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Abstract

In this paper, we investigate a generalization of modified Pell sequence, which is called (s, t)-modified Pell
sequence. By considering this sequence, we define the matrix sequence whose elements are (s, t)-modified Pell
numbers. Furthermore, we obtain Binet formulas, the generating functions and some sums formulas of these
sequences. Finally, we give some relationships between (s, t)-Pell and (s, t)-modified Pell matrix sequences.

Keywords: Modified Pell sequence, (s, t)-modified Pell sequence, (s, t)-modified Pell matrix sequence.

(s, t)-Modified Pell Dizisi ve Matris Gosterimi
Oz
Bu ¢alismada, (s, t)-modified Pell dizisi olarak adlandirilan modified Pell dizisinin bir genellemesini arastirdik.

Bu diziyi dikkate alarak elemanlar1 (s,t)-modified Pell sayilari olan matris dizisini tanimladik. Ayrica, bu
dizilerin tireteg fonksiyonlarini, Binet formiillerini ve bazi toplam formiillerini elde ettik. Son olarak, (s, t)-Pell

ve (s, t)-modified Pell matris dizileri arasinda bazi iligkiler verdik.

Anahtar Kelimeler: Modified Pell dizisi, (s, t)-modified Pell dizisi, (s, t)-modified Pell matris dizisi.

1. Introduction

Recently, there are many recursive sequences
that have been discussed in the literatures. The
well-known examples of these sequences are
Fibonacci, Lucas, Pell, Pell-Lucas and
modified Pell. For n > 2, the classical Pell
{P,}, Pell-Lucas {Q,} and modified Pell {q,}
sequences are defined by B, = 2P,,_; + Pp,_5,
Qn=2Qn-1+0Qn and g, =2qp1+
qn_», With initial terms P, =0,P; = 1,Q, =
Q, =2 and g, = q; = 1, respectively. For
more particular information about Fibonacci,
Lucas, Pell, Pell-Lucas and modified Pell

*Corresponding Author: nusret5301@gmail.com

sequences can be found in references of
(Benjamin et al., 2008), (Bicnell, 1975),
(Horadam and Filipponi, 1995), (Koshy,
2001), (Stakhov and Rozin, 2006).

Moreover, Fibonacci, Lucas, Pell and Pell-
Lucas were generalized by many authors. We
refer the reader to (Civciv and Tirkmen,
2008a and b), (Giile¢ and Tagkara, 2012). For
example, Giilec and Tagkara (2012)
introduced (s, t)-Pell and (s, t)-Pell-Lucas
sequences as follow.

Definition 1.1. For any real numbers s, t and
n>2lets?+t>0,s>0andt#0. Then
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the (s, t)-Pell sequence {B,(s, t)},eny and the
(s, t)-Pell-Lucas sequence {Q,,(s,t)}nen are
defined respectively by

P,(s,t) = 2sP,_,(s,t) + tP,_,(s,t),

Qn(si t) = ZSQn—l(si t) + th—Z (S, t);

with initial conditions P,(s,t) = 0,

Pi(s,t) =1 and Qy(s,t) = 2,0Q,(s,t) = 2s.
(see [Glile¢ and Taskara, 2012, Definition 1])
On the other hand, they introduced the matrix
sequences which have elements of (s, t)-Pell
and (s, t)-Pell-Lucas sequences.

Definition 1.2. For any real numbers s, t and
n=2lets?+t>0,s>0andt 0. Then
the (s, t)-Pell matrix sequence
{MP,(s,t)},ey and the (s,t)-Pell-Lucas
matrix sequence {MQ,, (s, t)},en are defined
respectively by

MP,(s,t) = 2sMP,_,(s,t) + tMP,_,(s,t),
MQn(S! t) = ZSMQn—l(Sﬁ t) + tMQn—Z(Si t)

with initial conditions

MPy(s,t) = ((1) (1)),MP1(S, t) = (Zts (1))

and

Mo =3 %),

2t
4s? + 2t 2
MQi(s,0) = (M £ 5079,

(see [Glilec and Taskara, 2012, Definition 4])

Moreover, Pell-Circulant sequences were
studied by many authors. We refer the reader
to (Deveci, 2016), (Deveci and Shannon,
2017).

