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1. Introduction and Definitions

For two transcendental entire functions f(z) and g(z) it is well known by a result of Clunie [3] that lim, e % = oo and lim,_e % =
oo. Many authors [5,6,7,10,12] made close investigation on composition of two entire functions with finite order and obtained many
interesting results. In [11], Jin Tu et.al investigated the composition of entire functions with finite iterated order and proved various results
on comparative growths of log?t4 T(r, fog) (p,q) € N with logl?! T(r, f) and logl) T(r, g). The aim of this paper is to investigate the
composition of three entire functions with finite iterated order and extend some results of Jin Tu et.al [11] for composition of three entire

functions. We first introduce the notions of iterated order [5].

Definition 1.1. The iterated i order p;(f) of an entire function f is defined by

aa 0
pi(f) = limsup log™ "M(r.f) = limsupw

F—soo logr F—so0 logr

,(ieN).
Similarly, the iterated i lower order W;(f) of an entire function f is defined by

a 0
ui(f) = liminfw _ liminfw

L (ieN),
r—voo ogr r—roo ogr
where

logm(r) =log(r), log[i+1](r) = log(log[i](r)) i € N, for all sufficiently large r.

Definition 1.2. The finiteness degree of the order of an entire function f(z) is defined by

0 for f polynomial,
i(f)=1< min{j€N:p;(f) <o} forftranscendental for which some j € N with p;(f) < oo exists,
oo for fwith pj(f) = oo forall j €N.

Throughout we assume f, g, k etc. are non-constant entire functions of finite iterated order and ¢y, ¢y, c3 etc. are suitable constants.
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2. Known lemmas

In this section we present three lemmas which will be needed in the sequel.
Lemma 2.1. [8] Let f(z) and g(z) be two entire functions. If M(r,g) > HTS |g(0)| for any € > 0, then
T(rfog) <(1+&)T(M(rg),[).
In particular if g(0) = 0, then
T(r,fog) <T(M(rg),f)
Sforallr> 0.

Lemma 2.2. [3] Let f(z) and g(z) be two entire functions with g(0) = 0. Let o satisfy 0 < o < 1 and let c(at) = (11(3)2 . Then forr >0

M(M(r,g),f) = M(r,fog) > M(c(a)M(ar,g), f)-

Furthermore if a = %, for sufficiently large r

1

M fog) > M(gM(57.8).1).

Lemma 2.3. [9] Let f(z) and g(z) be two entire functions. Then for all large values of r

1 1
T(rfog) = 3logM(gM(5.8).f).

3. Main theorems

In this section we present the main results of the paper.

Theorem 3.1. Ler f, g, h be three entire functions of finite iterated order with i(f) = p, i(g) = q, i(h) = s and if uy(f) > 0, pg(g) > O then
i(fogoh)=p+q+sandpy,, . q(fogoh)=ps(h).

Proof. We have for sufficiently large r and for any given € > 0

T(r,f) < explP~ ! {rpf’(f)'*'s} . M(rg) < expld {rpq{g)”}and M(r,h) < expl! {rp‘(h)+8} .

Using Lemma 2.1, we have for sufficiently large r

T(r.fogoh) < (1+o(1))T(M(r,h),fog)

< (I+o()T(M(M(r,h),8), )

< (T o(1)exp? = { (M (), )P+ )

< (+o()expll {erexplt { e myprte} )

< (14o0(1))expl”! {clexp["] {czexp[s_l] {rpi(h)”}}}

< exp[p+q+x71] {rpy(h)Jrzg}. G.1)
Now by (3.1) we have
_ loglPt4 I T (r, fogoh
1“}1?;}" = log(:f goh) < ps(h). (3.2

Again i(h) = s, so we have
) logB+ 1 M(r, )
1 ———— 2 =p(h).
msup == ps(h)

If ps(h) > 0, there exists a sequence {r, } — oo such that for any € (0 < € < ps(h)) and for sufficiently large r,, we have
M) = expl {0 ¢ (3.3)

We denote {r,} a sequence tending to infinity not necessarily the same at each occurrence. Since p,(f) > 0, t4(g) > 0, then from Lemma
2.2 and Lemma 2.3 we have

l1ogM(1M(1M(r—”,h)ug)f)

