
*Corresponding Author, e-mail: msertsoz@eskisehir.edu.tr 

GU J Sci, Part A, 8(1): 16-23 (2021) 

Gazi University 

Journal of Science 

PART A: ENGINEERING AND INNOVATION 

http://dergipark.gov.tr/gujsa 

Araştırma Makalesi Research Article 

Mathematical Modeling of a Diesel Electrical Locomotive 

Mine SERTSÖZ1* , Mehmet FİDAN1 , Mehmet KURBAN2  

1Eskişehir Technical University, Transportation Vocational School, Eskişehir, Turkey 
2Bilecik Şeyh Edebali University, Department of Electrical and Electronics Engineering, Bilecik, Turkey 

 

Keywords Abstract 

Transportation 

DE Locomotive 

Modeling 

Optimization 

LSM 

Railway transportation has a huge share of energy consumption in the industry. The efficient 

power consumption is the most important issue for the minimization of the cost of railway 

transportation. The control strategy for efficient power consumption is varying due to the type of 

locomotive. Each type of locomotive needs its specific power model for this purpose. 

The range of the locomotives used in Turkey are full of diversity according to the type and size of 

the motor. In this research, DE 24000 type of locomotive is chosen for mathematically modeling 

of its required power under various load, speed, ramp, and curve conditions.  Then a mathematical 

equation is produced according to these values with Least Square Method. The optimum efficient 

working point is found as 735.5-ton load and 38km/h speed with the aim of this produced equation. 
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1. INTRODUCTION 

The cost components of a railway like other transportation projects can be classified to: 

• The supplier costs. (Planning, Design, and Administrative; Right of way; Construction; Operating; 

Maintenance) 

• The user costs. (Access time; Waiting time; Travel time in the train; Accident; Comfortable) 

• The out of system costs. (Environmental, Social) 

This study belongs to the second item, user costs. Because the goal is to help the user for efficient speeds 

and loads at a certain route. So, this will ensure efficient driving. Efficient driving is based on train 

resistance according to load, speed, and route information.  

When it comes to the resistance of the train sets, and to examine the subject in more detail, the optimization 

process can be traced back to the oldest periods of development in the railways. Many researchers have 

made investigations in this field and have reached the empirical equations shared in the findings section. 

Studies in literature are mainly based on cruise resistance and their prediction models. Travel resistance 

was reported by Davis (1926) as follows:  
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 𝑅𝑠 = 𝐴𝑉2 + 𝐵𝑉 + 𝐶  

A is a constant which changes proportionally to the square of the speed and represents aerodynamic 

resistance caused by air pressure and friction.  

B is a constant which is responsible for mechanical resistances and HVAC (Heating, Ventilating, and Air 

Conditioning). 

C is a constant which is not fixed to the vehicle speed but is a function of weight. 

In the past, detailed tests have been conducted to determine these constants. The cruise resistance 

coefficients of different trains were found for the Shinkansen. (Hara et al., 1967) Besides, different tests 

and cruise resistance tests were applied to the passenger cars and locomotives of Eurofim (Report ERRI C, 

1993) However, since the tests are very costly, different empirical equations have been developed in the 

past for estimating the resistance of certain trains. An overview of the methods adopted by the main national 

railways (up to 2000) and a calculation tool, to calculate cruise resistance, in which the effects of various 

characteristics of the train's architecture can be taken into account, are presented; these results are compared 

with the results of other equations for calculating train resistance (Rochard & Schmid, 2000). 

More recently, Lukaszewicz has proposed a method that allows the determination of train resistance 

coefficients by measuring only train speed and position from full-scale cruise tests (Lukaszewicz, 2007a). 

In this study, resistance was determined by the change in kinetic and potential energy of a train traveling 

between successful measurement points. Using this method (Lukaszewicz, 2007b), the same authors shared 

experimental results to determine the travel resistance of different trains and the effect of variables such as 

speed, number of axles, number of wagons, axle load, road type, and train length. Since 2005, a CEN 

(European Committee for Standardization) standard (EN 14067-4:2005+A1:2009) has described 

methodologies for evaluating the coefficients of Davis's formula starting from a predictive formula, 

numerical simulations, and reduced-scale tests from full-scale test measurements, but no strictly accepted 

methods have been obtained. 