In this study, we define and study the (s, t)-
modified Pell sequence. Then, by using this
sequence, we also define (s, t)-modified Pell
matrix sequence. We give generating
functions, Binet formulas and sum formulas
of them. In the last of the study, we investigate
the relationships between (s,t)-Pell and
(s, t)-modified Pell matrix sequences.

2. The (s, t)-Modified Pell Sequence
Firstly, we give the fundamental definition
and properties for this sequence.

Definition 2.1. For any real numbers s, t and
n=>2lets?+t>0,s>0andt#0. Then
the (s, t)-modified Pell sequence
{qn (s, t) }nen is defined recursively by

Qn(sr t) = qun—l(sl t) + th—Z(S» t) (1)
with initial values g, (s,t) = 1,q,(s,t) = s.

Theorem 2.1. The generating function for
qn(s, t) is

1—sx

M) =————
(x) 1— 2sx — tx?

Proof. The generating function M(x) has the
form

M(x) = Z Gn(s,)x™ = qo(s,t) + q;(s,t)x + g, (s, )x% + -+ + g, (s, )x™ + -+

n=0

Since the characteristic equation of (1)

x? —2sx —t = 0, we get

(1 —=2sx —tx?)M(x) = (1 — 2sx — tx?)[qo(s, t) + q,(s,)x + q,(s, £)x? + -+
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(s, DX + -

= qO(si t) + [q1(5» t) -

By Definition 2.1, we have

]

25q, (s, t)]x.

(1 —2sx —tx?)M(x) = 1 — sx.

Thus, we get

which is the desired result. =

Theorem 2.2. The nth term of the (s,t)-
modified Pell sequence is given by

a™ + ,8”)

qn(S,t)ZS( a+p

where o, and f are the roots of the equation
x?—2sx—t=0.

Proof. The solution of Eqg. (1) is given by
qn(s,t) = ca™ +dp" (2

for some coefficients ¢ and d.

qu(s 0 =

Proof. From the recurrence relation of
q;(s, t), we have

1 t
Cli—1(S, t) = ECIL'(SJ t) - ZCIL'—Z (S, t) (3)

Applying Eqg. (3), we deduce that

q1(s,t) = iqz(s )——qO(s t)

[Qn+1(s t) + tqn(s,t) —

1—sx
1—2sx — tx?

Then, by using the initial values g,(s,t) =1
and g, (s, t) = s, we can write

c=d = E
Therefore, by using ¢ and d in Eq. (2), we
obtain
a + "
|

Theorem 2.3. For 2s + t # 1, the sum of the
first n terms of q,, (s, t) is

s —t].

1 t
q2(s,t) = Z%(S; t) — qu(s; t)
1
q3(s,t) —_Q4(5 t) —_qZ(S t)
1
qn(s t) qn+1( )__qn 1(5 t)
Then, we get
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n+1

n 1 ¢ n-1
D4 =5 a5 ) s,
=1 =2 =0

After necessary calculations, we obtain

n
1
Zl qi(s,t) = 57 lans1(s,0) + tq(s, ) — s — t].
i=

We now give the relationship between the qn(s,t) = sB,(s,t) + tP,_1(s, t).
(s, t)-modified Pell and (s, t)-Pell sequences

is given by the following theorem. Proof. By using the Binet formula of the

(s, t)-modified Pell sequence, we get
Theorem 2.4. For n > 0, we have

n_gn n-1 _ pn-1
SPh(s,t) + tPy_q(s,t) = s(aa — b ) + t<%>

B a—p
_s@@® - g™ — (Ba™ — ap™)
= o
_a'(s=p)+p"(a—s)
= oy :
Sincea + B =2sanda — B = 2V/s2 +t,we Inthe rest of paper, we denoted by g, instead
obtain of q,,(s, t) the (s, t)-modified Pell sequence.
a + " 3. The (s, t)-Modified Pell Matrix
sB,(s,t) + tP,_1(s,t) = s( ey ) Sequence
Definition 3.1. For any real numbers s, t and
= qn(s, ©). n>2lets?+t>0,s>0andt#0.Then

the (s,t)-modified Pell matrix sequence

The proof is completed. = {Mq,, (s, t)}en is defined recursively by

Mqy(s,t) = 2sM@n_1(s,t) + tMqn_,(s, t)

N Gnsi 4
with initial terms Mq,,(s,t) = (tré; tqnn_l)'
_ (s 1
Mqo(s,t) = (t —s)’ Proof. We use the principle of mathematical
, induction on n. Since
2
Ma(s,0) = (25 FF %),

(92 q1\ _ (2s*+t s
Theorem 3.1. For positive integer n, we have
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the statement is true for n = 1.