T(ry,fogoh) > 3 oM(gM(
1 1. 1
ZexnP U122 p(f)—¢€
> et gm0}
1 _ n _
> gexp[p] {C3exp[q 1]{[M(§7h)]ﬂq(8) S}} (3.4)
> %exp[p] {C3exp[q] {c;;exphfl] {r,%(h)_s}}} using (3.3)
> exp[p+q+sfl] {rgs(h)*zs}. (3.5)
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So,
[P+q-+s]
Tim sup 12 T(nfogoh) o . (3.6)
F—300 logr

Therefore from (3.2) and (3.6) we have
[p+g-+s]
Jim sup log T(r,fogoh)
F—so00 logr

Thus i(fogoh) = p+q+sand p,, 44(fogoh) = ps(h) for ps(h) > 0.
If ps(h) = 0, then by definition we have

= ps(h).

logls]
limsup og VLR M(r, ) =00
F—s00 logr

Hence there exists a sequence {r, } — oo such that for any arbitrary A > 0, we have

log[“] M(ry,h)

. [s—1] 3.7
Togrn >A ie,M(ry,h) > exp {rﬁ} (3.7

So from (3.4) and (3.7) we have

i sesen S s {ctoam s )}
> %exp[p] {csexp[q] {c6exp[*‘*21 {(%)A}}}
> %exp[pﬂHH] {(%)Aﬂg} .

So,

log[p”””] T(rn,fogoh)
logr,

log[”ﬂ’ﬂfl] T (r,fogoh)

Hence lim; o0 Togr

> A. Since A is arbitrary large, then we get

loglpta+ts=1l h
Jim sup 2 (rfogoh) _
F—300 logr

Therefore i(fogoh) = p+q-+sand pj,, 44 (fogoh) = ps(h).

Theorem 3.2. Let f, g, h be three entire functions of finite iterated order such that 0 < p,(f) <o, 0 < ly(g) < py(g) < oo and 0 < pg(h) <
py(h) < oo then i(F o8 o) = p-+q +5 and () < Py q4s)(f 02 oR) < Py(h).

Proof. Since p,(f) > 0, there exists a sequence {R, } tending to infinity such that for any € (0 < € < p,(f)) and sufficiently large R,,, we
have

M(Ry, f) > expl?! {Rn"”(f H} : (3.8)

Since M(r, h) is an increasing continuous function, then there exists a sequence {r,} tending to infinity satisfying R, = %M(%M(’f" h),g)
such that for sufficiently large r,, and by Lemma 2.2, we have

1 1 n
M(rn>fogoh) > M(gM(EM(EJ’l%g)Mf)
> expl?! {Rnp,,(f)fs} using (3.8)
py(f)—€
e g L
> e guenE e} ]
1 “q(g)7£
R BN
> explrtll {clexp[q] {czexp[sfl](%)us(h%«ﬁ}}
> explrtats] {rn“"m)*zg}. 3.9
So,
[p+g+s+1]
log M(rp,fogoh) > ps(h) — 26
logr,
ie.,

Plp+q+s) (fogoh) > Hs (h) (3.10)
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Again for sufficiently large r, we have from Lemma 2.2

M(r,fogoh) < M(M(M(r,h),g),[)

< explPl[{M(M(r,h),g)}Pr )]

< expl?[eexplt™ 1 (M (r ) yPrl8) )

< explPtcexpldl {CMXP[S*I] {rps(h)ﬁ}}]

< explrtats] {,p.v(hms} ) (3.11)
S0 [ ]

loglP 4+ M(r, fogoh)
o < ps(h)+2¢

ie.,
p[p+q+s] (fogoh) < Ps (h) (3.12)

Therefore from (3.10) and (3.12) we get
ps(h) < Plptg+s] (fogoh) < ps(h).
This completes the proof of the Theorem 3.2.
Theorem 3.3. Let f, g, h be three entire functions of iterated order with i(f) = p, i(g) = q, i(h) = s and ps(h) < pup(f) < pp(f), then

logv‘lﬂ] T(r,fogOh) log["“H]M(V,ngOh) —0
T(r.f) logM(r.f) o

Proof. By definition, for sufficiently large r, we have

lim; e =0and lim, e

exphy*l] {r“”(f)fg} <T(r,f) < exp[pil] {rp”(f)JrE}: M(r,h) < EXPM {rps(h)ﬂz}. (3.13)
By (3.1), we have
T(r,fogoh) < exp[erqﬂfl] {rpx(h)Jrzg} .

