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Abstract

In this study, we introduce new classes of octonion and sedenion numbers associated with Perrin numbers. We define Perrin octonions and
Perrin sedenions by using the Perrin numbers. We give some relationship between Perrin octonions, Perrin sedenions and Perrin numbers.
Moreover we obtain the generating functions, Binet formulas and sums formulas of them.
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1. Introduction
Octonion algebra is 8-dimensional, non-commutative, non-associative and normed division algebra over the real numbers. Sedenions are
obtained by applying the Cayley-Dickson construction to the octonions and form a 16-dimensional non-associative and non-commutative

algebra over the set of real numbers.

Many different classes of octonion and sedenion number sequences such as Fibonacci octonion and sedenion, Lucas octonion and sedenion,
Pell octonion and sedenion have been obtained by a number of authors in many different ways. In addition, generating functions, Binet
formulas and some identities for these octonions and sedenions have been presented ([1, 2, 3, 4, 7, 10]).

Let O be the octonion algebra over the real number field R. It is known, by the Cayley-Dickson process that any p € O can be written as
p= pl +p//e

where p',p"” € H= {ag+ayi+ayj+aszk: 2 =j2=k*=—-1,ijk=—1,a9,a1,a2,a3 € R}, the real quaternion division algebra. The
addition and multiplication of any two octonions, p = p + p”e,q = ¢’ + ¢ e are defined by

p+a=p"+4)+ (" +4q")e

and

"1 "7

pa=p'd —q"P")+(d"P +p"q)e

where ¢/, ¢ denote the conjugates of the quaternions ¢’, ¢ respectively. Thus, O is an eight-dimensional non-associative division algebra
over the real numbers R. A natural basis of this algebra as a space over R is formed by the elements

eg=1l,e1 =i,ep = je3 =k,eq = e,e5 = ie,eq = je,e7 = ke.

The multiplication table for the basis of O is
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Table 1

Under this notation, all octonions take the form

7
p= Z Psés
5s=0

where the coefficients p; are real. Also, every p € O can be simply written as p = Re(p) + Im(p), where Re(p) = po and Im(p) = Z_Z: 1 Pses

are called the real and imaginary parts, respectively. The conjugate of p is defined to be

This operation satisfies

for all p,q € O. The norm of p is defined to be

;
Ny=pp=Dp=Y, P}
5s=0

The inverse of non-zero octonion p € O is

pi=L
Np'
Forall p,g € O
Npg = NpNg,
(pa) ' =q'p"

O is non-commutative, non-associative but it is alternative

p(pa) =r*a. (ap)p=4ap*, (pq)p=p(ap):= pap.

([111,[8]) On the other hand, a sedenion S can be written as

15
S= Z a;e;
i=0
where ag,ay,...,a;s are real numbers. Imaeda and Imaeda ([6]) defined a sedenion by

§=(01;02) €S, 01,0,€0

where O is the octonion algebra over the reals. As a sedenion is an ordered pair of two octonions, the conjugate of a sedenion S = (01;0;)

is defined by S = (O1; —0,). Under the Cayley-Dickson process, the product of two sedenions S; = (01;0;) and S, = (03;0y4) is

8182 = (01034 p0405;0,03 4 040).

After choosing the field parameter p = —1 and the generator eg, Imaeda and Imaeda examined the sedenions. By setting i = e;, where

i=0,1,...,15, Cawagas ([5]) constructed the following multiplication table for the basis of S.
Multiplication table for the basis of S is
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0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
0 0 1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
1 1 0 3 -2 5 -4 -7 6 9 8 | -11 | 10 | -13 | 12 15 | -14
2 2 -3 0 1 6 7 -4 5 |10 | 11 -8 9 | -14 | -15 | 12 13
3 3 2 -1 0 7 -6 5 -4 |11 | -10 9 8 | -15 | 14 | -13 | 12
4 4 -5 -6 -7 0 1 2 3 12 ] 13 14 15 -8 -9 | -10 | -11
5 5 4 -7 6 -1 0 -3 2 13 ] -12 | 15 | -14 9 -8 11 | -10
6 6 7 4 -5 -2 3 0 -1 14 | -15 | -12 | 13 10 | -11 | -8 9
7 7 -6 5 4 -3 -2 1 0 15 14 | -13 | -12 | 11 10 -9 -8
8 8 9 | -10 | -11 | -12 | -13 | -14 | -15 | O 1 2 3 4 5 6 7
9 9 8 -11 | -10 | -13 | 12 15 | -14 | -1 0 -3 2 -5 4 7 -6
10 | 10 | 11 8 9 | -14 | -15 | 12 13 | -2 3 0 -1 -6 -7 4 5
11 | 11 | -10 9 8 157 14 | -13 ) 12 | 3] -2 1 0 -7 6 -5 4
12 | 12 | 13 14 15 8 9 | -10 | -11 | -4 5 6 7 0 -1 -2 -3
13|13 |-12 | 15 | -14 9 8 11 | -10 | -5 | -4 7 -6 1 0 3 -2
14 | 14 | -15 | -12 | 13 10 | -11 8 9 -6 | -7 -4 5 2 -3 0 1
15|15 14 | -13|-12 | 11 10 -9 8 -7 6 -5 -4 3 2 -1 0

Table 2

The Perrin sequence is the sequence of integers P, defined by the initial values Py = 3, P| =0, P, =2 and the recurrence relation
Fi=P_2+F3 (1.1
for all n > 3. The first few values of P, are

3,0,2,3,2,5,5,7,10,12,17,22,29,39,51, ...

