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Highlights
« The paper focuses on define newly modal operators over GIVIFSs.
* Various properties of these operators have also been investigated in details.
» Some applications of operators are one motivation for study.
* The validity of the operators is tested based on proofs and numerical examples.

Article Info Abstract

Interval valued intuitionistic fuzzy set (IVFS) as an extension of intuitionistic fuzzy sets is
Received:19/06/2018 described by two parameters, namely membership degree and non-membership degree which are
Accepted:07/12/2018 expressed in terms of intervals rather than crisp numbers. IVFS can be used to handle uncertainty

and vagueness in real world decision making problems and operators of IVFSs have a key role in
this filed. Thus, in this work we define newly defined modal operators over generalized interval

Keywords valued intuitionistic fuzzy sets by modifying the existing operators. The new proposed operators
Generalized interval are the integrity and comprehensive. Then, we describe the desirable properties of the proposed
valued intuitionistic operators and discuss the special cases of them in details. Furthermore, the relationship between
fuzzy sets operators is examined. Finally, an illustrative example is provided for comparison.
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1. INTRODUCTION

Atanassov [1] introduced the concept of intuitionistic fuzzy sets (IFSs), which is a generalization of Zadeh's
fuzzy sets [2] and defined new operations on IFSs. In IFSs, each element is assigned by membership and
non-membership degrees, where the sum of the two degrees is between zero and one. However, in reality,
it may not always be true that the degree of membership and degree of non-membership of an element in
IFS be real numbers. Therefore, a generalization of IFS was introduced by Atanassov and Gargov [3] as
interval valued intuitionistic fuzzy sets (IVIFSs) which its fundamental characteristic is that the values of
its membership and non-membership degree are intervals rather than exact numbers. After the introduction
of IVIFSs, many researchers have shown interest in the IVIFSs theory and applied it to the various field.
Interval valued intuitionistic fuzzy sets is used to model uncertainty, imprecise, incomplete and vague
information. Atanassov [4] introduced operators over IVIFSs. Xu [5], Xu and Jian [6] and Wei and Wang
[7] developed some arithmetic aggregation operators and some geometric aggregation operators of IVIFS
for decision making. Wang and Liu [8] considered the interval valued intuitionistic fuzzy hybrid weighted
averaging operator based on Einstein operation and its application to decision making. They defined
generalized interval valued intuitionistic fuzzy relation with some results. Bhowmik and Pal [9,10] defined
generalized interval valued intuitionistic fuzzy sets (GIVIFSs). Bhowmik and Pal [11] defined two
composite relations, four types of reflexivity and irreflexivity of GIVIFSs with some of their properties.
Also they define two operators C and | with some properties over GIVIFSs.

*Corresponding author, e-mail:e_baloui2008@yahoo.com


mailto:e_baloui2008@yahoo.com
http://dergipark.gov.tr/gujs
https://orcid.org/0000-0002-4474-0225

992 Ezzatallah BALOUI JAMKHANEH/ GU J Sci, 32(3): 991-1006 (2019)

Li [12-14], Yue [15], Chen et al. [16], Bai [17] and Wang and Chen [18] presented methods for handling
multi-criteria fuzzy decision making based on IVIFS. Mondal and Samanta [19] studied the topological
properties and the category of topological spaces of IVIFSs. Zhang et al. [20] introduced a generalized
interval valued intuitionistic fuzzy sets. Sudharsan and Ezhilmaran [21] defined two new operators over
interval valued intuitionistic fuzzy sets. A novel way introduced to fuse several images using interval valued
intuitionistic fuzzy sets by Ananthi and Balasubramaniam [22]. They prove that IVIFSs are more suitable
for fusion of such uncertain images. Meng et al. [23] analyzed a method to multi-attribute decision making
with interval valued intuitionistic fuzzy information problems using prospect theory based on the interval
valued intuitionistic hybrid weight averaging operator. Reiser and Bedregal [24] studies the conjugate
functions related to main connectives of the interval valued intuitionistic fuzzy logic.