Cruise tests are performed to determine the speed-dependent terms (A and B) according to CEN Standards. 

There is a need for a special test for term C, which means that the train is traveling at a very low speed. To 

find the coefficients A and B in the CEN standard, the regression method and the velocity history 

identification method were used. The first cruise test is based on the combination of all available 

experimental data and the second is based on the combination of the equation of motion. Both methods 

require a very good knowledge of the test section properties (slopes and curve radiuses). 

In another study in the literature, the standard methods for determining Davis's coefficients were compared 

to new methods. In particular, it has been shown that the three coefficients of the Davis's formula can be 

estimated by two tests only, the first is a very low-speed test on a high altitude slope section (without having 

to perform a traction test), and the second is a travel test starting at the train's maximum speed. It also 

proposed a regression method, which is a new method to define the A and B coefficients in the Davis 

equation. The main advantage of this method is that it does not need to know the characteristics and 

coefficient C of the railway line. Starting from experimental full-scale tests (characterized by a mass of 450 

tonnes) scaled for a general ideal train; the entire procedure for determining travel resistance coefficients 

is described. The comparison of the results obtained by different methods for estimating the coefficients A 

and B of the Davis equation are presented and analyzed (Somaschini et al., 2016). 

In this study, different from the above-mentioned studies, a single mathematical model was used to 

determine total resistance by using empirical equations that were accepted for all resistances. For this 

purpose, the Least Square Method (LSM) is used. Then, it was determined the optimum working point of 

the train according to load and speed with the aim of this mathematical model. 
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2. MATERIAL AND METHOD 

The locomotive which is used in this study is DE 24000 locomotive. This locomotive has a diesel-electric 

motor on it, which is used in a loaded train. The approximate weight of the locomotive is 113 tonnes. It 

uses a 72V alternator and 600VRMS generator. At the diesel part, the locomotive uses the Diesel V16 motor. 

The fuel capacity of the locomotive is 4.960 liters. The maximum speed of the locomotive can reach 144 

km/h. The output power can reach 1760 kW. The tractive effort can reach 394-kilo newtons however, at 

the maximum speed it falls to 48-kilo newtons (Anonymous, 2016). These performance values of the 

locomotive can be obtained from the technical catalog of the locomotive. 

On the other hand, the proposed mathematical model provides to obtain necessary load, speed, ramp, and 

curve values for any level of the power, which can not be obtained directly from the technical catalog. If 

the required power is taken as constant, the maximum speed is changing in the inverse direction of the 

change in the load and the ramp. Furthermore, speed has a more complex relationship with the curve. These 

relations can be expressed with a nonlinear mathematical model. The obtained values from the proposed 

model were used to present the performance curves of the locomotive in a railway in Turkey. These curves 

were also used to demonstrate the power efficiency of the locomotive.  

The mathematical model is created using empirical equations shown below. The Pcon value in the formula 

stands for the power for the continuous regime, GL stands for the load of the locomotive, and the GV stands 

for the load to be carried, the P-value is axle press, N is axle numbers and A is the front viewing area that 

is 12 m2 in all calculations. rl is cruising resistance of locomotive, rv is cruising resistance of cars, rk is the 

resistance force due to curve and rr is the resistance force due to the gradient. R is the total resistance which 

a locomotive must overcome to move (Urlu, 1999; Anonymous, 2018). The other resistances are neglected. 