Hence for sufficiently large r and for any given &, we have from (3.13)

log[‘HS] T(r,fogoh) _ exp[l’*l] {rpx(h)JrZs}

-0
T(raf) n exp[Pil] {rup(f)*s}
ie.,
[g+s]
i log T(r,fogoh) —o.
roe T(r.f)
Similarly for sufficiently large r, we have
explP~1l {r“"(f)_s} <logM(r,f) < explP1] {rp"(-f)*'e} . M(r,h) < expl’ {rpS(hHe}, (3.14)

Again by (3.11), we have
M(r,fogoh) < explPtats {rp.,.(h)+28} .

Hence from (3.14), we get

lOg[‘1+S+]]M(r,fogoh) < explP~1) {rp“'(the}

—0
lOgM(r7f) ; exp[P71] {r“ﬂ(f)_g}

ie.,

i logldtst U pM(r, fogoh) o,
r—eo logM(r f)

Example 3.1. The condition ps () < u,(f) in Theorem 3.3 is necessary. To see this we consider the following example.
Let £(z) = exp(z), g(z) = exp?(2), h(z) = expBl(z) and p = 1, g = 2, s = 3. Then we have

. log M(r,h . 1 .. loe? M(r 7
p3(h)=limsup,_,., OgTr(r') = lim,_yeo % =1and y; (f) = liminf, OgTr(r'f) =1.
. log® M(r,fogoh .
But llmr_..x, %”({fﬁ) = llmr_>oo g =1 7é 0.

Theorem 3.4. Let f, g, h be three entire functions of finite iterated order with i(f) = p, i(g) = q, i(h) = s and ps(h) < u,(f) < pp(f) then
10gl** T (r, fogoh) logl >+ M(r, fogoh) -0

/) =0 and liminf, TogM(r.f)

liminf, e
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Proof. By definition for sufficiently large » we have
explP=1l {rup(f)*f} <T(r,f) < explt~ll {,‘Pp(f)ﬂ%}7 M(r,h) < expl {rps(hHS}. (3.15)
By (3.15) and using Lemma 2.1, we get

T(r.fogoh) <2T(M(M(r;h).g),f)
< 2explP U[{M(M(r,h), g)}Pr )]
< 2expP[ciexplt!] {{M(H h)}Pa (g)+€ }].

Hence for a sequence {r,} — o we can get from above

T(rp,fogoh) < 2exp[p] [clexp[q] {czexp[“” (rfl‘s(h)-s-s)}}_

So,

T(ra, fogoh) < 2explrtats=tl {0 H2e], (3.16)

From (3.15) and (3.16) for a sequence of values of {r,} tending to infinity, we get

— s (h)+2
log[q+5]T(rn7fogoh) _ exp[!’ 1] {r#( )+ 8}

—0.
T(rnaf) - gxp[p_l] {,#P(f)*s}
Therefore
[g+s]
liminf 1027 T(nfogoh) _
roe T(r.f)
Again for sufficiently large r, we have
explP=1l {rﬂp(f)*s} <logM(r,f) < explr1] {er(f)ﬂLs} (3.17)

and
M(r,h) < exp[s] {rPs(h)+e} '

So for all large values of r, using Lemma 2.2

M(r,fogoh) <MM(M(r,h),g),f)
< explll[{M(M(r.h).)}Pr "¢
< explPU[czexpla=l] {(M(V, h))Pq(g)H}].