One motivation for our study has been the significant performance achieved by the use of operators over
IVIFSs implications in some applications. For example, some applications of operators have been: medical
diagnosis (Ahn et al. [25], Ezhilmaran and Sudharsan [26]); decision making problem (Bhowmik and Pal
[11]); exploitation investment evaluation (Qi et al. [27]); mathematical programming (Wang et al. [28]);
evaluation about the performance of e-government (Zhang et al. [29]); multiple attribute group decision
making (Tan et al. [30]); supplier selection with multi criteria group decision making (Makui et al. [31]);
medical diagnosis using logical operators (Pathinathan et al. [32]); enterprise e-marketing performance
evaluation (Zhou, [33]); etc.

Baloui Jamkhaneh and Nadarajah [34] considered a generalized intuitionistic fuzzy sets (GIFSgs) and
introduced some operators over GIFSg. Afterwards, level operators, modal-like operators, modal operators
and some operations were introduced on GIFSgs in Baloui Jamkhaneh [35], Baloui Jamkhaneh and Nadi
Ghara [36], Baloui Jamkhaneh and Nadarajah [37], Baloui Jamkhaneh and Garg [38]. Baloui Jamkhaneh
[39] considered generalized interval valued intuitionistic fuzzy sets (GIVIFSgs), dealing with uncertainty
and vagueness. Afterwards, some operations were introduced on GIVIFSgs in Baloui Jamkhaneh [40].
Recently Baloui Jamkhaneh [41] and Baloui Jamkhaneh and Amirzadi [42] defined some operators over
GIVIFSgs due to Baloui Jamkhaneh [39]. According to the definition in Baloui Jamkhaneh [39], degree of
membership and degree of non-membership of GIVIFSg are subintervals of the interval [0,1]. In order to
establish this condition for operators due to Baloui Jamkhaneh [41], the a and 8 parameters must be in the
specific subset of [0,1]. This means that the values of the parameters must be limited. In this case, this
reduces the integrity and comprehensiveness of the operator. For this purpose, in this paper, modified
operators are defined in which parameters are not limited.

In this paper we shall introduce the some of the modified modal operators (as Dg(A), Fqg (A),
Jag(A), dg (A), fog (A), jop (A), Heg(A), heg(A)) over GIVIFSg and we will discuss their properties.
Some of these properties are the following: i) All these operators are GIVIFSg ii) All these operators are
increasing relative to e iiii) All these operators are decreasing relative to § iv) Do(A) = Fo, (A) = d;(A) =
f10(A) =H;1(A) =)1 (A) =0A V) Dl(A)_= Fi0(A) =]J1,1 (A) = do(A) = o1 (A) =hy 3 (A) =0A
Vi) A=Fyo(A) =]o1(A) =Hyo(A) Vi) A=1f50(A) =jo1(A) =hyo(A) viii) Ac],g(A),AC
japg (A) iX) Dg(OA) = Fyg(OA) = dy(0A) = fug (0A) =0A X) Dy (0A) = Fog (0A) = de(0A) =
fo,g (0A) = 0A, etc. The remainder of the paper is organized as follows. In Section 2, we briefly introduce

IFS and its generalizations. In Section 3 define modified operators over generalized interval valued
intuitionistic fuzzy sets. The paper is concluded in Section 4.

2. REMARKS ON THE GIVIFSg
In this section, we give some basic definition. Let X be a non-empty universal set.
Definition 2.1. [1] An IFS A in X is defined as an object of the form A = {(x, pa (%), va (X)) : x € X} where

the functions p, : X — [0,1] and va: X — [0,1] denote the degree of membership and degree of non-
membership of the element x in A respectively, satisfying 0 < pa(x) + va(x) < 1 foreachx € X.
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Definition 2.2. Let [I] be the set of all closed subintervals of the interval [0,1] and M, (x) =
[Ma, (%) ,May (x) ] € [I] and Np (x) = [Nap (x),Nag (0] € [I] then N (x) < My (x) if and only
if Nap, (x) < Myp, (%) and Ny (x) < Myy (%).

Definition 2.3. [3] Interval valued intuitionistic fuzzy set (IVIFS) A in X, is defined as an object of the form
A = {(x, Mp(x),Na (X)) : x € X} where the functions My (x):X = [I] and Na(x): X — [I], denote the
degree of membership and degree of non-membership of the element x in A respectively, where M, (x) =
[MAL (X) 'MAU (X) ], NA (X) = [NAL (X) 'NAU (X) ], and 0 < MAU (X) + NAU (X) < 1 f0r eaCh X € X.