3

The characteristic equation associated with Perrin sequence is x° —x — 1 = 0 with ry, 7, r3, in which r| = a ~ 1,324718 is called plastic

number and

. P
lim L — .
n—eo Py,

The Binet’s formula of Perrin sequence is
Po=ri+r+1r;

where r1, rp and r3 are the roots of the equation X —x—1=0. (9]

In this paper, we introduce new classes of octonion and sedenion numbers associated with the Perrin numbers. We define Perrin octonions
and sedenions numbers by using recurrence relation B, = P,_, + P,_3 of the Perrin sequence is defined by the initial values Py = 3, P, =0,
P, =2 for all n > 3. We give the Binet formulas given nth general term of these octonions and sedenions are found by using recurrence
relation of the new defined Perrin octonions and Perrin sedenions. Also, we obtain the generating functions, sums formulas and some basic
identities for these octonions and sedenions.

2. Main Results

Firstly we give the Perrin octonions.
2.1. Perrin Octonions

Definition 2.1. For n > 0, the nth Perrin octonion is defined by

7
OP, = Z Pyiie;
i=0

where P, is the nth Perrin number and (eq, e, ez, €3, e4,es5,¢6,€7) is the standard octonion basis.
We get the following theorem for the Perrin octonions from equation (1.1) and Definition 2.1

Theorem 2.2. Let OP, be the nth Perrin octonion. Then we give the following recurrence relation:

OP, = OP,_»+OP,_3

with inital conditions OPy = ¥.[_, Pie;,OP, = Y.|_( Piie;,0Py =Y. (P e; .
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Proof. By the equation (1.1) and Definiton 2.1 we have
7 7
OP, 2+0P, 3 = Y Pioyiei+ Y Piziie
i=0 i=0
7

= Z(Pn72+i+Pn73+i)ei
i=0

7
= Z Potiei
i=0
= OP,.
So proof is completed. O

The following theorem is related with the generating function of the Perrin octonions.

Theorem 2.3. The generating function for the Perrin octonions OP, is

_ OPy+ OPix+ (0P, — OR))x*
B 1—x2—x3 ’

f(x)

Proof. Let

f(x) =Y OPx" = ORy+OP\x+ OPyx* + -+ OPxX" + -
n=0

be generating function of the Perrin octonions. On the other hand, since the orders of OP,_, and OF,_3 are 2 and 3 less than the order of
OP, we can obtain x> f(x) and x> f (x):

X2 f(x) = OPyx® + OPx> + OPox* + OP3t° + -+ OP,_ox" + - -

X f(x) = OPyx> + OP\x* + OPox® + OP3xS + -+ 0P, _3x" + -
Then we write
(1—x% —x*) f(x) = OPy+ OP\x+ (OP, — OPy)x* 4+ (OP; — OP, — OPy)x> + ...+ (OP, — OP,_» — OP,_3)x" + ...
Note that the sequence {OP, } of Perrin octonions satisfies following second-order recurrence relation
OP, = 0P, _»,+0P,_3
with inital conditions OP) = ZZZOP,-e,-, OP, = 21-7:0 Piiie;,OP, = 21-7:0 P> je;. Then we obtain

_ OPy+ OPix+ (0P, — OR))x*
o 1—x2—x3 '

f(x)
So proof is completed. O

The Binet’s formula known as the general formula allows us to easily find any Perrin octonions without having to know all the terms before
it. That is, Binet formula give us to find the nth Perrin octonion without using Definition 2.1. Now, we produce the Binet formula for the
Perrin octonions.

Theorem 2.4. For n > 0, the Binet’s formula for the Perrin octonions is as follows

OP, = ar] + Br5+yrs
where r,r; and r3 are the roots of the equation ©—x—1=0and

7 7 7
o= Zr']ei,ﬁ = Zr’zei,y: ngei.
i=0 i=0 i=0

Proof. Using Binet’s formula of Perrin sequence, we have
B= A

where r|,r and r3 are the roots of the equation x> —x — 1 = 0. On the other hand, from Definition 2.1 we obtain

7
OoP, = ZPIH—iei
i=0

= Pyt Biie1+Prer+Poiszes+Pygeq+Fyyses + Prees + Biirer.
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Then we get
7
OP, = Z Potie
i=0
— Z[rlll+l+r121+l+rgl+l}ei
i=0
= arf+pBry+yr
where o = 21720 r’i e, = 21.7:0 rée,-., Y= 217:0 rge,-. So, we obtain the desired result. O

Theorem 2.5. Let OP, be the nth Perrin octonion. Then we get the following sums formulas

1 Z%:Q OP = 0Pn+3 + OPn+2 - 0P4

ii. Yo—0 OPoy = OPyyp 3 — OPy

iii. Z%:o OP3yi1 = OPsyyy g — OPs.