Assume that it is true for n = k, that is,

_ (Dre+1 Ak

Then, we show that the formula holds for k +
1. Indeed,

MCIk+1(S! t) = ZSqu(S’ t) + tMCIk—l(S' t)

zzs(qk+1 Ak )+t( Ak

qk-1 )
tqx  tqg-1 tqr—1

tqk—2

1
NG = 1—2sx — tx? [(i

Proof. Let N(x) be the generating function of
the (s,t)-modified Pell matrix sequence.
Then we write

_ 25Qi41 T Eqy

_ ( 25qy + tq—q )
2stqy + t3qr_y

2stqy—_1 + t*qr—

_ (Qk+2

_ (tqur1 qk+1).

UG

Thus the formula works for k + 1. Hence, the
proof is completed. m

In the rest of paper, we denoted by Mgq,
instead of Mq,(s,t) the (s,t)-modified Pell
matrix sequence.

Theorem 3.2. The generating function of the
(s, t)-modified Pell sequence is

—15) + x (—l;t Zs;i— t)]

N(x) = Z Mg, = Mqy + Mq,x + Mq,x* + -+ M@ x" + -+,

n=0

25xN(x) = 2sMqox + 2sMq x? + 2sMq,x3 + -+ + 2sMq,_1x™ + -+,

and

tx?N(x) = tMqox? + tMq,x3 + tMq,x* + - + tMq,_,x™ + ---.

Thus, we have

N(x)(1 — 2sx — tx?) = Mq, + (Mq, — 2sMq,)x.

Therefore, we obtain

%)

1
NG = 1—2sx — tx? [(t

The proof is completed. =

The Binet formula of (s,t)-modified Pell
matrix sequence can be given as the following
theorem.

qu=( «—p

—15) +x (—tst ZS;i t)]

Theorem 3.3. For n > 0, we have

Mq, — ﬁMqo) o (Mq1 - ano)ﬁn_

a—p
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Proof. The general term of (s,t)-modified Hence, the Binet formula for Mg, is obtained
Pell matrix sequence can be written in the as follow;
following form:

Mg, _ﬁM%> Q" — (M‘h - anO)ﬁn.

quz( a—p a—p

Mgq, = ca™+dp"

.. |
where ¢ and d are coefficients.

Now, we investigate some sums formulas of

Then, by using the initial terms n = 0, 1, we . )
y 9 the (s, t)-modified Pell matrix sequence.

get
oo MOBMay o Mai-aMag Theorem ?"',..4. For 2s + t *+ 1, the sum of the
T a-p - a-B (s, t)-modified Pell matrix sequence is given
as
- 1
Z Mg =5—7—7 [Mgni1 + tMqy — Mg, + (2s — 1)Mq,].
=
Proof. By definition of (s, t)-modified Pell —tMq, = —Mq, + 2sMgqs;,

matrix sequence recurrence relation, we have
—tMq; = —Mqs + 2sMq,,

—tMq;_, = —Mgq; + 2sMq;_;. (4)

From the Eqg. (4), we can write
—tMqy = —Mqniz + 25MQp41.

—tMq, = —Mq3 + 2sMq,,
Then, we get

n
—tz Mq; = (2s —1)(Mq3 + Mqs + -+ M@y 1) — Mqpyp + 25Mqs.

=1
Therefore, after necessary calculations, we obtain

n

1
D MG = 5= [Mnas + tMan — Maz + (25 = DMgs ]

i=1
]

Theorem 3.5. Let us consider s> +t > 0,s >
0 and t # 0. Then, we have

n

qu 1 2
z Rl S P [xMq; + (x* — 2sx)Mq,]
k=0

1
- x"(x2 — 2sx — t)

[xMCIn+1 + tMQn]-
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Proof. From Theorem 3.3, we have

D= (Y O ()

Considering the definition of a geometric sequence, we get

i Mq, — BM n+1l _ ,n+l Ma. — aM n+l _ g+l
kZO xClIck B ( Q1a —B qo) ::nﬂ (xoiTa) - ( Cha —a,B qo) :n+1 (@)
= xn(x2 —12$x —t) (Mqla ﬁﬁMqO) (=@ =)

