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Some results on free Euclidean self-dual codes over 𝔽𝟐 + 𝝊𝔽𝟐 

 

Refia Aksoy 1, Fatma Çalışkan *2 

 

Abstract 

In this paper, free Euclidean self-dual codes over the ring 𝔽 + 𝜐𝔽  with 𝜐 = 𝜐 of order 4 are 
considered. A necessary and sufficient condition for the form of the generator matrix of a free 
Euclidean self-dual code is given. By using the distance preserving Gray map from 𝔽 + 𝜐𝔽  
to 𝔽 × 𝔽 , the generator matrix of the binary code which corresponds the code over the ring 
𝔽 + 𝜐𝔽  is obtained. The codes of lengths up to 100 over the ring 𝔽 + 𝜐𝔽  are found. 

Keywords: Euclidean self-dual codes, codes over rings, Chinese remainder theorem 

 

 

1. INTRODUCTION 

Let 𝐴 be a finite set that is called the alphabet. A 
code over 𝐴 is a subset of 𝐴  (𝑛 ∈ ℕ). If 𝐴 is a 
field of two elements, then we say that the code is 
a binary code. Binary codes are used for the 
computer applications and the digital 
communications. An electronic information is 
transmitted through channels as a sequences of 
zeros and ones. Hence in theory, the binary field 
has been used as an alphabet. However, 
mathematicians generalized the alphabet from the 
binary field to finite fields. Moreover, researchers 
have studied about codes over finite rings. Codes 
over finite rings correspond to binary codes via a 
Gray map. 

Linear codes are an important subclass of codes, 
which are linear subspaces of 𝐴  if 𝐴 is a field and 
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linear submodules of 𝐴  if 𝐴 is a ring. If 𝐶 = 𝐶 , 
then the linear code 𝐶 is self-dual. There exist 
important properties of self-dual codes, because 
many of the good codes are self-dual such as 
extended Golay code and they have a powerful 
algebraic structure. There are a large number of 
studies about self-dual codes over different finite 
rings ([5], [7], [12], [16]). 

A code has important parameters such as length, 
dimension and minimum distance. These 
parameters help us to measure code efficiency and 
error-correcting capability. The main problem of 
algebraic coding theory is to find one of these 
parameters for given values of the other two 
([13]). Researchers have investigated bounds 
which are limits on the parameters of a code ([4], 
[6], [10]).  There are plenty of researches related 
to obtaining both the minimum distance of a linear 
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code and the linear codes that attain the bounds 
([15], [17]). 

Constructing new self-dual codes and classifying 
self-dual codes have been an interesting research 
subject. Researchers have used different 
techniques to construct self-dual codes ([9], [11], 
[14]). In the present paper, we deal with self-dual 
codes over the ring 𝔽 + 𝜐𝔽  with 𝜐 = 𝜐 of order 
4. We use several known construction methods to 
establish free Euclidean self-dual codes. We then 
obtain self-dual codes over the ring 𝔽 + 𝜐𝔽  
with the highest minimum weights of lengths up 
to 100. 

The rest of the paper is organized as follows. In 
Section 2, we give some properties of codes over 
the ring 𝔽 + 𝜐𝔽 . In Section 3, we study free 
Euclidean self-dual codes over the ring 𝔽 + 𝜐𝔽  
using the Chinese remainder theorem. In Section 
4, we find the highest possible minimum weights 
using the construction methods given in [14]. 

2. PRELIMINARIES 

Let 𝑅 be the ring 𝔽 + 𝜐𝔽 . A linear code 𝐶 over 
𝑅 of length 𝑛 is defined to be an 𝑅-submodule of 
𝑅 . An element of 𝐶 is called a codeword of 𝐶. 
For codes over 𝑅, three different weights are 
considered. These are the Hamming, Lee and 
Bachoc weights, which are defined in [1] and [7], 
given in Table 1.  

Table 1. The weights of the elements of 𝑅 

The 
elements 

Hamming 
Weights 

Lee 
Weights 

Bachoc 
Weights 

𝟎 0 0 0 
𝟏 1 2 1 
𝝊 1 1 2 

𝟏 + 𝝊 1 1 2 

The minimum Hamming, Lee and Bachoc 
distances, denoted by 𝑑 , 𝑑  and 𝑑 , of 𝐶 are the 
smallest Hamming, Lee and Bachoc weights 
among all non-zero codewords of 𝐶, respectively. 