Definition 2.4. [34] Let X be a non-empty set. Generalized intuitionistic fuzzy set A in X, is defined as an
object of the form A = {(x, ua(x),va (X)) : x € X} where the functions p,:X — [0,1]and v4: X — [0,1],
denote the degree of membership and degree of non-membership of the element x in A respectively, and

0<pp(x)®+ va(x)® <1foreach x€X,and8 =nor %,n =12,..,N.

Definition 2.5. [39] Generalized interval valued intuitionistic fuzzy set (GIVIFSg) A inX, is defined as an
object of the form A = {(x, M4 (x),NA (X)) : x € X} where the functions M (x): X - [1] and Na(x): X -
[ 1], denote the degree of membership and degree of non-membership of the element x in A respectively,
and My (x) = [Mag, (%), May (x) ], Ny (%) = [Ny, (%), Nag (%) ], where 0 < My x)° + Nau x?% <
1, for each x€eX and §=nor % n=1,2,..,N. The collection of all GIVIFSg(6)is denoted
by GIVIFSg (8, X).

Definition 2.6. The degree of non-determinacy (uncertainty) of an element x € X to the GIVIFSg A is
defined by

1

1 B
MA(X) = [MaL (%), May (0] = [(1 - MAU(X)S - NAU(X)8 )S,(l - MAL(X)S - NAL(X)S) I
Definition 2.7. [39] Let A and B be two GIVIFSgs such that

A={{(x, Mp(x),Na(x)) : x€X} , B={{(x,Mp(x),Ng(x)):x € X},
Ma(x) = [MaL(3), May(x)] , Na(x) = [NaL(®), Nag(®)],
Mg(x) = [MpL(x), Mpy(x)] , Np(x) = [Ng(X), Ngy(x)].

Define the following relations on A and B

i.  AcB ifandonly if My(x) < Mg(x) and Ny (x) = Ng(x) , VXeX,
ii.  Ac_B ifandonlyif My(x) < Mg(x) , ¥YXeX,
iii.  Ac,Bifandonly if Ny(x) = Ng(x) , VXeX,
iv. AUB ={(x, [max(Ma,(x), Mg, (x)), max(May(x), My (x))],
[min(Nyp, (%), Np(x)), min(Nay(x), Ngy (x))]): x € X},
V. ANB ={(x, [min(Ma,(x), Mp1(x)), min(May (x), Mgy (x))],
3 [max(Nap, (%), Npp,(x)), max(Nay(x), Ngy(x)]) : x € X},
Vi.  A={(x,Ny(x),Ma(x)): x € X}.

Definition 2.8. [42] For every GIVIFSg A = {(x, M (x), N (X)) : x € X}, the modal logic operators defined
as follows

The Necessity measure on A:

oA = {( [MaL 0O, May ()], [NALGR), (1 = MayG)P)5])  xe X},

The Possibility measure on A:
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0A= {<X, [MaL (), (1 = Nag(x)?)3], [NAL(X), Nay ()]} : xe x}_

3. THE MODIFIED MODAL OPERATORS OF GIVIFSg

Here, we will introduce new operators over the GIVIFSg, which modified some operators due to Baloui
Jamkhaneh [41] related to GIVIFSg. Let X is a non-empty finite set and A = {(x, M4 (x),No(X)) : x € X}
is a GIVIFSg.

Definition 3.1. Let A € GIVIFSg and a € [0,1], we define the operator of D (A, 8) (in summary, we will
show as D, (A)) as follows

Dq(A) = {(x, Mp,, (A) ,Np, (A) : x € X},
Mb, () = [Mar (), (Map (9° + amtar (0° )7 | Nog (4) = Naw (9, (Nau(0® + (1 = mar (98 )5 .
It can be easily shown that Ttp_(4),(x) = 0.
Theorem 3.1. For every A € GIVIFSg and a € [0,1], it holds that
i.  Dg(A) € GIVIFSg,
ii. Do(A)=0OA,
iii. D;(A) =0A4,
iv.  Dg(A) =D;y_(A),
v.  Dg(Dy(A)) = Du(A).
Proof. The proof of part (i) is straightforward.
(ii) Note that
Mog(4) = [Mar.00, (Mau(0® + 0 x g, 0% )7 |
= [Ma, (%), Mpay(®)], .
Np,(A) = [NAL(X)J (Nau()® + (1 = 0)maL(x)° )g]’