M M
— (_qla aﬁ qo) ( n+1 'Bn+1)(x — a)]
_ 1 Mq, — BMqq n+ x"1B — xant n+
_x"(xz—st—t)( a—p )( AR - xa 4 ap)

_ (MCh —aMq,

e ) (x™H2 — x™ g — x4 ﬁn+1a)]_

Since a + B =2s, a.f = —t and by using
the Binet formula of (s,t)-modified Pell
matrix sequence, we write

n
Mg, 1
Z por = x”(xz Yo t) [xn+2Mq0 — xn+1(25Mq0 - Mql) - qun+1 — thn]_
k=0

After necessary calculations, we obtain

n
qu 1
Z Pl S P, [xMq, + (x* — 2sx)Mq,]
k=0

1
B x"(x%2 — 2sx —t)

[XM@qpq + tMq,]

which is the desired result. =

Theorem 3.6. For j > m, we have

n
M _ M@mnim+j + (—t)quj_m - (—t)qumn_,_j — Mgq;
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Proof. Let us consider E = waﬂd F = (s,t)-modified Pell matrix sequence we can
- write
mzf‘z\lq‘). Then, by using the Binet formula of
n n Eq™t) — F,Bmi+j
Z Mqmisj = Z pr—;
i=0 i=0

i=

B 1 'Ej 1_amn+m _Fj 1_ﬁmn+m
_a—ﬁ_a 1—am A 1—-pm JI

After necessary calculations, we get

n
M _ Man+m+j + (_t)mMCIj—m - (—t)qumn+j — qu
i=0

which completes the proof. m Proof. Let C = Mgq, —BMq, and D =
Mg, — aMq,. Then, by using the Binet
Theorem 3.7. Forn 2 0 andn =, formula of (s, t)-modified Pell matrix

2 sequence, we can write
M@y _+M@pir = Mqy”.

n-r _ n-r n+r _ n+r n_ n, 2
Ca a_g,/j’ )(Ca a_Zﬁ )_(Caa_§[3).

Mqn_+M@pyr — 1\/an2 = (

After necessary calculations, we obtain

CDan—r'Bn—r(zarﬁr _ aZr _ ‘BZr)
M@y _+M@nyr — Man = .

(a—p)?
Since CD = (g 8), we have (ii) 2Mq MPB, = MP,,,, + tMB,.
MGy MGpr = Mqy” as required. m Proof. (i) If we consider the right-hand side

of equation (i) and use Theorem 6 (a) in

+
Theorem 3.8. Forn € Z™, we have Gile¢ and Taskara, 2012, we obtain

P ,t P (s, t P (s, t )2 ot
SMP, + tMP,,_; = s( n+1(S) ) n(s,t) ) + t( n(s,t) n-1(S, 1) )

tP,(s,t) tP,_41(s,t) tP,_1(s,t) tP,_,(s,t)

From Theorem 2.4 and Theorem 3.1, (ii) Let us consider the left-hand side of
equation (ii) and use Theorem 6 (a) in Giileg

dn+1 qn ) = Mgq,, and Tagkara, 2012, we obtain

SMP, + tMP,_, = (tqn s

as required.
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4s% 42t 2
2Mq,MP, = ( S 2; 2;

After necessary matrix operations, we get

Pn+3(51 t)
tPn+2 (S' t)

2Mq,MP, = (
= MP,,, + tMP,.

So, the proof is completed. =
Theorem 3.9. For m,n € Z*, we have
(i) MgmMq, = Mg, Mqp,
(ii) Mg:MB, = MP,Mq,; = Mqp 41,
(iii) MgnaMP, = MP;Mqy, = Mqn44,
(iv) 2Mq,, = MP,,, + tMP,_,.

Proof. Theorem can be proven by using
Theorem 3.1, Theorem 3.8, matrix
multiplication and recurrence relation of
(s, t)-Pell and (s, t)-modified Pell sequences.
|

Theorem 3.10. For m,n € Z*, we have
Merln+1 = Mq{nMPmn-

Proof. By induction on m, we can prove the
theorem.