Hence for a sequence {r,} — o we get

M(ra. fogoh) < explesexplt {{eexpl =l (r e 1y

< explp+ats] {(,n)mh)m} ‘ (3.18)

From (3.17) and (3.18) we get for a sequence {r,} —

— s(h)—2
log[q+s+1]M(rn>ngOh) < exp[/’ ! {r#( ) 8} —0
logM(r, f) = explr-1l {ru,,(f)fg}
ie.,
lg+s+1]
limianOg M(r,fogoh) —0
roe logM(r. f)

Theorem 3.5. Let f, g, h be three entire functions of finite iterated order with i(f) = p, i(g) = q, i(h) =5, Uy(g) >0 and 0 < upy(f) <
log ¥+ T (r, fogoh) logl*+1 M(r, fogoh) _

Pp(f) < ps(h) < oo then liminf, o o) TogM(r./)

= oo and liminf,
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Proof. By definition, there exists a sequence {r,} — oo and for any given £(> 0), we have

M(ry,h) > expl? {r,’f"(h)fg}, T(rp, f) < expl?=1] {,gp(f)ﬂ}. 519)
Also from (3.5)

1ol T (r,, fogoh) > explt—1] {,f}(h)—ze} .

Hence from (3.19)

- o (h)—2
10g¥ ™ T (ry, fogoh) _ explp~1] {rﬁ( ) E}
T(rn. f) - explp=1] {rsp(f)-‘rs} ’

Since py(k) > pp(f), 5o
lg+s]
lirninflog T(r,fogoh) e
ryee T(r,f)

Similarly we also have

lg+s+1]
liminf 2% M(r,fogoh) _
rjes logM(r, f)

logltts) T(r,fogoh) _

Theorem 3.6. Let f, g, h be three entire functions of finite iterated order such that 0 < p,(f) < ps(h) < oo, thenlimsup, _,., 0.7 =

logl™>*1 M(r, fogoh)
logM(r.f)

Proof. For all large r we get using Lemma 2.2 and 2.3

— oo,

oo and limsup,_,.,

T(rfogoh) = ZlogM(M(cM(g,h),8)f)

Y

|

o

=

hS|

<

|
—
O —
/‘\H
|~
=
o

=
=
=
>

&
——

v
|
g
=
S
—~
o
8
=
Iy
|
—~
=
I
=
=
£
&
|
o™
——
——

\Y

%exp[”] {c]exp[q] {czexp[s_ll {rﬂs(h)—s}}}

explrratstl fyn-2e (3.20)

\Y

By definition there exists a sequence {r,} — e such that for any given £(> 0), we have
T(ra,f) < explr= 1 {r e} (3.21)

From (3.20) and (3.21) we get for a sequence {r,} of values of r tending to infinity

— s (h)—2.
log I 7(ry. fogon) _ @#”" {e2el

T(rn, f) ~ explp1l {rﬁ"(f“s}

—> oo

o T(rf)
Similarly we can prove that

i.e., limsup,_,,

— oo,

logt ™t M(r fogoh)
limsup =00
PR logM(r, f)
Example 3.2. The condition u,,( f) < us(h) in Theorem 3.6 is necessary. To see this we consider the following example.

Let f(z) = exp?(2), g(z) = expBl(z) h(z) = exp(z), and p = 2, g =3, s = 1. Then we have

B 2 (2]
L2 (f)=liminf, o0 % = lim, o0 {222 = 1 and g1y (h) = limin, c. W —1.
. logP® M(r,fogon) .. expr __
But llmr_)oo W = llmr_>oo Tpr =1 7é oo,

Theorem 3.7. Let f, g, h be three entire functions of finite iterated order with i(f) = p, i(g) = g, i(h) =s and 0 < p, (f) < pp(f) < Us(h) < oo

. lg+s] X lg+s+1] .
then llmr*}w W — oo and hn‘lr‘>oo W — oo,

Proof. By definition, for large r and for any given £(> 0), we have
T(rf) < explr=1 {24} (3.22)
Again for all large values of r we get from (3.20)

T(r,fogoh) > explPtats=Il {r“f(h)*%} : (3.23)
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So from (3.22) and (3.23) we have

log ™I T(r, fogoh) explr=1l {r“S<h>*2€}
T(r,f) N exp[P*l] {rpp(f)+8} ’