= [NaL 09, (Nay G0 + a9 )5 |
Since 14, (0)° = 1 — May()? — Nay(x)°, then Np_(A) = [NAL(X), (1 - Map(x)? )%], finally we have

Do(A) = {(x ML (9, MauGOT, [N (9, (1 = May(0® )i ix e X} = o
The proof is complete.
(iii) Note that

D1(A) = {(x Mp, (A),Np, (A)) : x € X},
Mo, (4) = [Mar 69, (May (9° + mar 09 )5 |
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= [MaL00, (1= Nay? )7,
N, (4) = |Nat, 0, (Nay(0° + (1 = Dreg, 60° )7 |
= [NaL (%), Nauy(®)],

then

D1(A) = {( [MaL(), (1 = Nag(0? )51, [Nar (9, Nau () :x € X}=0 A
The proof is complete. Proofs of (iv) and (v) are obvious.

Definition 3.2. Let A € GIVIFSgand o, € [0,1] , where 0 < a4+ <1 , we define the operator of
Fqp (A,8) (in summary, we will show as F, g (A)) as follows

Fug (A) = {(x, Mg, (A), Ng, (2)) :x € X},
Mg, (A) = [Map,(x), May(x)° + omar, (x)° )7 ], Ng,(A) = [NaL(x), (Nay (x)° + Pra, (x)° )3 ].

Theorem 3.2. For every A € GIVIFSg and o, B,y € [0,1] , where 0 < a + B < 1, it holds that

i Fup(A) € GIVIFS,
ii. 0<y<a=>Fj A)cF,gA), 0<y+p<1,
iii. 0<y<B= Fup(A)c F,(A),0<0+y<1,
iv. Dy (A) = Fy1-4 (A),
V. 0A= Fy,(Q),
Vi.  0A=F,(4),
Vil,  Fup(B) = Fpa(A)
viii. Foo (A) = A,
iX. Dy (A) € Fop (A).

Proof. (i) Follows since
ME, wu®)?+N Fg wyux)°®
= [(May(®)® + ama,(x)° )° 1P + [(Nay(x)® + BraL (x)°)°]°,
= May(x)° + amar, (x)° + Nay(x)® + Brar, (x)°,
= May(®)® + Nay(x)° + (@ + B)mar (x)°,
< May(®)? + Nag(x)® + ma, (x)° = 1.

Proofs of (ii) and (iii) are obvious.

(iv) Follows since

1

My () = [Mar 60, (MawGO° + aar G0° ) | N, , () = [Naw G0, (NG + (1 = dman (0 )7 |
then

Fy1-q (A) = {(x,Mg (A),Ng,_ (A)): x € X} = D,(A).
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(v) Since Dy(A) = Fy 1 (A) by using Theorem3.1 it follows that Fy ; (A) = oA.
(vi) Since D4 (A) = F; o (A) by using Theorem3.1 it follows that F; 5 (A) = 0A.
(vii) We have

Fpa (A) = {(x Mg, (A),Ng, () :x € X},

Mg (A) = [Ma, (9, (May GO + B, (O )51, Nr, (4) = |Nat GO, (NauGO® + amar 00° ) |,
and

Fup B) = {{x Mr, (&), Ng, (B)):x € X},

M, (8) = [Nao (6, (Nao (9° + 0t 09° )51, Neg ) = [ Mar 09, (May0° + B (9° )7 |
Finally, we have F,3(A) = Fp,(A). The proof of part (viii) is straightforward.

(ix) It follows from the fact that p < 1 — a.

Definition 3.3. Let A € GIVIFSg and o, B € [0,1] , we define the operator of J, g (A, 8) (in summary, we
will show as ], g (A)) as follows

Jup@ = { (6 My, (&), Ny, (A):x € X},
M]a,B (A) = [My, (%), (MAU (X)8 + O“TAL(X)8 )g]’ N]a_B(A) = [BNAL(X), B8 Nay ()]
Theorem 3.3. For every A € GIVIFSg and a, 3,y € [0,1], it holds that

i. Jug (A) € GIVIFSg,
ii. a<y=]Jup(A) cJyp(A),
i B<Y = Juy(A) Cap(A),

iv. 0 A= Jy, (A),
V. A= ]0,1 (A)'

Proof. (i) Follows since

1 1 8
M]a,B(A)U(X)S + N]a_B(A)U(X)s = (May ()% + ama, ()8 )8)5 + <B§ NAU(X)> ,

= (MAU (X)8 + (XT[AL(X)8 ) + BNAu(X)S,
< May()® + mar, (0% + Npp(x)® = 1.