The ring 𝑅 has two maximal ideals 𝐼 = 〈𝜐〉 and 
𝐼 = 〈1 + 𝜐〉. Therefore the Gray map Φ ∶ 𝑅 →
𝑅 𝐼 × 𝑅 𝐼⁄⁄  is a ring isomorphism via the 
Chinese remainder theorem, where Φ(𝑎 + 𝜐𝑏) =

(𝑎, 𝑎 + 𝑏). Also, Φ ∶ 𝑅 → 𝑅 𝐼⁄  is a canonical 
homomorphism and 𝑅 𝐼⁄ ≅ 𝔽  for 𝑖 = 1,2. The 
Gray map is extended to 𝑅  such that 

𝜙: 𝑅 → 𝔽 × 𝔽

𝐱 ⟼ 𝜙(𝐱) = (𝐫, 𝐫 + 𝐪) ,
 

where 𝐱 = 𝐫 + 𝜐𝐪 and  𝐫, 𝐪 ∈ 𝔽 . The map 𝜙 is a 
weight-preserving map from 𝑅  (Lee weight) to 
𝔽  (Hamming weight), which is, 𝑤 (𝐱) =
𝑤 (𝜙(𝐱)) for 𝐱 ∈ 𝑅 . The map 𝜙 is 𝔽 -linear and 
every element 𝐱 of 𝑅  can be written uniquely as 
𝐱 = 𝐫 + 𝜐𝐪 for  𝐫, 𝐪 ∈ 𝔽 . Let 𝐶 = 𝜙 (𝐶 , 𝐶 ) 
be a code over 𝑅. In this case, we denote 𝐶 as 
𝐶𝑅𝑇(𝐶 , 𝐶 ), where 𝐶  and 𝐶  are uniquely 
determined for each 𝐶. 

The Euclidean inner product on 𝑅  is given by 
(𝐱, 𝐲) = ∑ 𝑥 𝑦  and the Hermitian inner 
product on 𝑅  is 〈𝐱, 𝐲〉 = ∑ 𝑥 𝑦  where 𝐱, 𝐲 ∈
𝑅 , with 𝐱 = (𝑥 , 𝑥 , … , 𝑥 ) and 𝐲 =

(𝑦 , 𝑦 , … , 𝑦 ), and  0 = 0, 1 = 1, 𝜐 = 1 + 𝜐, 
1 + 𝜐 = 𝜐. 

The Euclidean dual of an [𝑛, 𝑘]-code 𝐶 is the 
[𝑛, 𝑛 − 𝑘]-code 

𝐶 = {𝐱 ∈ 𝑅 |(𝐱, 𝐜) = 0 for all 𝐜 ∈ 𝐶} 

and the Hermitian dual is the code 

𝐶∗ = {𝐱 ∈ 𝑅 |〈𝐱, 𝐜〉 = 0 for all 𝐜 ∈ 𝐶}. 

𝐶 is Euclidean self-orthogonal if 𝐶 ⊆ 𝐶  and 
Hermitian self-orthogonal if 𝐶 ⊆ 𝐶∗. 𝐶 is 
Euclidean self-dual if 𝐶 = 𝐶  and Hermitian self-
dual 𝐶 = 𝐶∗. 

Two codes are equivalent if one can be obtained 
from the other by permuting the coordinates. A 
code 𝐶 is called isodual if it is equivalent to its 
dual. A code 𝐶 is called formally self-dual if 𝐶 and 
the dual code of 𝐶 have the same weight 
enumerators. Both self-dual codes and isodual 
codes are formally self-dual codes. 

A Euclidean self-dual code is Type IV if the 
Hamming weights of all codewords are even. A 
Euclidean self-dual code is called Type I if it has 
at least one codeword of odd weight. 
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Proposition 2.1. ([8]) A code 𝐶 = 𝐶𝑅𝑇(𝐶 , 𝐶 ) is 
Euclidean self-dual if and only if 𝐶  and 𝐶  are 
both binary self-dual codes. 