Since ps(h) > pp(f) and (> 0) is arbitrary, so
logl ™I T (r.fogoh) _

}L)Holo T(r,f)
Now from (3.17) and (3.9) we get

10g[‘1+$+1]M(rn,fogoh) N exp[pil] {r,u.;(h)72s
lOgM(rvf) B exp[P*l] {rpp(f)""s

—» 0

M ——

ie.,

lim log[q+s+1]M(r,fogoh) B
reye logM(r, f) B

Theorem 3.8. Let f, g, h be three entire functions of finite iterated order such that 0 < py(f) < pp(f) < oo and 0 < ps(h) < pg(h) < oo,
then

B e w o u(h)  py(h) () pu(h)
p, () < liminf, e o T(rf) < min { =) oulF) } < max{ ROITRG) }
< limsup, ., 08" T(nfogoh) o pi(h)

log” T (1 £) = wp(f)°
Proof. By definition for sufficiently large r and for any €(> 0) we have

(1p(f) — ) logr < loglPI T(r, f) < (pp(f) +€)logr: (3.24)
From (3.5) we can easily say that

T(ra.fogoh) > %exp[“q“*” {2,
So from above and for all large r and any £(> 0) we have from (3.2)
(15 () — 2€) logr < loglP I T (1, f o go h) < (py(h) + €) logr: (3.25)
From (3.24) and (3.25) we get for sufficiently large values of r

ps(h)+e _ logP 4T (r fogoh) L Hslh)—2e

(3.26)
up(f)—e 1ogP T (r, ) pp(f)+e
Since € > 0, is arbitrary we get from (3.26)
[P+g+s]
limin log T(r,fogoh) > [.Ls(h.)
ryeo logl? T(r, ) Pp(f)
and : |
prq+s
lim su log T(”fogoh) < ps(h) .
r—soo 10g”) T (r, ) Ky (f)
Again by definition, there exist two sequences {r, } and {R,} tending to infinity such that
10”7 (1, f) = (pp(f) —€)10gru, 10gP T (Ru, f) < (p(f) +€)logRy. (3.27)
From (3.1)
T(r,fogoh) < exp[”*'q'*'Y 1] {r“f st}.
So from above and (3.5) there exists two sequences {r,,} and {R,} tending to infinity such that
’ 1 Us(h)+2:
T(r,,fogoh) < exp[erqusfl] {rn“ (h)+ s}
and
/ ; ps(h)—2
T(R,,fogoh) > explptats—1] {R,,p< ) g}.
Hence
loglPta+s] T(r;”fogoh) < (us(h)+2¢€)log r; and loglP*4+s] T(R;,,fog oh) > (ps(h) —2¢) logR/n. (3.28)

From (3.25) and (3.27) we get
log[p+q+s T(ry,fogoh)

logl?) T'(ry, )

(ps() + €)logry
(Pp(f) —¢€)logry

<



Konuralp Journal of Mathematics 17

[P+q-+s] - )
11m1nf10g T(r,fogoh) < ps(h) .
rree logl” 7 (r, f) pp(f)
From (3.24) and (3.28) we get

logl? 4+ T (s, fogoh) _ (us(h)+2€)logr,
logl? T(r,. f) = (up(f)—€)logr,

[p+q+s]
liminf 2 T(rfogoh)  ws(h)
r—eo log[p] T(r,f) up(f)

Hence

[p+q+s)

liminf 108 T(rfogoh) §min{ ps(h) ps(h) }
e gl T(r f)

Again from (3.25) and (3.27) we get

logl? 4t T(R,, fogoh) _ (us(h) —2€)logR,

>
1og?! T(R,, f) ~ (p(f) +€)logRy
ie.,
. loglPtat T(rfogoh) ()
1 .
1£nj:p logl? T(r, ) B Iip(f)

From (3.24) and (3.28) we get
loglPtats] T(R/ fogoh)

> /
lOg ( mf) N (pp(f)+8)10an
ie.,
[p+gts]
fmsup 27T 0g0h) o plh)
r—eo logl” T (r, f) pp(f)
Hence
lims 103[p+q+s] T(r,fogoh) N { us(h)  ps(h) }
u max , .
o 0g? () k(D) ()
Therefore
us(h) e log["“*‘]T(rfogoh) L) ps(h) 1s(h)  ps(h)
pp(py < liminfr e o me S Smm{u;;(f) pp<f)} = max {up(f) p,,(f>}

1og["+‘f+‘1 T(rfogoh) ~ pu(h)
logl’ T (1, 1) = mp(f)”
This completes the proof.