(ii) Since a < y then it is clear that

1 1
[Mar, (%), (May (0% + amar,(x)8 )2 ] < [Myy, (%), (May (0)° + yman(x)® )3 ].
Finally we have ], g(A) < ], g(A). This completes the proof.

The proof of (iii) is similar to that of (ii). Proofs of (iv), (v) and (vi) are obvious.
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Definition 3.4. Let a € [0,1] and A € GIVIFSg , we define the operator of d, (A, 5) (in summary, we will
show as d, (A)) as follows

do(A) = {(x, Mg, (A) ,Ngq_(A)):x € X},

1 1
Mag () = [Nan (9, (NauGO® + atar 60° )7 | Nay () = [Mar (09, (Ma (9P + (1 = cmiar (0% 5 .
It can be easily shown that Ttq_(a).(x) = 0.
Theorem 3.4. For every A € GIVIFSg and a € [0,1], it holds that

i d, (A) € GIVIFSg,

i do(A) =0 A,

i, d,(A) = OA,

iv. da(z) =d;_q(A) = Dg(A),
V. da(da(A)) = D;1_o(A).

Proof. The proof of (i) is obvious.
(ii) Follows since

Mag(A) = |Naw 0, (Naw (9P + 0mear (9° )7,
= [NaL(®), Nau(®)],

Ng,(A) = |Ma (), (May(®)® + (1 — 0)maL(%)8 )5],
= :MAL(X)r (May()® + maL(x)® )3 ]

= :MAL(X)' (1 - Npy(x)°® )g]

then

do(A) = {(X, [NapL(x), Nau(¥)], [MAL(X)v (1 - Nag()® )g]> X E X} =0 A
(iii) Follows since

d1(A) = {{x,Mq, (A),Nq, (A)) : x € X], 1
Ng, (A) = [Ma,(x), May(®)® + (1 — D1a, ()% )3],
= [MaL(x), May(x)], .
Mg, (A) = [NaLGO, (Nau()® + mtar (0% )3 ],
= [NaL(), (1 - MAU(X)S )% ]1
dy (A) = {(x [NaL(0), (1 = Map(9® )31, [MaL (), May (0] :x € X} = TA.

This completes the proof.

(iv) The proof of this paper is analogous to the proof of part (vi) in Theorem 3.2. The proof of part (v) is
straightforward.
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Definition 3.5. Let A € GIVIFSgand o, € [0,1], where 0 < a+ 3 <1, we define the operator of
fo,g (A, 8) (in summary, we will show as f, g (A)) as follows

fup (A) = {(x M, (A),Ng, (A)):x € X},
Mg, (A) = [NaL(), (Nou()® + s, (0% )5 ], Ny (A) = [Map(x), May()® + BriaL (x)° )5 ],
Theorem 3.5. For every GIVIFSg € Aand a, 3,y € [0,1], where 0 < a + 3 < 1, it holds that

i fup(A) € GIVIFSg,

ii. OSYSa:)fy,B(A)Cfa,B(A): OSY+BSL
ii. 0<y<B=> frgA)cfyy(A), 0<a+y<l,
iv. fo1-« (A) :_d(x(A);

V. fO,l (A) = OA,
Vl fl,O (A) = ﬂ,

vii. fa,B(K) :ﬂg‘a(A),
Viil fo’o (A) = A,

iX. de(A) < fop (A).
Proof. (i) Follows since

Mt o wu)°® + N, g ayu)®

= [(Nau(®)® + amar, ()2 )3 1% + [(May(x)® + Brar, (0)%)?1°,
= Nau(®)® + ama, ()% + May(x)® + BriaL (),
= May ()% + Nay(x)® + (@ + B)man(x)%,
< May()® + Npy ()% + 1a, ()% = 1.
Proofs of (ii) and (iii) are obvious.