(Other resistances that arise due to wind velocity, tunnels, or train marshaling and the acceleration 

resistance will not be discussed here) 

This cruising resistance formula of locomotives is known as the Davis formula: 

 rl = 0,65 +
 13,15

 P
+ 0,00932 ∗ V +

 0,004526 ∗ A ∗ V²

 P ∗ N
(daN/ton) (1) 

This cruising resistance formula of cars is known as the Strahi formula: 

 rv = 2 + 0,057
 V²

100
(daN/ton) (2) 

This curve resistance formula is known as the Röcki formula: 

 rk =
 650

k − 55
(daN/ton) (3) 

r is the ramp value in ‰. This value is taken as positive when climbing the ramp and negative when 

descending: 

 rr = r (4) 

All the resistances must be multiplied with train and carried load: 

 RL = rl ∗ GL (5) 

 RV = rv ∗ GV (6) 

 RK = rk ∗ (GV + GL) (7) 

 RR = rr ∗ (GV + GL) (8) 
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 R = RL + RV + RK + RR (9) 

 Pcon =  
 R ∗ V

360
(daN) (10) 

The proposed mathematical model of the locomotive is constructed by the application of the least-squares 

method. The least-squares method is a standard approach in regression analysis to approximate the solution 

of overdetermined systems, i.e., sets of equations in which there are more equations than unknowns. "Least 

squares" means that the overall solution minimizes the sum of the squares of the residuals made in the 

results of every single equation. 

The most important application is in data fitting as this study. The best fit in the least-squares sense 

minimizes the sum of squared residuals (a residual being: the difference between an observed value, and 

the fitted value provided by a model). The details of the method are given below: 

2.1. Least Square Method (LSM) 

Y is the dependent variable, X1 is the independent variable, β1 is the unknown parameter of the X1 variable 

and εi is error terms that can not be observed. It is possible to express one variable linear regression 

equation: 

 Y = β
0

+ β
0

X1i +∈i, i = 1,2, . . . , n (11) 

One of the most commonly used methods to find β0 + β1 variables is the Least Squares Method. The finding 

values for β + β1 are β̂0and β̂1. In this case, the new equation can be written as follows: 

 Y = β̂
0

+ β̂
0

X1i +∈i, i = 1,2, . . . , n (12) 

The basis of the used LSM to find the values of the are β̂0and β̂1 terms in the equation rely on finding the 

values that will make the smallest sum of the squares of the total deviations. The error terms are the 

differences between the Yi (observed values) and the Ŷi (expected values) (Ryan, 2008). This difference can 

be expressed as follows: 

 ∈̂i= Yi − Ŷi (13) 

The sum of the differences between the value of estimation and that should be: 

 ∑ ∈̂i

n

i

= ∑(Yi − Ŷi) = 0

n

i

 (14) 

LSM determines the difference of β̂0and β̂1 (the estimation parameters of β̂0and β̂1) which will be smallest: 

 the smallest ∑ ∈̂i
2

n

i=1

= the smallest ∑(Yi − Ŷi)
2

n

i=1

 (15) 

To obtain the LSM estimations of the regression coefficients, when the partial derivatives according to β̂0 

β̂1 equation 6 are equalized to zero, Equation 17 and 18 normal equations are obtained. When the necessary 

analyzes are made through these equations, β̂0and β̂1 which are the estimations of the β0 and β1 can be 

obtained from equations 19 and 20 (Gürünlü Alma & Vupa, 2008) 

 ∑(Yi − (β̂0 − β̂1X1i))2

n

i=1

= L (16) 
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 ∑ Yİ = β̂0n + β̂1 ∑ Xi

n

i=1

n

i=1

 (17) 

 ∑ X1iYi = β̂0 ∑ X1i

n

i=1

+ β̂1 ∑ X1i
2

n

i=1

n

i=1

 (18) 

β̂0, β̂1 and the calculation of the regression coefficient is as follows: 

 β̂1 =
(n[∑ X1iYi

n
i=1 ] − (∑ X1i

n
i=1 )(∑ Y1i

n
i=1 )

(∑ X1i
2n

i=1 ) − (∑ X1i
n
i=1 )2

=
∑ (X1i − X̄)n

i=1 − (Y1i − Ȳ)

∑ (X1i − X̄)n
i=1

2  (19) 

 β̂0 =
∑ Yi

n
i=1 − β̂1 ∑ X1i

n
i=1 )

n
= Ȳ − β̂1X̄ (20) 

 R2 =
∑ (ŷi

n
i=1 − ȳ)2

∑ (yi
n
i=1 − ȳ)2

 (21) 

3. CASE STUDY 

Data to build a mathematical model are obtained from the Tülomsaş (locomotive producer company in 

Turkey). Then Matlab for LSM is used to find the optimum working point of locomotive according to a 

specific railway route. The railway line is a part of Konya (Turkey) conventional line between 282+969,130 

km and 283+443,920 km. The mathematical model is used to find the optimum load and speed values for 

this route. 