[p+aq+s] 000, .
Corollary 3.1. Let f, g, h satisfy the hypotheses of Theorem 3.8, then % < liminf, e W < mm{ b (h) A0 } <
'p
mas { (k) py(h) } < imsup, .. w < 20 o k=12,

1 () Pp(7) log 7 (rf®) = M)
Corollary 3.2. We can obtain the same result when we replace T'(r, fogoh), T (r, f) with logM(r, f ogoh),logM(r, f) in Theorem 3.8.

<limsup,_,.,

Theorem 3.9. Let f, g, h be three entire functions of finite iterated order such that 0 < py(f) < pp(f) < oo and 0 < ps(h) < pg(h) < oo,

then

s (h) log!” 4+ T (1, fogoh)

log" T (1 fogoh) - pu(h) g

ps(h) < liminf, e logh! T (r,h) < 1 <limsup, . logh T (r,h) ()
() g log? ! M(r, fogoh) log 4" M(r, fogoh) _ py(h)
o) < liminf,_e og M) <1 <limsup,_,, oa T M) <P ROE
Proof. For sufficiently large r and for any £ > 0, we have
1ogl! T(r,h) < (ps(h) +€)logr: (3.29)
Again for sufficiently large r and Lemma 2.3, we have
1 1 1
T(ra,fogoh) = ZlogM( M(SM(=h),8)f)
3 9 '8 '8
1 1 Tn _
> Z M p(f)—€
> el 1 [GMGMCE ).
1 r
> Zexplt] lg—1] g \te(g)—e
2 zexp {clexp {[M( 3 h))Ha }}
| -
> —expl? lq] [s—1] [ Ms(h)—e
> 3exp {clexp {czexp {”n }}}
> explptats—1] {r#“(h)_zg} . (3.30)

From (3.29) and (3.30) we get
log? T4 7 (1, fogo )
log[sl T (ry,h)

(s(h) —2¢)logry
(ps(h) +¢€)logry -

>
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As € > 0 is any arbitrary
so,
[p+g+s]
liminf 087" L(nfogoh) o k)
r—ye 1ogl! T (r, h) ps(h)

Again by definition, there exists a sequence {r,} tending to infinity such that

108! T (rp, 1) > (ps(h) — €) log ry. (3.31)
From (3.2) for any given € > 0 and sufficiently large r, we have
loglP 4t T (1, fogoh) < (ps(h) +€)logr, logl! T(r,h) < (ps(h) +€)logr, 10g! T (r,h) > (15 (h) — ) logr. (3.32)

From (3.31) and (3.32) we get
loglP 4 7 (r,,, fogoh)
10g[s] T (rp,h)

(ps() + €)logry
(ps(h) —€)logry

<

ie.,

loglPtatsl
liminf & T(rfogoh)
r—yoo log[‘] T(r,h)
Again from (3.32) we get
logl” 4 7(1,, f o g 0 )
10g[s] T (rn,h)

(ps(h) +
(us(h) —

)logr,
)logr,

€
<
€

[p+a+s]
ey 27T ogo) _ pu)
r—so0 log[‘y] T(rh) Hs(h)

Again for a sequence {R,} tending to infinity we have from (3.5)

T(Ry, fogoh) > explPta+s=1l {Rﬁ‘(m’”} : (3.33)

From (3.32) and (3.33), we get

logl?t4 51 T(R,,, fogoh) - (ps(h) —2¢e)logR,
log T (R,., h) ~ (ps(h) +€)logRy, |

loglPtatsl h
msup 87T ogom)

>1
o0 logl! T (r, )

Combining all we get

Hs(h) s log”* I T (1, fogoh)
po(h) < TGy e = o)
Similarly as above we can show that

1 (h) log[pH’HH] M(r,fogoh) <1<l
—_= el im
ps(h) logh 1 M(r,h) S 1S Imsup, e

log"* I T (1, fogoh) - py(h)

<1 <limsup,_,. Tog¥ T (r) us(h)

logl?* ! M(r. fogoh) - pi(h)

< liminf,_e .
= = log ! M(r,h) b (h)
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