(iv) Since

Mg (A) = [Nar 09, (Na 09° + amar (99 )2 |, Np,_, () = [Mar 00, (May (09° + (1 = cmar (99 )7 |
then

fo1-a (A) = {(x,Mf, (A),Ng,__(A)) : x € X} = do(A).

(v) Since f,1 (A) = do(A)by using Theorem 3.4 it follows that £, ; (A) = JA.

(vi) Since f, o (A) = d; (A) by using Theorem 3.4 it follows that f, o (A) = DA.

(vii) Since

fpa (A) = {(x,Mry(8), N, (A)):x € X}, 1 1

Mig(A) = [Nat (0, (Nau(9° + Bau (9° )5, N, () = [Mar. (9, (May(0° + amar (9° ),

and

fup B) = {{x Mg, (A), Ny B):x € X},
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Mr, (&) = [May (9, (May (0° + amta (0 )51, Neg ) = [Ny (9, (Nay (0P + Bria (0P )3 ],
hence
fup@®) = {{x Ne (B), Mg () : x € X},
Finally, we have m = fg «(A). The proof of part (viii) is straightforward.
(ix) It follows from the factthat B < 1 — «a.

Theorem 3.6. For every A € GIVIFSg and o, 8 € [0,1], where 0 < a + 3 < 1, it holds that

i Dy (OA) = Fo g (OA) = OA,
ii.  De(0A) =Fog(0A) =04,
li.  dy(OA) =f,p(0A) =OA,
iv.  de(0A) =fz(0A) =TA

Proof. Proof of the theorem is obtained directly from the definitions.

Theorem 3.7. For every A € GIVIFSg and a4, a3, m,y € [0,1], where 0 <n + vy < 1, it holds that

i dg, (de, () =Dy, (A),

ii. Dy, (Do(2 (A)) = Dg, (A),
d, (D, (A)) = g, (A),

iv. Dotl (daz A))= da2 (A),

V. Fpy (Do, () = Do, (),

Vi Fry (de,(8)) = do, (),
vii, £ (Do) = dy—q, (B),
viii. . (e, (A)) = Dy_g, ().

Proof. Proof of the theorem is obtained directly from the definitions.

It can be easily shown that F,,(Dq(A)) =Fyy(di—a(A)), fiy(di—q(A)) = Fyy (De(A)), and
d, (D1-a, (A)) = Dy, (d, (A)):

Definition 3.6. Let A € GIVIFSg and a, B € [0,1], we define the operator of j, g (A, 8) (in summary, we
will show as j, g (A)) as follows

jap(A) = { (M, ()N, (A)):x X},

3 1 1
M;j, s (A) = [NaL (%), (Nay (0% + ama, ()8 )3 ], Nj, s (A) = [BsMay, (%), B5 May (x)].
Theorem 3.8. For every A € GIVIFSg and o, 3,y € [0,1], it holds that

i jup (A) € GIVIFS,
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. a <Y =jgg(A) CjyplA),
i By, () A
iv. 11 (A) = OA
V. jou (A) = A,

vi. jo,8 (B)=]ap (A),
vii. A cjep Q).

Proof. (i) Note that

1 1 5
Mja,B(A)U(X)S + Nja,B(A)U(X)S = (Nay ()° + ama,(x)° )3)® + <Bg MAU(X)) )

= (Nau (%)% + amyy,(x)° )+ BMau(x)?,
< Nag(®)® + ma, ()% + May(x)° = 1.

Finally, it can be concluded that j, g(A) € GIVIFSg.

(if) Since a < y then it is clear that

[Nar, (%), (Nay (%)® + amyy,(x)° )g] < [Nar (%), (Nay (x5 + yma, (0)° )g] :
Finally we have jo g(A) < j, g(A).
The proof of (iii) is similar to that of (ii). Proofs of (iv), (v), (vi) and (vii) are obvious.

Definition 3.7. Let A € GIVIFSg and a, B € [0,1], we define the operator of Hy g(A,8) (in summary, we
will show as Hy g (A)) as follows

Ha(A) = { (x My, ,(A), Ny, (A)):x € X},
My, 5 (A) = [08My, (%), a8Mpy ()], N 3 (A) = [(NaL (), (Nay()® + Bria, (x)°)3].