Proof. i. From Theorem 2.2, we can get the following relations:
OPy =
oP =
opP, =

OP,_»
OF, 1 =
OoP, =

we write

OPy+ OP; +OP, + ...+ OP,
n
Y op,
m=0

ii. From Theorem 2.2, we can get the following relations:

OP; — OP,
OPy — OP,
OPs — OP;

0Pn+1 —OP,—1
Opn+2 — OPn
OF,13 — OPFy 4y

== OPn+3+0Pn+2—0P2—0P1

= OP,;3+OP,.»—OP,.

OFy = OP;—OP
OP, = OPs—OP;
OPy = OP;—OPs
OPyy—q4 = OPy 1 —OPy3
OPy—p = OPyi1 — 0Py
OPyy = OPy13— 0Py
we write
OPO +O0P,+...+ 0P2n = 0P2n+3 —OP;
n
Y op,, = oPy,3-0P.
m=0
iii. From Theorem 2.2, we can get the following relations:
OP, = OP,—O0P,
OPy = OPs—OP
OPs = OPy—OP
OPy 3 = 0Py, — 0Py >
OPy—1 = OPyi2— 0Py,
OPypy1 = OPyia—OPyyp
we write
OP|+0P3+...4+ 0Py 1 = OPy14—0P;
n
Y OPyy1 = OPyiy—OP.
m=0

So the proof is completed.
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2.2. Perrin Sedenions

Definition 2.6. For n > 0, the nth Perrin sedenion is defined by

15
SP, = Z Poyie
i=0

where P, is the nth Perrin number and (eg, e, e3,...,e15) is the standard sedenion basis.
We get the following theorem for the Perrin sedenions from equation (1.1) and Definition 2.6.

Theorem 2.7. Let SP, be the nth Perrin sedenion. Then we give the following recurrence relation:

SP, = SP,_»+OP,_3.
with initial conditions SPy = Y15 Pei, SPL = L2 Py1ei, SPr = Y. Pryae.
Proof. By the equation (1.1) and Definiton 2.6, we have
15 15
SPy2+SP 3 = l;)Pn—H—iei + l;)Pn—3+iei

15

= Z (Pn72+i + Pn73+i)ei
=0

15
= Z Patiei
i=0
= SP,.
So proof is completed.

Generating function for the Perrin sedenions is given in the next theorem.

Theorem 2.8. The generating function for the Perrin sedenions SP, is

 SPy+SPix+ (SP, — SRy)x?

1—x2—x3

g(x)

Proof. Let

g(x) =Y SPX" = SPy+ SPix+SPox” + -+ + SPux + -
n=0

be generating function of the Perrin sedenions. On the other hand, since the orders of SP,_, and SP,_3 are 2 and 3 less than the order of SP,

we can obtain x*g(x) and x3g(x)

ng(x) = SP0X2 +SP]X3 +SP2x4 ot SPaX

XSg(x) :SPOX3 +SP1X4+SP2)C5 4o SP_3x -

Then we write

(1—x* —x°)g(x) = SPy + SPix + (SP, — SPy)x* + (SP3 — SP| — SPy)x> + ...+ (SP, — SP,_5 — SP,_3)x" + ...

Note that the sequence {SP,} of the Perrin sedenions satisfies following second-order recurrence relation

SP, =SP,_»+SP,_3
with inital conditions SPy = 21-12013,-6,-7SP] = 21-120 Py e, SP, = Z,‘lio P> je;. Then we obtain

 SPy+SPix+ (SP, — SPy)x*
g(x)* (] —xz—x3) N

So proof is completed.

The next theorem gives the Binet’s formula for the Perrin sedenions.

Theorem 2.9. For n > 0, the Binet’s formula for the Perrin sedenions is as follows
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SP, = ar| +Bry+yr;
where r, 7, and r3 are the roots of the equation P—x—1=0and
15 15 15
o= Z riei, B = Zrée,ﬁ/z Z rye;.
i=0 i=0 i=0
Proof. Using Binet’s formula of Perrin sequence, we have

Po=ri+r+r3

where r, 7, and r3 are the roots of the equation x> —x—1=0. On the other hand, from Definition 2.6 we obtain
15
SPy =Y Piiei=Pi+Piy1e1+ ...+ Priysers.
i=0
Then we get
15
SP, = Z Poyiei
i=0
— Z[,Jll-&-l_’_rjzﬁl_’_rgrﬂ}ei
i=0
= arf+prs+yr;
where o = 2}20 r’iei, B= ):}20 rée,-, Y= 2}20 réei. So we obtain the desired result. O

Theorem 2.10. Let SP, be the nth Perrin sedenion. Then we get the following sums formulas:

i X" SPy=SP,.3+SPyy2—SP,
i. Y _oSPoun = SPyyy3 — SPy
iii. Y _0SPant1 = SPoy 4 — SP.

Proof. The proof is seen by using Definition 2.6 and Theorem 2.7. O
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