Remark 2.2. Binary self-dual codes of length 𝑛 
exist if and only if 𝑛 is even. Moreover, binary 
self-dual codes have even weights.  

Corollary 2.3. ([7]) A Euclidean self-dual code 
of length 𝑛 exists if and only if 𝑛 is even. 

Proposition 2.4. ([7]) A code 𝐶 = 𝐶𝑅𝑇(𝐶 , 𝐶 ) is 
Euclidean Type IV self-dual if and only if 
𝐶 = 𝐶 . 

Proposition 2.5. ([2]) Let 𝑑  and 𝑑  be the 
minimum Hamming distance and the minimum 
Lee distance of a code 𝐶 = 𝐶𝑅𝑇(𝐶 , 𝐶 ), 
respectively. Then 

𝑑 (𝐶) = 𝑑 (𝐶) = 𝑚𝑖𝑛{𝑑(𝐶 ), 𝑑(𝐶 )}, 

where 𝑑(𝐶 ) and 𝑑(𝐶 ) denote the minimum 
distances of the binary codes 𝐶  and 𝐶 , 
respectively. 

3. FREE EUCLIDEAN SELF-DUAL CODES 

In our study, we consider free Euclidean self-dual 
codes over 𝑅. In this section, we present a general 
information about the structure of the generator 
matrix of a free Euclidean self-dual code over 𝑅 
and then we give a necessary and sufficient 
condition for the form of the generator matrix of 
a free Euclidean self-dual code. 

The generator matrix 𝐺 of a code 𝐶 is a matrix 
whose rows generate 𝐶. We say that a code that is 
generated as a free 𝑅-module is called a free code 
over 𝑅. The row operations and the properties of 
𝑅 imply that any free code over 𝑅 can be brought 
to an equivalent form which is generated by the 
rows of the matrix [𝐼 , 𝐴 + 𝜐𝐵], where 𝐴 and 𝐵 
are 𝑘 × 𝑘 binary matrices and 𝐼  is the 𝑘 × 𝑘 
identity matrix. 

In general, a non-zero linear code 𝐶 over 𝑅 is 
permutation equivalent to a code with generator 
matrix of the form 

𝐺 =
𝐼

0
0

𝐴 𝐵 𝐷 + 𝜐𝐷
𝜐𝐼 0 𝜐𝐶

0 (1 + 𝜐)𝐼 (1 + 𝜐)𝐸
, 

where 𝐴 , 𝐵 , 𝐶 , 𝐷 , 𝐷  and 𝐸  are binary 
matrices and |𝐶| = 4 2 2  [18].  

Proposition 3.1. Let 𝐶 be the free code given by 
𝐶𝑅𝑇(𝐶 , 𝐶 ). If 𝐺 = [𝐼 , 𝐴 + 𝜐𝐵] generates 𝐶, 
then the corresponding binary codes 𝐶  and 𝐶  
have generator matrices 𝐺 = [𝐼 , 𝐴] and 𝐺 =
[𝐼 , 𝐴 + 𝐵], respectively, and vice versa. 

Proof: From Corollary 3.2 in [18], we obtain that 
the Gray image of 𝐶 is generated by 

𝐺 =  
𝜙 (𝐺)

𝜙 (𝜐𝐺)
=

𝐼 𝐴
0 0

0 0
𝐼 𝐴 + 𝐵

 . 

Theorem 3.2. The matrix 𝐺 = [𝐼 , 𝐴 + 𝜐𝐵] 
generates a Euclidean self-dual code over 𝑅 of 
length 2𝑘 if and only if 𝐴 is an orthogonal matrix 
and 𝐴𝐵 + 𝐵𝐴 + 𝐵𝐵 = 0, where 𝐴 and 𝐵 are 
𝑘 × 𝑘 binary matrices. 

Proof: Let 𝐺 be the generator matrix of a 
Euclidean self-dual code. Then  

𝐺 ⋅ 𝐺 = 0. 

Since 

𝐺 ⋅ 𝐺 =  [𝐼 , 𝐴 + 𝜐𝐵] ⋅
𝐼

𝐴 + 𝜐𝐵
, 

we find 

(𝐼 + 𝐴𝐴 ) + 𝜐(𝐴𝐵 + 𝐵𝐴 + 𝐵𝐵 ) = 0. 