Mathematical model of DE 24000: 

 

𝑃𝑐𝑜𝑛 = (10−4 + 1.6𝑥10−6𝐿)𝑉3 + 0.0029𝑉2

+ (((0.031 + 0.224𝑥10−3𝐿)𝑘2 − (31 + 22.4𝑥10−3𝐿)𝑘

+ (6.34 + 5.66𝑥10−3𝐿)) + (0.2 + 3𝑥10−4𝐿)(𝑟 − 1)) 𝑉 

(22) 

Constraints: 

10 km/h ≤ V ≤140 km/h 

130 m ≤ k ≤430 m 

0 ‰ ≤ r 

L ≤ 1400 ton (include locomotive weight) 

Pcon ≤ 1760 kW  

Pcon: Power (kW) 

L: Load (ton) 

k: curve (meter) 

r: ramp level (‰ ramp) 

RMSE is about 0 for this novelty model for DE24000 locomotive. Then according to this model, some 

curves are obtained in this specific railway route. This route is shown in Table 1, the yellow part is used in 

this study (k=0). 
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Table 1. Line Data 

 

3D figure can be drawn for power, load, and speed. Figure 1 is below. 

 

Figure 1. Power-Load-Speed Figure 

L-S diagrams are very useful to obtain speed and load values. These values are obtained according to max 

power. Figure 2 is the Load-Speed diagram of the DE24000 below. 

 

Figure 2. Load-Speed Diagram of The DE24000 

There is an optimization problem here. In a certain power, load and speed have an intersection point. This 

point is the best working point for DE24000. Figure 3 shows this point. 
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Figure 3. Optimum Speed and Load Values of The DE24000 

The optimum point is found as 38 km/h and 735.5 tons for this railway route. This point is the value when 

both speed and load are equally important. If the arrival time is more important or the load to be carried is 

more important for the user, these points will be changed and these values can get easily from this novelty 

mathematical model. If the route will change these values will be changed too.   

Previous studies generally are created with controlling dwell time, running time, and departure state for 

energy efficiency in railway systems. These systems are used in both regenerative braking and power supply 

systems but sometimes only power supply systems are used. (Albrecht, 2004; Chen et al., 2005; Kim & Oh, 

2009). 

4. RESULT 

Differently previous studies, optimum speed, and load points are tried to be found in this study. There is no 

direct study similar to this study in the literature that can be given as an example. 

The optimum point is found as 38 km/h and 735.5 tons according to the chosen route as previously 

mentioned. In this case, this calculation has been made considering that load and speed are the same effects 

on energy consumption (the locomotive was operated at full power).  

There are two contributions to this study. The first contribution is that the power requirement of the 

locomotive can find easily with changing load, speed, curve, and ramp level of the railway. In this study, 

only one part of the railway is used but DE24000 can be used on all the railway's aims of this model. The 

customer of this locomotive will be able to see if the locomotive will work properly on the railway which 

is desired before planning.  

Secondly, one more contribution is that the user can find the optimum working point of the locomotive 

according to a certain railway anywhere. Because efficiency speed and load values can change with the 

railway route and locomotive type. Some warning systems can be added to ensure that machinist can go on 

optimum energy conditions. 

4. CONCLUSION 

It is quite easy to set up warning systems by implementing some algorithms for energy efficiency in the 

railways. These systems can be prepared for locomotives and sold together with them. Ramp level, curve, 

length of the railway, and the load information are entered into the system. These systems will provide the 
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maximum speed information to the user when the maximum power value is limited. When this speed is 

exceeded, the system will alert. Such an application will help to use energy very economically.  

