a,b] = R is defined as:
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h(t), if t€ E

f_l(t) = h(t;) — h(P(ti)) (t —p(t), if t € (p(t),ty), for i€l

hp(e) + = — >

where I, is the all left scattered points in [a, b] N T. Afterwards, h is Id-absolutely continuous on E if
and only if h is absolutely continuous on [a, b].

4.V —SOBOLEV SPACES

Definition 4. Suppose p € [1,00] and h: E > R One can say that h € W,"? if and only if h € LY (E)
and there exists u € LY (E) such that

j (h.¥V) (VT =— f WY (OVr, VYE Ciu(Ee. (6)
E E

Here Cg14(E) = {¥:E » R:¥ € Cy(E,), ¥(a) = ¥(b) =0} and Cyy(E,) is the set of all left
dense continuous functions on E such that they are V —differentiable on E,. and their V —derivatives
are Id-continuous on E,.

Remark 2. By using Theorem 7 for ld-absolutely continuous functions on E one has the following
relation

VP:={x € ACq(E):h¥ € LX(E)} € WP,  for p€[1,00].
Lemma 2. Suppose h € L} if

j(h w)()Vr =0 Yu € C.q(E), (7
E

then
h=0V—-—a.e.onk,

which guarantees that there exists a function h; € C,;4(E) such that ||h — h1||L% <eEe.

Proof. Let us fix an € > 0 and use the density of C. ;4(E) in L’é.

f (hyu)(s)Vs
E

_[ (hl.u)(s)VS—j(h.u) (s)Vs
E E

< lullllh = hqll < € [Jull.
Consider the following sets:
E1={SE E:hl(S)ZE}, E2={SE E:hl(S)S _E}.

These are the compact and disjoint subsets of E, then by using Urysohn's Lemma, we can define the
following function:
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={ 1, on E;
Uo =11, onE,

|lugl < 1onE. Letus define E: = E; U E,, then the following is obtained for any arbitrary e:

(hqug)(s)Vs + f/~|h1|(s)Vs < e+ 2e(b—a).
E/E

f Ihl(s)Vs = f (hyue)(s) Vs —
E E

EJ/E
Thus, the desired result is obtained.

Lemma3. Assumethath € LY (E). Then
f (h¥V)(s)Vs=0 VW€ C§1q(Ey) (8)
E
if and only if
h=cV—a.e onk, ©)

where ¢ € R.

Proof. If (8) is true, then by using (6), (7) and Lemma 2, we obtain Equation (9). If h=c V —
a.e on E, then by using (6) and fundamental theorem for nabla time scales calculus, we get the desired
result.

Theorem 8. Assume that u € WVL"’(E) for some p € [1, oo]. Equation (6) is satisfied for g € L‘V’(E).
Then there exists a unique x € Vvl'p (E) such that the followings are satisfied:

x=u x'=gV—a.e onE.

Proof. First, define vi:E — R:
v(t):=f g(s)Vs VteE.
[a,)NT

Then the fundamental theorem of calculus for Lebesgue V —integrals guarantees that v € Vvl’p (E).
Then by using Equation (6) and Lemma 3, one can obtain that:

f [(v —w¥V](s)V s = — f (07 = g)¥P](s)Vs = 0; W e Cgra(E)
E E

Then by using Lemma (3), v—u = c is obtained almost everywhere on E. Since x =uV —
a.e.on E, for all t € E. Then, by using fundamental theorem of calculus for Lebesgue V —integrals,
we get that x(t) = v(t) — c is the unique function in Vvl’p (E).

Lemma 4. Assume that p € [1, o0]). Wvl'p(E) is a Banach space with the norm:

lellygze: = lxllp + (|7l -
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Proof. Assume that {h,,},eny € Wvl'p (E) is a Cauchy sequence, then Theorem 4 guarantees that there
exist f, g such that {h, },cy and {h)},cy converge strongly in L’é(E) to f and g respectively. Then,
the following is obtained:

J;(f¥Y)(S)Vs = limpy e [(APY)(S)Vs = —limy o [ (A ¥P)(s)V s
=~ [ @P6Ts W e G,
E

Then, we have that f € WP (E). Then, by using Theorem 8, there exists x € W, ”(E) such that h,,
strongly converges to x in Wvl'p (E) and hY, strongly converges to x2 in Wvl’p (E).

Theorem 9. Let p € [1, o], there will a constant M > 0 such that

Ihllc,uE) < M“h”Wé’p(E)

is satisfied for all h € Wvl'p(E), where the norm |[|. ||¢,,z)is the supremum norm and this means that
Wvl"’ (E) is continuously immersed into the space C;; (E).

Proof. First, let us fix an element h of W\;'p(E) Lett,T € E and t < T. Then we get the following if
we use fundamental theorem of calculus for Lebesgue V —integrals:

h(T) = h(t) + f(mT hY(s)V s.
Now, if we take the absolute value of both sides, we have
(D] < [h(@®)] + |7 (S)|V s < [IROIVs + [, 1A ()|V s.
Then by taking supremum of both sides and using nabla Minkowski inequality, the desired result
IRllcigey = M llRllyz2e g,
is obtained.

Proposition 2. Let p € (1,%], {hy}peny € WP (E) and also h € Wy (E) . If {hy)neny weakly
converges to h in Wvl'p (E) then {h,,},en Strongly converges to h in C;4(E).

Proof. Assume that {h,},cy Weakly converges to h € Wvl‘p (E). Then by using Theorem 9, we can
say that {h,},cy Weakly converges to h in C;;(E). Since {h,},ey IS equicontinuous, the desired
result is obtained.

Definition 5. Let p € [1, ), then W, (E) is defined as the closure of the Cy, 14 () in W (E).