Theorem 3.9. For every A € GIVIFSg and a, 3,y € [0,1] it holds that

i, Hgg (A) € GIVIFS,

i a<y = HygA) C Hop(h),
iii. B <Yy=Hyy(A) cHypA),
iv. Hyo(A) = A,

V. Hi,(A) =0A
Vi. Hep (A) © A

Proof. (i) Follows since
8

MHa_B(A)U(X)S + NHa_B(A)U(X)S = (0‘% Mau(®) ) + (Nay (0 + Briar ()5 )8)3,

= aMuy(x)® + (NAU (x)® + BriaL(x)° ),
< May()®+Nau(x)® + ma (%)% = 1.

Proofs of (ii), (iii), (iv), (v) and (vi) are obvious.
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Definition 3.8. Let A € GIVIFSg and a, B € [0,1], we define the operator of hy g(A,8) (in summary, we
will show as h, g (A)) as follows

hes(8) = { (% Mp, ;(A), Ny, (A)):x € X},
My, (A) = [@8Nay, (), @8Ny (9], Ny 5 (A) = [(Mar, (), Mag()® + Brear, (0851,

Theorem 3.10. For every A € GIVIFSg and a, 8,y € [0,1], it holds that

i hgg(A) € GIVIFS,

ii. a <y=hyg(A) € hep(A),
li. B <y=h,(~A) chyd),
\ heg (A) = Heg (A),

V. hy o (A) = A
Vi. h; 1 (A) =0 A,

Vil. hep (A) c A

Proof. (i) Follows since
8

Mg gy (0)® + Ni gayu()° = (0‘% NAU(X)> + (May (0° + BraL()° )3)8,

= aNay(®)® + (May (x)° + Bria, (0)° ),
< Nay(R)P+May(x)® + 1o (%) = 1.

Proofs of (ii), (iii), (iv), (v), (vi) and (vii) are obvious.
Theorem 3.11. For every A € GIVIFSg and a, 8,y € [0,1], it holds that

. HO(,B (D(x(A)) c Da(A) c ]a,B (Da(A));
ii.  H(da(A)) € da(A) € Jep (da(d)),
il h(dy(A)) € D;1_o(A) Cjag (da(A)),
iv.  h(Dg(A)) € di_q(A) Cjup (De(A)).

Proof. Proof of the theorem is obtained directly from the definitions.
Theorem 3.12. For every A € GIVIFSg and a, 3, € [0,1], where 0 < a+ B <1, 8; < §,, it holds that

I, Da (A, 8;) ©g Dy (A, 81) and Dy (A, 81) ¢y Dg(A, 85),
. Fop (A 8;) Cq Fop (A1) and Fopg (A,81) ¢ Fyg (A 67),
ii. Jag (A, 82) © Jog (A 6y),
V. dy(A8,) Cy dy(A,8;) and dy(A,8;) o dy (A, 5y),
V.  fug(A8;) cq fug (A 81)and fyg (A 81) 4 fop (A 82),
Vi. o (A 82) C jop (A Sy),
Vi, Hep (A8 © Hyp (A 5),
Vi, hep (A,81) C heg (A,8,).

1 1
Proof. It follows from the fact that g, (8) = (a5 + ab® )<’S is decreasing and g, (8) = as is increasing.

Corollary 3.1. For every A € GIVIFSg, where My (x)8 + Ny () = 1, it holds it
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i DL(A) =Fop (&) =4
i, dg(A) = fop (A) = A

Corollary 3.2. For every A € GIVIFSg and a, B; € [0,1] ,wherea, <o, B, <B,and 0 <a; +B; <1
,i=1,2, it holds that

i Dy, (A) < Dy, (A),
i, dg, (A) € dg,(A),
iii.  Fo g (A) CFqp, (A),
V. Jayp, (B) € Jayp, (A),
Vo ey, () C g, @),
Vi fup (A) C g, (A),
Vii.  Hg,p, (A) C Hy, g, (A),
Vi, he,p, (A) C h g, (A).

Corollary 3.3. For every A € GIVIFSg and o, 3 € [0,1], it holds that

i da(8) © fup (A) C g (A),
iL. Da(A) c Fa,B (A) c ]oc,B (A):
i Hop (A) C Jag (),
iv. he g (A) € jgp (A).