Also, unhandled in this work, adding time knowledge to the model, the effect of time-saving on energy can 

be searched too. According to all information (ramp level, curve, length of the railway, and the load), how 

long time takes the journey and energy consumption can be found. This study is among the studies planned 

to be done in the future. 

CONFLICT OF INTEREST 

The authors declare that, there is no conflict of interest regarding the publication of this paper. 

REFERENCES  

Albrecht, T. (2004). Reducing power peaks and energy consumption in rail transit systems by simultaneous 

train running time control. Computers in Railways IX, WIT Press, 885-894. 

Chen, J. F., Lin, R. L., & Liu, Y. C. (2005). Optimization of an MRT Trains schedule: reducing maximum 

traction power by using genetic algorithms. IEEE Transactions on Power Systems, 20(3), 1366-1372. 

Davis, Jr. W. J. (1926). The tractive resistance of electric locomotives and cars. Gen. Electr. Rev., 29, 2-

24. 

EN 14067-4:(2005)+A1:(2009). Railway applications - Aerodynamics - Part 4: Requirements and test 

procedures for aerodynamics on the open track. 

Gürünlü Alma, Ö., & Vupa, Ö. (2008). Regresyon analizinde kullanılan en küçük kareler ve en küçük 

medyan kareler yöntemlerinin karşılaştırılması. SDÜ Fen Edebiyat Fakültesi Fen Dergisi (E-Dergi), 3(2) 

219-229. 

Hara, T., Ohkushi, J., & Nishimura, B. (1967). Aerodynamic drag of trains. Q. Rep. RTRI, 8(4), 226-229. 

Kim, K. M., & Oh, S. M. (2009) A Model and Approaches for Smoothing Peaks of Traction Energy in 

Timetabling. Journal of the Korean Society for Railway, 12(6), 1018-1023. 

Lukaszewicz, P. (2007a). A simple method to determine train running resistance from full-scale 

measurements. Proceedings of the Institution of Mechanical Engineers, Part F: Journal of Rail and Rapid 

Transit, 221(3), 331-337.  

Lukaszewicz, P. (2007b). Running resistance - results and analysis of full-scale tests with passenger and 

freight trains in Sweden. Proceedings of the Institution of Mechanical Engineers, Part F: Journal of Rail 

and Rapid Transit, 221(2), 183-193. 

Report ERRI C 179/RP 9, Utrecht, (1993). 

Rochard, B. P., & Schmid, F. (2000). A review of methods to measure and calculate train resistances. 

Proceedings of the Institution of Mechanical Engineers, Part F: Journal of Rail and Rapid Transit, 214(4), 

185-199. 

Ryan, T. P. (2008). Modern regression methods. 2nd Edition, John Wiley Sons, New York. ISBN: 978-0-

470-08186-0. 

Somaschini, C., Rocchi, D., Tomasini, G., & Schito P. (2016). Simplified estimation of train resistance 

parameters: full-scale experimental tests and analysis. Proceedings of the Third International Conference 

on Railway Technology: Research, Development and Maintenance, Paper 58. 

Urlu, C. (1999). Demiryolu Araçlarının İleri Dinamiği. Ankara: TCDD Yayınları. 

Anonymous, (2016). Tülomsaş. (Accessed:22/11/2016) www.tulomsas.com.tr/main.php?kid=90 

Anonymous, (2018). (Accessed:22/11/2018) megep.meb.gov.tr/mte_program_modul/moduller_pdf/Trenle 

rin%20Dinami%C4%9Fi%20ve%20Tekerlek%20Kuvvetleri.pdf 

http://www.tulomsas.com.tr/main.php?kid=90
http://megep.meb.gov.tr/mte_program_modul/moduller_pdf/Trenlerin%20Dinami%C4%9Fi%20ve%20Tekerlek%20Kuvvetleri.pdf
http://megep.meb.gov.tr/mte_program_modul/moduller_pdf/Trenlerin%20Dinami%C4%9Fi%20ve%20Tekerlek%20Kuvvetleri.pdf