4.1. Application: Hardy-Sobolev-Mazya Inequality on Nabla Time Scales Calculus

Theorem 10. Let g = 2. If Z(—_tz is a non-increasing on (a, b]r, constant C, that is dependent on g
satisfies
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q+2
q

<Lb'g“>l")(f:|a<t)|q)ﬂ |

v g(t) € Wi ((a,b]r), where G(t) = max{g(t), g° (t)}:

1 (b P(t)|?
_f lg” )| vitc,

4Ja a(b - pe))?

b
f PAGIREE
a

Proof. Suppose that k is a function such that

g® =n®k(), te(ab)y,

1

where n(t) =Vb —t, Vt € [a,b);. Thenn € CL([a,b)7) and nV(t) = RTr T

the nabla differentiation of g then

Then by taking

g"(®) = k" (®On®) + 1" (DkP (L)

kP (1)

— 1.V — -
= KO0 G e

After this, one can obtain the following

gP(®)

k¥ (O = g" () + P+ P2

28° (08" () (g*(®)°
mP +MP)2  (MP + (nP)?)?

K omof = (87®) +

2 2gP(V) g° (1) (g*®)°
= (gv(t)) T+ @P)2 [gv(t) mP + mP)?] 4(b - p(®)’
2 (g*(®)°
< (g"®) +¥YPOKPOK (L) - ———;,
( ) 4(b - p(0)°*

where WP (t) = —=2n(t)n"(¢t) for all t € [o(a),b]ly. Then WP(t) is V —differentiable for all left
scattered points. Suppose that t € [a, b]; such that t is a left dense point, then it means that ¢ is an
accumulation point. So, there are two cases:

1. Leta,p € [a,b]ly and t € [a, B] < [a, b]y, then WP (¢) is V —differentiable and [W* (¢)]" =
0, since for t € [a, £],n”(t) = n(t).

2. Assumethat L:={t € T:p(t) < t} = {tj}jEN from Lemma 1. For (t,)ney € L N [a,blr, t,'s

are the isolated points and as n tends to infinity t,, tends to t. In this case, ¥V (t) do not exists.
Nevertheless,

uo({t € [a,blrip(® = t andlim tp =t (ta)nen € LY = 0.
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Hence, WP (t) is V —a.e differentiable on [a, b];. Lett,s € [o(a),b]r and t > s, then

1 2 2

()~ WP(s) = 3 VOV |G — o
= lqm(t)qm(s) _ 2 _ 2 ]

2 [—2n"(s)n(s) —2nY(On(®)

1 n(snP(s) n® +nP )
B AR TS Ty ]
1 MP(s) 1P
A FCIIETO)
1 b —p(s) b —p(t)
=5 PP O¥GE) J b—s _J b—t ‘
1 - v(s) v(t)
_E‘Pp(t)‘{’p(s) \/1+b_s—\/1+bT > 0.

Therefore WP (t) is an increasing function. The following is obtained by integration by parts formula
for nabla time scale calculus:

b b
f Wo(OKP (DK (7 t = ¥ (b)k2(b) — ¥ (@)k?(a) — f (kO k(O ¢

a a
Y(b) = WP(a(b)), since b € [a, b]y, then a(b) = b. Therefore, ¥(b) = ¥*(b) and WP (b) = 0, then
¥ (b) = 0. Thus, one obtains

b b
J YP(OKP (DK (t) Tt < —f [YOk®)] k)t

b b
= —U PV (k2(t)Vt +f PP(OKY (Ok(t)Vt

a

b
< —f YP(OKY()[kP(t) + kK" ()v(t)]Vt

b

b
< —f ’PP(t)(kV(t))zv(t)Vt —f wr (K" (kP (t)Vt

b a
< - j PP(OK (kP ()Tt
Thus, we obtain that f: P (kY (kP (t)Vt = 0 and
b b p(t)
nOK" OVt < ( O)S —g—) vt
-fa fa (67®) 4(b - p(0)°

By using nabla chain rule in [11],

(k@) = 2w @i [ k@ +a - kol an
0
< 2 @Ik ©lE,

where K (t) = max{k, k”}. Thus, by using that n is non-increasing, the following is obtained

+ + t +217
Ig(t)lqz_2= In(t)quz.f [|k(s)|qTZ] Vs
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a+2 (tq+2 a
< I [ 2 eIkl
¢ q+2

2t 7
o1 I OIKE)ET s

2 rt 2
<2 el WOIKGET s

ab a+2

2 2
<2 ol el Ko s

By using Nabla Holder inequality, the following is obtained:
b b
917+ < m, ( | |kV<t)|2n2(t)Vt) ( | |K(t)|q,7q(t)w>
a a

lg? ()

b . 5 b
- 7 q
< my <fa lg” ()] 4(b_p(t))2 Vt) Ua 1G(t)] Vt), (11)

L __(q+2 2
where G: = {g,g”}and m, = (T) :
Now, firstly if we take the qq?th power of inequality (11) and then its integral, the following form is
got,

q _a_ q
b be vz (b v 2 _ _IgP® a+z (b a+z
[lg®ave < [ md (fa lg¥ () —4(b_p(t))th) -(falG(t)l"Vt)q ]

q _a_ q
a4 b 2 0112 b 4
< Inqq+2 (b - a) (fa |gv(t)| - —425_(:2":))2 Vt)q+2 (fa |G(t) |CI Vt)q+2.

Therefore, one can also get
q

q
b b Tq+2 a_ b lg° () >q+2
ay G(1)19V < m3*? (b - 'O -———v
(f l®! t)(f GO t) ma a><£ e

f

This means that the desired result is got.
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