For m = 1, the proof is clear by Theorem 3.9.
We now assume that the theorem holds for
m = k, that is,

Mqf,, = MqEMPy,.
(5)

Finally, we have to show that the theorem is
true for m = k + 1. We now multiply the Eq.
(5) with Mq,,,., on both sides. Then, we get

Mqfti = MqfMP,Mq, 4.

) (Pn+1(5: t)

Prio(st) Priq(s,t)
tPn_z1 (s, t)) + t( 1

P,(s,t) )

tP,(s,t) tP,_41(s,t)

P,(s,t) )

tP,(s,t) tP,_41(s,t)

Also, from Theorem 3.9 (ii), we write

Mqyi1 = My MPi,Mq; MP,
= Mqy Mq,MP,;,MP,

= Mqk**MP,,,MP,.

Since MP,,MP, = MP,MP,, = MP,,,,, (see
[Glileg and Taskara, 2012, Proposition 9])
where MB, is the nth (s,t)-Pell matrix
sequence we obtain

Marii = M@i+ ' MP ey 1.
So, we obtain the desired result. =
Theorem 3.11. For m,n € Z*, we have
(D) MqmMqy = (s* + )MPpy 1,
(i) MqmMani1 = MQpi1Map.
Proof. (i) By using Theorem 3.8 (i) we write

Mq,Mq, = (sMPB,, + tMP,,_,)(sMP,
+tMP,_,)

= s?MP,MP, + stMP,,MP,_,
+ stMP,,_{MP,
+ t2MP,,_{MP,_;.

Since MP,MP, = MP,MP,, = MP,,,,,, (see
[Giile¢ and Taskara, 2012, Proposition 9])
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where MP, is the nth (s,t)-Pell matrix (ii) From the first identity, it is seen that
sequence we obtain

M@ Mqnyq = (52 + O)MPryins1
MqmMgq, = SZMPm+n + 25tMPpn—1

+ tzMPm_l_n_z = (52 + t)MPm+1+n
= 52MP1n = Mqm+1Mqs.

+ t(2sMPy,p—1 .

+ tMPpin—2).

Theorem 3.12. For myne Z*, let m+n >

Then, from the recurrence relation (s, t)-Pell 4 Then we have

sequence, we get

MP,MP,, = 4sM @ 4n—z + t*MPpy i p_a.

Proof. If we consider the right-hand side of
equation and use Theorem 3.8 (i), we get

= (s + t)MPp 4.
4SMQmin-2 + t*MPpin_4 = 4S(SMPpyp_p + tMPryyn_3) + t*MPpin_s
= 45?’MPyy 1y + 4StMPyy o y3 + t>MPpy 4

= 452MP,p_p + 2StMPyy 3 + 2StMPpy 13 + t2MPy i

Then, from the recurrence of relation (s, t)-
Pell sequence, we have

4'SIqu+n—2 + t2MPm+n—4 = 2~S‘1\/[Pm+n—1 + tMPm+n—2
= MPp1p.

Since MP,MP, = MP,MP,, = MP,,,,,, (see where MP, is the nth (s, t)-Pell matrix
[Giile¢ and Tagskara, 2012, Proposition 9]) sequence we obtain

4SM@pin—p + t>?MPyp oo = MP,MP,,.
|
Theorem 3.13. For n € Z*, we have n =k, that is
MP,M@ni1 = MQapn41- MPyM@y41 = MGap41- (6)

Proof. We use the principle of mathematical Finally, we have to show that the theorem is
induction on n. It can be seen clearly for true for n = k + 1. We now multiply the Eq.
n=1. (6) with MP; on both sides. Then, we get

Now, assume that the theorem holds for MP,MP,Mq;,,1MP, = MP,Mq5},1 MP;.
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Since MP,,MP, = MP,MP,, = MP,, ., (see
[Glileg¢ and Taskara, 2012, Proposition 9])
where MP, is the nth (s,t)-Pell matrix
sequence and by using Theorem 3.9 (iii), we
obtain

MPy 1MQyt2 = MQop42MPy

MPy 1 MQyi2 = MQpp43-

|
4. Results

In this study, we introduce (s,t)-modified
Pell sequence. By using this sequence, we
define (s, t)-modified Pell matrix sequence.
We also give some results, such as generating
functions, Binet formulas and summation
formulas for these sequences. Moreover, we
obtain some relationships between (s, t)-Pell
and (s, t)-modified Pell matrix sequences.
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