Remark 3.1. According to definition, the operators of D, (A)and F g (A)increases the membership and
non-membership degreeA, the operators of d,(A)and f, g (A) increases the membership and non-
membership degree A, the operators of h, g(A) reduces the membership degree A and increases non-
membership degree A, the operators of H, g(A) reduces the membership degree A and increases non-
membership degree A, the operators of j, g(A) increases the membership degree A and reduces non-
membership degree A, the operators of ], g(A) increases the membership degree A and reduces non-
membership degree A.

Example 3.1. Let A = {(x,,[0.2,0.3],[0.1,0.2]) }, § = 0.5, then

DA = {(x4,[0.2,0.3],[0.1,0.204555])},

0 A = {(x4,0.2,0.305573],0.10.2])},

AL (x1)%% = 0.005064,

Fop (A) = {(x1,[0.2,(¥0.3 4+ 0.005064a)?],[0.1, (/0.2 + 0.0050648 )2 )},
fop (A) = {(x,,[0.1, (/0.2 + 0.005064a)?],[0.2, (0.3 + 0.005064B )2 |)},
Jag(A) = {(x1,[0.2,(v/0.3 + 0.005064a )2 ],[0.1B2,0.282])},

jap(A) = {(x1,[0.1, (/0.2 + 0.005064a )? |, [0.2p%, 0.38])},

Hep(A) = {(x1,[0.20%,0.30],[0.1, (/0.2 + 0.0050648 )2 ])},

heg(A) = {(x4,[0.1a2,0.2a%],[0.2, (v/0.3 + 0.005064p )? ])}.

Example 3.2. Let A = {(x,,[0.2,0.3],[0.1,0.2]) }, 8 = 0.5, then operators due to Baloui Jamkhaneh [41]
are as follows

Ta(x;) = [0.0050642,0.2365592], A, = 1.3032254.
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Fop () = {(x,, [(V02 + 0236559 )", (O3 + 0.005064a )21, [(VOI + 0.2365598 )", (V02 +
0.005064p)2])}, 0 < o < 04341737, 0 < f < 0.5658262.

fup ) = {(x,, [(VOI +0.236559a )", (V02 +0.005064a ) |, [(v02 + 0.2365598 )", (vO3 +
0.0050648 ) ]}, 0<a<05658262,0 < B < 04341737.

Jap(A) = { (x0, [(VO.Z + 0.236559a )°, (V03 + 0.005064a )2, [0.182,0.2B2]) : x € x},
0<a<04341737,0< B < 1.

g (A) = {(xl, [(x/ﬁ +0.236559a ), (V0.2 + 0.005064a )’ ] ,[0.282, 0.3[32]>},
0<oa<0.5658262,0<p <1.

Hep(A) = {(x1 ,[0.202,0.302], [(VOI + 0.236559a ), (VOZ + 0.005064a)° ])},
0<a<1,0<B <0.5658262.

hep(A) = { (x1,[0.1a%,0.2a2], [(VO.2 + 0236559 )’ (03 + 0.0050640 )2, (0.36 + 0.55p )§]>},
0<a<1,0<p<0.4341737.

Remark 3.2. According to definitions and examples, only the upper bound increases for any new operator
that increases the degrees. Correspondingly, the upper and lower bound increases for any operator that
increases the degrees in the operators of Baloui Jamkhaneh [41]. From these comparison results, it can be
seen that the proposed operators have more general parameters.

4. CONCLUSIONS

We have introduced modified modal types of operators over Baloui’s generalized interval valued
intuitionistic fuzzy sets and their relationships are proved. We show that these operators are GIVIFSg. Some
proven relationships between operators are shown in Table 1. For example, cell (1,1) shows that
dg, (D, (A)) = di_g, (A). An open problem is: definition of level operators, negation operators and other
operators over GIVIFSg and the study of their properties.

Table 1. Relation between operators

Dy, (A) | dg, (A) DA [0A
dy, | di-,(®) |Dio,(A) |OA | OA
Du, |Do,(A) | dg,(A) DA | 0A
Fry | De,(A) | da, (A) oA [0
foy |G- |Dig(A) |OA | OA

Table 2. Special cases of operators

Dy(A) | Fap(A) | da(A) | fop(A)
a=0,=1 |oA DA 0A 0A
a=1,B3=0 | 0A 0A oA oA
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