Hence  

𝐴𝐴 = 𝐼  

and  

𝐴𝐵 + 𝐵𝐴 + 𝐵𝐵 = 0. 

Conversely, assume that 𝐴𝐴 = 𝐼  and 𝐴𝐵 +
𝐵𝐴 + 𝐵𝐵 = 0. Then 𝐺 ⋅ 𝐺 = 0 which implies 
𝐺 generates a Euclidean self-dual code. 
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Remark 3.3. Let 𝐶 be a free Euclidean self-dual 
code with the generator matrix 𝐺 = [𝐼 , 𝐴 + 𝜐𝐵], 
where 𝐴 and 𝐵 are 𝑘 × 𝑘 binary matrices. 
According to Theorem 3.2, 𝐵 cannot be equal to 
𝐴. Otherwise we would obtain 𝐼 = 0 which is a 
contradiction.  

Corollary 3.4. A Euclidean self-dual code which 
is generated by the matrix 𝐺 = [𝐼 , 𝐴 + 𝜐𝐵] is of 
Type IV if and only if the matrix 𝐵 is a zero 
matrix. 

4. THE CONSTRUCTION METHODS 

In this section, we state three construction 
methods given in the following. By using these 
construction methods, we obtain Euclidean self-
dual codes satisfying the conditions given in 
Theorem 3.2. All the computations were done 
with MAGMA Package [3]. 

Theorem 4.1. ([14]) Let A be a binary matrix and 
let 𝐼  be the 𝑘 × 𝑘 identity matrix, then the 
following assertions hold: 

a) A code with a double-circulant 
construction, i.e., a code with generating 
matrix [𝐼 , 𝐴], where 𝐴 is a circulant 
matrix, is isodual. 

b) A code with a bordered double-circulant 
construction, i.e., a code with generating 
matrix 

𝐺 =  𝐼  

𝛼
𝛾
⋮
𝛾

𝛽 ⋯ 𝛽
 
𝐴
 

, 

where 𝐴 is a (𝑘 − 1) × (𝑘 − 1) circulant 
matrix, is isodual provided that 𝛽 = 𝛾 = 0 
or both 𝛽 and 𝛾 are non-zero. 

c) A code with a symmetric construction, 
i.e., a code with generating matrix [𝐼 , 𝐴], 
where 𝐴 is a symmetric matrix, is isodual. 

4.1. The Double-Circulant Construction 

Let 𝐴 be a 𝑘 × 𝑘 orthogonal circulant matrix. The 
code 𝐶  whose generator matrix is of the form 

[𝐼 , 𝐴] is a [2𝑘, 𝑘, 𝑑 ]-code. Since 𝐶  is binary 
self-dual, we find the matrix 𝐵 which satisfies the 
condition given in Theorem 3.2. The code 𝐶  
whose generator matrix is of the form [𝐼 , 𝐴 + 𝐵] 
is a [2𝑘, 𝑘, 𝑑 ]-code. Since 𝐶  is binary self-dual, 
we obtain the code 𝐶 over the ring 𝑅, where 𝐶 is 
a [2𝑘, 𝑘, 𝑚𝑖𝑛{𝑑 , 𝑑 }]-code. The minimum 
weights of the Euclidean self-dual codes that are 
obtained by using this construction method are 
given in Table 2. 

In Table 2, 𝑑 (𝑛) is the highest minimum 
weight of a binary linear code of length 𝑛 and of 
dimension 𝑛 2⁄ , 𝑑 (𝑛) is the minimum weight 
of a Euclidean self-dual code of length 𝑛 obtained 
by applying the double-circulant construction. 

Table 2. The Euclidean self-dual codes obtained by 
using the double-circulant construction 

length 𝒏 𝒅𝒎𝒂𝒙(𝒏) 𝒅𝑫𝑪(𝒏) length 𝒏 𝒅𝒎𝒂𝒙(𝒏) 𝒅𝑫𝑪(𝒏) 

2 2 2 52 10-12 10 
4 2 2 54 11-13 10 
6 3 2 56 12-14 8 
8 4 4 58 12-14 10 
10 4 2 60 12-14 12 
12 4 4 62 12-15 10 
14 4 2 64 12-16 12 
16 5 4 66 12-16 12 
18 6 4 68 13-16 12 
20 6 4 70 14-16 10 
22 7 6 72 15-17 12 
24 8 8 74 14-18 12 
26 7 6 76 14-18 12 
28 8 4 78 15-18 12 
30 8 6 80 16-19 16 
32 8 8 82 14-20 14 
34 8 6 84 15-20 12 
36 8 6 86 16-20 14 
38 8-9 8 88 17-20 16 
40 9-10 8 90 18-21 14 
42 10 6 92 16-22 14 
44 10 8 94 16-22 14 
46 11 10 96 16-22 16 
48 12 12 98 17-22 14 
50 10-12 10 100 18-23 14 

4.2. The Bordered Double-Circulant 
Construction 

While applying this construction, when 𝑘 is even, 
we take 𝛽 = 𝛾 = 1 and 𝛼 = 0. In this case, we 
may obtain codes whose minimum distance is 
greater than 2. When 𝑘 is odd, we take 𝛽 = 𝛾 = 0 
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and 𝛼 = 1. Since the first row of the matrix 𝐺 has 
the minimum weight, this row determines the 
minimum distance of the code, which is 2. 
Otherwise, the generator matrix cannot generate a 
self-dual code. The minimum weights of the 
Euclidean self-dual codes that are obtained by 
using this construction method can be seen in 
Table 3. 

In Table 3, 𝑑 (𝑛) is the minimum weight of a 
Euclidean self-dual code of length 𝑛 obtained by 
applying the bordered double-circulant 
construction. 

Table 3. The Euclidean self-dual codes obtained by 
using the bordered double-circulant construction 

length 𝒏 𝒅𝒎𝒂𝒙(𝒏) 𝒅𝑩𝑫𝑪(𝒏) length 𝒏 𝒅𝒎𝒂𝒙(𝒏) 𝒅𝑩𝑫𝑪(𝒏) 

4 2 2 56 12-14 12 
8 4 4 60 12-14 12 
12 4 4 64 12-16 12 
16 5 4 68 13-16 12 
20 6 4 72 15-17 12 
24 8 8 76 14-18 12 
28 8 6 80 16-19 12 
32 8 8 84 15-20 12 
36 8 8 88 17-20 16 
40 9-10 8 92 16-22 14 
44 10 8 96 16-22 16 
48 12 12 100 18-23 16 
52 10-12 10    

4.3. The Symmetric Construction 

In this construction, we find all orthogonal 
symmetric 𝑘 × 𝑘 matrices for 𝑘 ≤ 8. When 𝑘 ≥
9, the search field is too big for obtaining all 
orthogonal symmetric 𝑘 × 𝑘 matrices. We use 
random orthogonal symmetric 9 × 9 matrices to 
obtain a Euclidean self-dual code of length 18. 
Since investigating a matrix which is both 
orthogonal and symmetric is a restrictive 
criterion, we do our search up to length 18. 

The minimum weights of the Euclidean self-dual 
codes that are obtained by using this construction 
method are given in Table 4. In this table, 𝑑 (𝑛) 
is the minimum weight of a Euclidean self-dual 
code of length 𝑛 obtained by applying the 
symmetric construction. 

 

Table 4. The Euclidean self-dual codes obtained by 
using the symmetric construction 

length 𝒏 𝒅𝒎𝒂𝒙(𝒏) 𝒅𝑩𝑫𝑪(𝒏) 
2 2 2 
4 2 2 
6 3 2 
8 4 4 
10 4 2 
12 4 4 
14 4 4 
16 5 4 
18 6 4 

5. CONCLUSION 

Our aim in this work was to apply construction 
methods mentioned above for obtaining 
Euclidean self-dual codes over the ring 𝔽 + 𝜐𝔽 . 
Comparing our results with 𝑑 (𝑛), we see that 
our results are slightly close to 𝑑 (𝑛) when we 
use the double-circulant construction. Our results 
are mostly close to 𝑑 (𝑛) except when 𝑛 ≡
2(𝑚𝑜𝑑 4) in the bordered double-circulant 
construction. The limited results obtained in the 
symmetric construction are coincide with the 
results obtained in the double-circulant 
construction except when 𝑛 = 14. 
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